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C = {x; x P}

A = {x; x P}
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C x x C x ∈ C x

C x /∈ C x C

A B A B

A ⊂ B A B

A �⊂ B A B

A B A

B A B

A ⊂ B ⇔ ∀x ∈ A ⇒ x ∈ B

A B A ∪ B A B

A B

A ∪ B = {x; x ∈ A x ∈ B}

A B A∩B

A B

A ∩ B = {x; x ∈ A x ∈ B}

A B A−B

A B

A− B = {x; x ∈ A x /∈ B}

A1 An

n

a1, . . . , an ai ∈ Ai i = 1, . . . n
A = A1 × · · · × An



A1, . . . , An A

An = A× · · · × A

Rn

Rn

n R

Rn = R× R× · · · × R

x

y

(x, y)

P1(3, 2)
P2(2, 3)
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O(0, 0)
x y
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P r θ
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θ P (r, θ)
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Ox

P

(x, y) (r, θ)
(x, y)

x = r · cos θ

y = r · θ

r = ±
�

x2 + y2

θ =
y

x

A B f

A B a ∈ A

b ∈ B b f(a)
f

f : A → B

a �→ f(a) = b.

A f B

f

f

(f) = {f(a); a ∈ A},

G(f) = {(a, b) ∈ R2; a ∈ A, b = f(a)},
f

A B R f A

B

f

y = f(x), x ∈ A.

x y

y x



f : R → R
x �→ f(x) = a0 + a1x+ a2x

2 + · · ·+ anx
n
,

an �= 0 n n ∈ N

f : A → R

x �→ f(x) =
p(x)

q(x)
,

p q

f A = {x ∈ R; q(x) �= 0}
f(x) = 1

x



a > 0 a �= 1

f : R → R
x �→ f(x) = a

x
,

a

f : (0,+∞) → R
x �→ f(x) = loga(x),

a a > 0 a �= 1



: R → R
x �→ f(x) = (x),

[−1, 1] 2π (x + 2π) =
(x) x ∈ R

[0, 2π]

f : R → R
x �→ f(x) = cos(x),

[−1, 1] 2π cos(x+
2π) = cos(x) x ∈ R

[0, 2π]



tan : R− S → R

x �→ f(x) = tan(x) =
(x)

cos(x)
,

S =
�
x ∈ R; x =

π

2
+ kπ, k ∈ Z

�

R
π tan(x + π) = tan(x) x ∈ R − S

x =
π

2
+ kπ k

[0, 2π]



f : R → R f(x) = x + 2
f(x) x

x

x

x

x f(x) = x+ 2

x x → 1
x f(x)

f(x) → 3 f(x)

(x �= 1)
f(x) f(x)

x x = 1

x f(x)

f(x) x

f(x) L x

a f(x) L

x, x �= a



x p

f(x)
L f(x) x p L

lim
x→p

f(x) = L,

� > 0 δ > 0
x f 0 < |x − a| < δ

x a δ a

|f(x)− L| < �

f(x) = 4x − 1
lim
x→3

f(x) = 11 δ �

|f(x)− L |< �

|f(x)− 11 |= |4x− 1− 11 |= |4x− 12 |= 4 | x− 3 | .
4 |x− 3 |< 0, 01 |x− 3 |< 0, 0025

0 < |x− 3 |< δ 0 < |x− 3 |< 0, 0025

0 < δ < 0, 0025.

lim
x→3

2x− 4 = 2



f(x) = 2x− 4, a = 3 L = 2

| f(x)− 2 |< �, 0 <| x− 3 |< δ.

| (2x− 4)− 2 |< �, 0 <| x− 3 |< δ.

2 | x− 3 |< �, 0 <| x− 3 |< δ.

| x− 3 |< �

2
δ =

�

2

limx→a f(x) = L

a x

a a

a

•

f

(a, b) x a L

limx→a+ f(x) = L � > 0 δ > 0 a < x < a+ δ

|f(x)− L| < �

lim
x→a+

f(x) = L ⇔ ∀� > 0, ∃δ > 0, a < x < a+ δ ⇒ |f(x)− L| < �.

•

f

(b, a) x a L

limx→a− f(x) = L � > 0 δ > 0 a − δ < x < a

|f(x)− L| < �

lim
x→a−

f(x) = L ⇔ ∀� > 0, ∃δ > 0, a− δ < x < a ⇒ |f(x)− L| < �.



I a f

x ∈ I−{a} limx→a f(x) = L

limx→a+ f(x) limx→a− f(x)

k f(x) g(x)
limx→a f(x) = L1 limx→a g(x) =

L2

limx→a k = k

limx→a kf(x) = kL1

limx→a[f(x) + kg(x)] = L1 + kL2

limx→a[f(x) · g(x)] = L1 · L2

limx→a

�
f(x)

g(x)

�
=

L1

L2
, L2 �= 0

f(x) = a0 + a1x + a2x
2 + · · · +

anx
n =

�n
i=0 ai · xi ai ∈ R x a

f(x) x = a limx→a f(x) = f(a)

lim
x→1

5 = 5

lim
x→2

(x+ 3) =lim
x→2

x+lim
x→2

3 = 2 + 3 = 5

lim
x→3

5x =lim
x→3

5·lim
x→3

x = 5 · 3 = 15

lim
x→4

(
2

x
) =

limx→4 2

limx→4 x
=

2

4
=

1

2



f a

a

b

e

f(x)
f(x)

lim
x→a

f(x) = f(a)

f(x)

f(a)

limx→a f(x)

limx→a f(x) = f(a)



x

f(x) =

�
x2, 0 ≤ x ≤ 2

x

2
+ 3, 2 < x ≤ 4.

f(x) x = 2

f(2) f(2) = 22 = 4

limx→2 f(x)

lim
x→2−

f(x) = 22 = 4 lim
x→2+

f(x) =
2

2
+ 3 = 4.

limx→2 f(x)

limx→2 f(x) = f(2) f(x) x

f(x) x

f(x) =

�
x+ 1, x ≤ 1
1− x, x > 1.



lim
x→1−

f(x) = lim
x→1−

(x+ 1) = 2 lim
x→1+

f(x) = lim
x→1+

(1− x) = 0.

limx→1 f(x)

f(x) (x0, f(x0))
f

P0(x0, f(x0))



Po P

P Po

y = f(x)

∆x x0 x0+∆x =
x ∆x = x − x0 x

f(x) ∆y f(x0)
f(x0) + ∆y = f(x) ∆y = f(x)− f(x0)



f(x)
x0 ∆y ∆x

f(x)− f(x0)

x− x0
=

∆y

∆x

limx→x0

f(x)−f(x0)
x−x0

limx→x0

∆y
∆x

f(x) x0

f(x) x0

f �(x0)

f
�(x0) = lim

x→x0

f(x)− f(x0)

x− x0
.

∆x = x− x0

x → x0, ∆x → 0

x = x0 +∆x

f(x) = f(x0 +∆x)

f
�(x0) = lim

x→x0

f(x)− f(x0)

x− x0
,

f
�(x0) = lim

∆x→0

f(x0 +∆x)− f(x0)

∆x
.

f(x) x0
f(x0+∆x)−f(x0)

∆x ∆x

f
�(x0) = lim

∆x→0

f(x0 +∆x)− f(x0)

∆x
.

f(x) I

C r C P0(x0, f(x0)) P (x, f(x))
s

tan β =
f(x)− f(x0)

x− x0
.



f(x) x0

∆x x

x0 P P0 r t

C P0

r t β α β

lim
x→x0

f(x)− f(x0)

x− x0
= lim

x→x0

∆y

∆x
= tanα.

f
�(x0) = α.

f(x) x0 ( β)
t f(x) P (x0; f(x0))

t

f(x)− f(x0) = f
�(x0)(x− x0).

u(x) v(x)

f(x) = u(x) + v(x), f
�(x) = u

�(x) + v
�(x).

f(x) = u(x).v(x), f
�(x) = u

�(x).v(x) + v
�(x).u(x).

f(x) =
u(x)

v(x)
, v(x) �= 0, f

�(x) =
u�(x).v(x)− v�(x).u(x)

[v(x)]2
.

f(x) = ax+ b, f �(x) = a



f(x) = x, f �(x) = 1

f(x) = k f �(x) = 0

f(x) =
xn f �(x) = nxn−1

f(x) = x f �(x) = cos x

f(x) = cos x f �(x) =

f(x) = �nx f �(x) =
1

x

f(x) = 2x+ 3 ⇒ f �(x) = 2

f(x) = x ⇒ f �(x) = 1

f(x) = 8 ⇒ f �(x) = 0

f(x) = x5 ⇒ f �(x) = 5x4

f(x) = 2 · x ⇒ f �(x) = 2 · cos x

f(x) = 3 · �nx+ 2x3 ⇒ f �(x) =
3

x
− 6x2

u(x) v(x)
v

u u v f(x) = u(v(x))

f
�(x) = u

�(v(x)) · v�(x).

f C1

f C2

f

f

C∞

Cn n ∈ N

C∞



f : [a, b] → R
S x = a x = b x

f

f x

a ≤ x ≤ b

a b x

f [a, b]
∆x = (b−a)

n xi

i = 1, 2, ..., n
f [a, b]

� b

a f(x)dx

� b

a

f(x)dx = lim
n→+∞

� i=1�

n

f(xi)
�
∆x,

f(x)
f(xi) ∆x

∆xf(xi)

a b



y = f(x) [a, b]
[a, b]

f [a, b]
f

�
f(x)dx = F (x)

dF (x)
dx = f(x)

�
f(x)dx = F (x) ⇔ F

�(x) = f(x).

� b

a f(x)dx
x

f(x) [a, b]

� b

a

f(x)dx = F (b)− F (a).

f : [a, b] → R
F f [a, b]

� b

a

f(x)dx = F (b)− F (a).

f, g : [a, b] → R



� b

a

[f(x) + g(x)]dx =

� b

a

f(x)dx+

� b

a

g(x)dx

� b

a

cf(x)dx = c

� b

a

f(x)dx

c ∈ [a, b],

� b

a

f(x)dx =

� c

a

f(x)dx+

� b

c

f(x)dx

f [a, b] |f |
����
� b

a

f(x)dx

���� ≤
� b

a

|f(x)|dx.

y = f(x)
x = h(y)

y = f(x)
y x x y

x y

I ⊂ R x(t) y(t)
I

λ : I → R2
.

t �→ (x(t), y(t))

C = {f(x(t), y(t)); t ∈ I} λ

�
x = x(t),
y = y(t),

t ∈ I,

C

C



t (x(t), y(t))
t xOy C

y = f(x)
(x, f(x)) x

�
x = x(t) = t,

y = y(t) = f(t).

P (t) = (x(t), y(t)) = (t, f(t))

y = x2 + 1 −2 ≤ x ≤ 2
x = t

�
x = t,

y = t2 + 1,
− 2 ≤ x ≤ 2.

P (t) = (t, t2 + 1) P (−2) = (−2, 5) P (1) = (1; 2)





R2 (x, y) ∈ R2

f(x, y) = 0 f

F (x, y) = xy F (x, y) = 0

F (x, y) = 0
F (x, y)

F (x, y) = 0

λ(t)



t [a; b]

C = {λ(t) ∈ R2; t ∈ [a; b]}

λ(t) C

C

R2 λ : I →
R2 I ⊂ R λ λ(t) = (x(t), y(t))

x; y : I ⊂ R → R

C λ

C = {λ(t) = (x(t), y(t)); t ∈ I}.

λ

C λ C t

λ

λ I = [a, b]
λ(a) λ(b) λ λ

λ I = [a, b] λ(a) = λ(b)
λ λ : R → R2

l > 0
λ(t+ l) = λ(t),

t ∈ R l0

λ λ

[t0, t0 + l0]

λ : I → R2

λ(t1) = λ(t2) t1, t2 ∈ I t1 �= t2 λ

t1 t2



λ : [a, b] → R2

λ(t) �= λ(s) t �= s ∈ [a, b) λ(a) = λ(b)
λ λ

r = F (θ)

R O SR(O)
(x, y) ∈ R2

R �
x2 + y2 = R.

SR(O) λ λ(t) = (R ·cos t, R ·
(t)); t ∈ R t λ(t) Ox

(a; b) R SR((a, b))
λ : R → R2 λ(t) = (a+R·cos t, b+R· t)

λ(t) SR((a, b))

λ 2π λ(t) SR((a, b))
λ�[0,2π]

F1



F2

R2 F1 = (−c; 0) F2 = (c, 0), c > 0

x2

a2
+

y2

b2
= 1.

(x, y) �= (0, 0) t

(x, y) Ox

λ : [0, 2π] → R2

λ(t) = (a · cos t, b · t).

(x, y) ∈ R2 x3−y2 =
0 (x, y) �= (0, 0) t

(x, y) Ox

λ : R2 →
R3

λ(t) = (t2, t3)

P1 P2 (x, y) ∈ R2

P1 P2

x2

a2
− y2

b2
= 1.



cosh(t) =
et + e−t

2
(t) =

et − e−t

2
,

cosh2
t − 2

t = 1

λ(t) = (a · cosh t, b · t)

(x, y) ∈ R2

y2 = 4x2(1 − x2) t

R2 (x, y) Ox

λ : [0, 2π] →
R2



λ(t) = ( t; 2t)

Ox

λ(t) = (rt − r · t; r − r. cos t)

cos t = 1 − y

r
t = arccos(1 − y

r )

x = r · arccos(1− y

r
) ∓

�
2.ry − y2.

r
4

r



6r
x2 + y2 = 16

(x− 3)2 + y2 = 1

P = (3 cos(a), 3 sin(a))
(x− 3 cos(a))2 + (y − 3 sin(a))2 = 1

�
x = r(cos(t))3

y = r(sin(t))3
; 0 ≤ x ≤ 2π.

x3 + y3 − 3axy = 0








x =
3at

1 + t3

y =
3at2

1 + t3

;−∞ < x < +∞.

a

n r = a cos(nθ)
a



[0, 1]× [0, 1]

[0, 1] × [0, 1]



λ t0

λ(t) t t0

λ

λ(t) = (x(t), y(t)),

λ x, y : I → R
C∞ x y

I

R

λ : I → R2

t ∈ I λ(t) ∈ R2

λ : R → R2 λ(t) = (a, b)
(a, b)

λ : R → R2 λ(t) = (t, |t|)
y(t) = |t|

t = 0 f(x) = �x�
x = 0 x = 0

x

λ ∈ R2 λ(t) = (x(t); y(t))
λ t0 ∈ I

λ
�(t0) = (x�(t0); y

�(t0)).

λ t0 ∈ I λ�(t0)

�λ�(t0)� =
�

x�(t0)2 + y�(t0)2.

λ�(t0) �= (0; 0) λ t0



λ�(t0) λ

λ(t0)
λ λ(t0) λ(t) t

t0

λ(t) = (x(t); y(t))
y = F (x) P (x0;F (x0))

y = F (x0) +m(x− x0), m =
dy

dx

���
x=x0

= F
�(x0)

dy

dx
y = F (x) +m(x− x0)

• dy

dx

t x(t) y(t)
y = F (x) x = f(t) y = g(t) y = F (x)

g(t) = F (f(t)).

g
�(t) = F

�(f �(t)).

dy

dt
= F

�(x) · dx
dt

.



F
�(x) =

dy

dx
,

dy

dx
=

dy

dt

dx

dt

,
dx

dt
�= 0.

dx

dy
=

dx

dt

dy

dt

,
dy

dt
�= 0.

�
x = t3 − 2t

y = 2t2 − 2
; (0, 2).

m =
dx

dy
=

dx

dt

dy

dt

=
4t

3t2 − 2

x = 0 y = 2 t = ±
√
2

t = −
√
2 ⇒ m = −

√
2 (t = −

√
2)

y(x) = 2−
√
2x

t =
√
2 y(x) = 2 +

√
2x

• d2y

dx2
:

d2y

dx2
> 0

d2y

dx2
< 0



d2y

dx2
=

d

�
dy

dx

�

dx
=

d( dydx)

dt
dx
dt

d2y

dx2
=

d

� 4t

3t2 − 2

�

3t2 − 2
=

−12t2 − 8

(3t2 − 2)3
.

x = 0 y = 2 t = ±
√
2

d2y

dx2

����t=±
√
2 = −1

2
< 0

(0, 2)

�
x = x(t)
y = y(t)

•

t

t





x = t2 − 4

y =
t

2

;−2 ≤ t ≤ 3.



•

t

t

�
x = 3 cos 2t

y = 1 + 2 cos2 2t
; 0 ≤ t ≤ π.

x = 3 cos 2t ⇒ cos 2t =
x

3
y = 1 + 2 cos2 2t,

y = 1 +
2x2

9

y = 1 +
2x2

9
−3 ≤ x ≤ 3

1 ≤ y ≤ 2



•

�
dy

dt
= 0

dx

dt
�= 0

�

�
dx

dt
= 0

dy

dt
�= 0

�

x y





x = t2 + 1

y =
−t3

3
+ t+ 1

•

y = 0 ⇒ −t3

3
+ t+ 1 = 0



x = 0 ⇒ t2 + 1 = 0 ⇒ t2 = −1 t =
√
−1 /∈ R x �= 0, ∀t

•

t1 < t2 x(t1) = x(t2) y(t1) = y(t2)

x(t1) = x(t2) ⇒ (t1)2 + 1 = (t2)2 + 1 ⇒ t1 = ±t2

t1 < t2 ⇒ t1 = −t2.





y(t1) = y(t2)

t1 = −t2

⇒ (t1)3

3 − t1 = 0 ⇒ t1 = 0 t1 = ±
√
3.

t1 < t2 ⇒ t1 = −
√
3 t2 =

√
3.

t = ±
√
3

�
x = 4

y = 1

•

dx

dt
= 0 ⇒ 2t = 0 ⇒ t = 0 t

x = 1 y = 1

dy

dt
= 0 ⇒ −t2 + 1 = 0 ⇒ t = ±1

�
2,

5

3

� �
2,

1

3

�

•



I x

I

f I

f �(x) > 0 x I f

I

f �(x) < 0 x I f

I

x I x ∈ I x

I

dx

dt
= 0 ⇒ 2t = 0 ⇒ t = 0

dy

dt
= 0 ⇒ −t2 + 1 = 0 ⇒ t = ±1

dx

dt

∗ t < −1 t = −2
dx

dt
= 2t ⇒ dx

dt
= −4



∗ −1 < t < 0 t = −0, 5
dx

dt
= 2t ⇒ dx

dt
= −1

∗ 0 < t < 1 t = 0, 5
dx

dt
= 2t ⇒ dx

dt
= 1

∗ t > 1 t = 2
dx

dt
= 2t ⇒ dx

dt
= 4

dy

dt

∗ t < −1 t = −2
dy

dt
= −t2 + 1 ⇒ dx

dt
= −3

∗ −1 < t < 0 t = −0, 5
dy

dt
= −t2 + 1 ⇒ dx

dt
= 3

4

∗ 0 < t < 1 t = 0, 5
dy

dt
= −t2 + 1 ⇒ dx

dt
= 3

4

∗ t > 1 t = 2
dy

dt
= −t2 + 1 ⇒ dx

dt
= −3

•



�
x = x(t)
y = y(t)

t ∈ [a, b]

t1 �= t2 ⇒ (x(t1), y(t1)) �= (x(t2), y(t2))

t0, t1, ..., tn a = t0 < t1 < ... < ti−1 < ti < ...tn = b

Pi = (x(ti), y(ti)) i = 1, ..., n

P0P1, P1P2, ..., Pi−1Pi, ..., Pn−1Pn

L Pi

L

Pi−1 Pi d(Pi−1, Pi)

L ≈ d(P0, P1) + d(P1, P2) + ...+ d(Pn−1, Pn).

d(Pi−1, Pi) =
�

(y(ti)− y(ti−1))2 + (x(ti)− x(ti−1))2.

y(t) x(t)
[ti−1, ti]

αi, µi ∈ [ti−1, ti]

x(ti)− x(ti−1) = x
�(αi) · (ti − ti−1) y(ti)− y(ti−1) = y

�(µi) · (ti − ti−1).

∆ti = ti − ti−1

d(Pi−1, Pi) =
�

(y�(µi))2 + (x�(µi))2 ∆ti.

L ≈
n�

i=0

�
(y�(µi))2 + (x�(µi))2 ∆ti,



L = lim
∆ti→0

(
n�

i=0

�
(y� · (µi))2 + (x� · (µi))2 ) ∆ti.

∆t ∆ti y�(t) x�(t)
∆t

n → ∞ a b

L =

� b

a

y
�(t)2 + x

�(t)2dt.

v(t) L =� b

a �v(t)�dt

(a+R · cos t, b+R · sin t)

�
x = 4 · cos t+ 1.
y = 4 · sin t+ 2.

; t ∈ [0, 2π].

�
x(t) = 4 · cos t+ 1 ⇒ x�(t) = −4 · sin t.
y(t) = 4 · sin t+ 2 ⇒ x�(t) = 4 · cos t.

L =

� 2π

0

�
x�(t))2 + (y�(t))2dt

=

� 2π

0

�
(−4 · sin t))2 + (4 · cos t)2dt

=

� 2π

0

�
(16 · sin2

t+ 16 · cos2 t)dt

=

� 2π

0

�
16 · (sin2

t+ cos2 t) dt

= 8π.



�
x = x(t)
y = y(t)

; t ∈ [a, b]

t1 �= t2 ⇒ (x(t1), y(t1)) �= (x(t2), y(t2))

y = F (x) a ≤ x ≤ b

A =

� b

a

F (x) dx F (x) > 0

x = x(t) ⇒ dx = x�(t)dt
y = F (x) = F (x(t)) = y(t)

A =

� b

a

y(t) · x�(t) dt.

�
x = 6 · (t− sin t)
y = 6 · (1− cos t),

t ∈ [0, 2π].

A =

� 2π

0

y(t) · dx
dt

dt

=

� 2π

0

6(1− cos t) · 6(1− cos t)dt

= 36

� 2π

0

(1− 2 · cos t+ cos2 t)dt

= 36

� 2π

0

�
1− 2 · cos t+ 1 + cos 2t

2

�
dt

= 36

� 2π

0

(
2− 4 · cos t+ 1 + cos 2t

2
)dt

= 18

� 2π

0

(3− 4 · cos t+ cos 2t)dt

= 108π



f(x) =

�
x− 2, x ≤ 0

x2, x > 0

lim
x→0−

f(x)

lim
x→0+

f(x)

lim
x→0

f(x)

f(x) = x3 − 3x+ 2

lim
x→0

f(x)

lim
x→2

f(x)

lim
x→−2

f(x)

lim
x→3

x2 − 9

x+ 3

lim
x→2

x− 2

x2 − 4

lim
x→2

x2 − 5x+ 6

x− 2

f(x)

f(x) =

�
−x2 + 2, x < 2

x− 2, x ≥ 0,
x = 1

f(x) =
x2 − 9

x− 3
x = 3

f(x) = cos x

f(x) = 7x8



f(x) = x−4

f(x) = 1
x3

f(x) = x2 · cos x

f(x) =
cos x

f(x) = − cos 2x

P (3, 5π4 ), Q(−2, 3π2 ) R(3,−π
4 )

� 2

−1

6x4
dx

� 2

1

(5x−4 + 8x−3)dx

� 2π

0

dx



� 2

1

(6x− 1)dx

� 2

1

x(1 + x
3)dx

�
x = t2

y = t3

�
x =

√
t

y = t
; t ≥ 0

�
x = 3t+ 2
y = 1

2t−1

�
x = t · (t2 − 2)
y = 2 · (t2 − 1)

�
x = 6t · (1 + t2)−1

y = 6t2 · (1 + t2)−1 , 0 ≤ t ≤ 1,
dy

dx
,

12

5
.

�
x = t3 − t

y = t2 − 1

�
x = t2

y = t− t3

3

�
x = t2 − t

y = 0
, 0 ≤ t ≤ 1

�
x =
y =

, 0 ≤ t ≤ 2π

�
x = 4t+ 3
y = 2t2

, 0 ≤ t ≤ 5

�
x = t2

y = t− t3

3



•

limx→a f(x) = L1 limx→a f(x) = L2 L1 �= L2

� > 0 δ1 > 0

|f(x) − L1| < � 0 < |x − a| < δ1.

δ2 > 0

|f(x) − L2| < � 0 < |x − a| < δ2.

L1 L2 L1 − L2

L1 − L2 L1−f(x)+f(x)−L2

|L1 − L2| = |(L1 − f(x)) + (f(x)− L2)| ≤ |f(x)− L1|+ |f(x)− L2|.

0 < δ < (δ1, δ2) 0 < |x−a| < δ

|f(x)− L1| < �

|f(x)− L2| < �

|L1 − L2| < 2� x 0 < |x − a| < δ

� � = |L1−L2|
2

|L1 − L2| < |L1 − L2|.



L1 = L2 �

limx→a k = k

∀� > 0, ∃δ > 0, 0 < |x− a| < δ ⇒ |f(x)− k| < �.

|f(x)− k| = |k − k| = 0 < � �

• f(x) g(x) a

a

lim
x→a

(f(x) ± g(x)) = lim
x→a

f(x) ± lim
x→a

g(x).

limx→a f(x) = A limx→a g(x) = B

� δ |(f(x) + g(x)) −
(A+B)| < � x ∈ Df 0 < |x− a| < δ

f(x) g(x) a

k p δ1 δ2

|f(x)− A| < k, x ∈ Df(x) 0 < |x− a| < δ1

|g(x)− B| < p, x ∈ Df(x) 0 < |x− a| < δ2

|f(x) + g(x) − (A+B)| ≤ |f(x)− A| + |g(x)− B|.

� = p + k > 0 δ = {δ1, δ2}
0 < |x − a| < δ |f(x) − A| + |g(x) − B| < k + p = �

|f(x) + g(x) − (A+B)| < � �

• f(x) g(x) a

lim
x→a

(f(x) · g(x)) = lim
x→a

f(x) · lim
x→a

g(x)



limx→a f(x) = L limx→a g(x) = M

� δ |f(x) · g(x) − L ·M | < �

x ∈ Df(x) 0 < |x − a| < δ

limx→a f(x) limx→a g(x)
δ1 > 0

|f(x)− L| < 1

x ∈ Df(x) 0 < |x− a| < δ1.

x |f(x)| < |L|+ 1
� = p + k p > 0 k > 0

δ2 δ3

|g(x)−M | <
p

|L|−1 x ∈ Df(x) 0 < |x− a| < δ2

|f(x)− L| <
k

|M |+1 x ∈ Df(x) 0 < |x− a| < δ3

δ < {δ1, δ2, δ3} 0 < |x − a| < δ

|f(x) · g(x) − L ·M |
�

|f(x) · g(x) − L ·M | = |f(x) · (g(x)−M) + M · (f(x)− L)|.

|M | < |M |+ 1

|f(x) · g(x) − L ·M | ≤ |f(x)| · |g(x) − M | + (|M |+ 1) · |f(x)− L|.

|f(x)| · |g(x) − M | + (|M |+1) · |f(x)−L| < |f(x)| · p

|L| − 1
+ (|M |+1) · k

|M |+ 1

f(x)
|L|−1 < 1 f(x)|·|g(x) − M | + (|M |+1)·|f(x)−L| < p+k

|f(x) · g(x) − L ·M | < �

�



• f(x) g(x) a

lim
x→a

�
f(x)

g(x)

�
=

L1

L2
.

limx→a f(x) = L �= 0 limx→a
1

f(x)
=

1

L

lim
x→a

g(x) = L2 �= 0 ⇒ lim
x→a

1

g(x)
=

1

L2
.

lim
x→a

�
f(x)

g(x)

�
= lim

x→a

�
f(x) · 1

g(x)

�
= L1 ·

1

L2
.�

• f(x) = a0 + a1x+ a2x
2 + · · ·+

anx
n =

�n
i=0 ai · xi ai ∈ R x a

f(x) x = a limx→a f(x) = f(a)

limx→a = a � > 0 δ = � 0 | x − a |< δ = �

| x− a |< �

lim
x→a

x
i = [lim

x→a
x]i = a

i
, i = 1, 2, 3, ..., n.

limx→af(x) = limx→a

n�

i=0

aix
i =

n�

i=0

[limx→aaix
i] =

n�

i=0

ai limx→ax
i =

n�

i=0

aia
i = f(a).�

•

f(x) = u(x) + v(x), f
�(x) = u

�(x) + v
�(x).



f �(x) = lim∆x→0
u(x+∆x)± v(x+∆x)− u(x)∓ v(x)

∆x

f �(x) = lim∆x→0
u(x+∆x)− u(x)± v(x+∆x)− v(x)

∆x

f �(x) = lim∆x→0
u(x+∆x)− u(x)

∆x
± lim∆x→0

v(x+∆x)− v(x)

∆x

f �(x) = u�(x)± v�(x) �

•

f(x) = u(x) · v(x), f
�(x) = u

�(x).v(x) + v
�(x).u(x).

f �(x) = lim
∆x→0

u(x+∆x) · v(x+∆x)− u(x) · v(x)
∆x

v(x+∆x) · u(x)

f �(x) = lim
∆x→0

u(x+∆x) · v(x+∆x)− v(x+∆x) · u(x) + v(x+∆x) · u(x)− u(x) · v(x)
∆x

f �(x) = lim
∆x→0

[u(x+∆x)− u(x)] · v(x+∆x) + u(x) · [v(x+∆x)− v(x)]

∆x

f �(x) = lim
∆x→0

[v(x+∆x] · [u(x+∆x)− u(x)]

∆x
+ lim

∆x→0

u(x) · [v(x+∆x)− v(x)]

∆x

f �(x) = v(x) · lim
∆x→0

u(x+∆x)− u(x)

∆x
+ u(x) · lim

∆x→0

v(x+∆x)− v(x)

∆x



f �(x) = u(x) · v�(x) + v(x) · u�(x). �

•

f(x) =
u(x)

v(x)
, v(x) �= 0, f

�(x) =
u�(x).v(x)− v�(x).u(x)

[v(x)]2
.

f �(x) = lim
∆x→0

u(x+∆x)

v(x+∆x)
− u(x)

v(x)
∆x

.

f �(x) = lim
∆x→0

u(x+∆x) · v(x)− u(x) · v(x+∆x)

v(x) · v(x+∆x) ·∆x
.

u(x) ·v(x)

f �(x) = lim
∆x→0

u(x+∆x) · v(x)− u(x) · v(x) + u(x) · v(x)− u(x) · v(x+∆x)

v(x) · v(x+∆x) ·∆x
.

f �(x) = lim
∆x→0

v(x) · [u(x+∆x)− u(x)]− u(x) · [v(x+∆x)− v(x)]

v(x) · v(x+∆x) ·∆x
.

f �(x) = lim
∆x→0

v(x) ·
�
u(x+∆x)− u(x)

∆x

�
− u(x) ·

�
v(x+∆x)− v(x)

∆x

�

v(x) · v(x+∆x)
.

f
�(x) =

v(x) · u�(x) − u(x) · v�(x)
[v(x)]2

.�




