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! # &!'()6. +!*+!$%& 6!&%27!6 % 16%82!$#9

 ! "! #$%&"' (' ()*'%+,'+ -. (/)+ #%'0/+ (' )12%'++/+3 4%)$10$+ #$2$! 56 %'$)+ '

$("78/+ #$2$! 9: %'$)+; </$1$ ' +'" !$%)(/ 7'*$%$! /+ =7-/+ ' $72"1+ $!)2/+ $ '++'

#$%&"' ' 4/!#%$%$! > )12%'++/+; ?/ 8/8$7@ 2$+8$%$! 5A> %'$)+; B"$18/+ )12%'++/+ ('

4$($ 8)#/ C/%$! 4/!#%$(/+D

:!*%$)*!$%& 1%6 x % *;$!6% 3! )*'6!&&%& /%$16#3%& 1#6# /6)#*,#& ! 1%6 y % *;$!6%

3! )*'6!&&%& /%$16#3%& 1#6# #3(2+%&<

=! +%$#6$%& /%$% 8#&! &%$!*+! # )*>%6$#,-% 3! ?(! >%6#$ /%$16#3%& ($ +%+#2 3!

@ )*'6!&&%&. 1%3!$%& /%*/2()6 ?(! x + y = 7< 4*+6!+#*+%. *-% AB /%$% +!6$%& /!6+!C#
3! ?(#*+%& 3! /#3# +)1% >%6#$ /%$16#3%&< D!6E#$%& /%$% 6!&1%&+#& 1%&&E7!)&. *# >%6$#

(x, y). %& 1#6!& %63!*#3%& (0, 7), (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1) ! (7, 0)< F&&)$. /%*G
/2(E$%& ?(! # 16)$!)6# )*>%6$#,-% *-% 8#&+# 1#6# 6!&%27!6$%& % 16%82!$#<

4*+6!+#*+%. &#8!$%& +#$8H$ ?(! % /#&#2 '#&+%( IJ@ 6!#)& *% +%+#2< K%$% >%6#$

/%$16#3%& x )*'6!&&%& 1#6# /6)#*,#. /%*/2(E$%& ?(! % /#&#2 '#&+%( 18x 6!#)& /%$ !&&!

+)1% 3! )*'6!&&%< F*#2%'#$!*+!. >%6#$ '#&+%& 25y 6!#)& /%$ )*'6!&&%& 1#6# #3(2+%&< L%'%.
+!$%& ?(!

18x+ 25y = 147<

 #$%& #12)/#6 #& 1%&&E7!)& 6!&1%&+#& %8+)3#& /%$ # 16)$!)6# )*>%6$#,-%. 1#6# 7!6 ?(#)&

3#6)#$ /!6+%9

18(0) + 25(7) = 0 + 175 = 175;
18(1) + 25(6) = 18 + 150 = 168;
18(2) + 25(5) = 36 + 125 = 161;
18(3) + 25(4) = 54 + 100 = 154;
18(4) + 25(3) = 72 + 75 = 147;
18(5) + 25(2) = 90 + 50 = 140;
18(6) + 25(1) = 108 + 25 = 133;
18(7) + 25(0) = 126 + 0 = 126.

=%$!*+! % 1#6 %63!*#3% (4, 3) &#+)&>#C #& 3(#& !?(#,M!& %8+)3#& &)$(2+#*!#$!*+!<
N%3!$%& /%*/2()6 #&&)$ ?(! >%6#$ /%$16#3%& J )*'6!&&%& 1#6# /6)#*,#& ! O )*'6!&&%& 1#6#

#3(2+%&<

N#6# 6!&%27!6 % 16%82!$# #/)$#. 6!&%27!$%& &)$(2+#*!#$!*+! #& !?(#,M!&

x+ y = 7 ! 18x+ 25y = 147<

F !&&! /%*"(*+% 3! !?(#,M!& !*7%27!*3% ($ *;$!6% n 3! 7#6)B7!)&. 3#$%& % *%$!

3!  ! "#$% &# #'(%)*# < K%$% +%3#& #& 7#6)B7!)& 3#& !?(#,M!& &-% +!6$%& 2)*!#6!&
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%#$"# "+*4*-9':

;#+#('$ 0( 7'0&' %* "#'+.* 7'+ "+,$ %'$ $.$"#(*$ -.!#*+#$2 *-/( %# *$$0!"'$ &'++#-*"'$
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a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

:

:

:

am1x1 + am2x2 + . . .+ amnxn = bm

.

C* !'"*)1' *&.(*2 xk2 k ∈ {1, . . . , n}2 &'++#$7'!%# *$ 3*+.,3#.$2 '0 .!&D5!."*$2 %' $.$E
"#(*2 #!60*!"' aij2 i ∈ {1, . . . ,m}2 j ∈ {1, . . . , n}2 &'++#$7'!%# *' &'#F&.#!"# %* 3*+.,3#-
xj !* .E/$.(* #60*)1': G'+ F(2 bt2 t ∈ {1, . . . ,m}2 &'++#$7'!%# *' "#+(' .!%#7#!%#!"#
%* "E/$.(* #60*)1':

 !"#$%&'() *+*+  !"#$%&' ()*&+ ,#-# ". / 01(+ aij = 0+ j ∈ {1, . . . , n}+ )2( '&-2(
#)#3/'#*#' )&'4& 4-#5#36(+ ,(/'7

8& bi = 0+ &)42( !"#3!"&- ,()4( '#4/'9#-/# 4#3 &!"#$2(: ;& 9#4(+ aijxj = 0+ j ∈
{1, . . . , n}+ 3(<( ai1x1 + ai2x2 + . . . + ainxn = 0 = bi+ !"#3!"&- !"& '&=# # 3/'4# (-*&)#*#

>x1+ x2+: : : + xn?@

8& bi 6= 0+ &)42( 4#3 &!"#$2( )2( 4&. '(3"$2(: ;& 9#4(+ aijxj = 0+ j ∈ {1, . . . , n}+ 3(<(
ai1x1 + ai2x2 + . . .+ ainxn = 0 6= bi+ !"#3!"&- !"& '&=# # 3/'4# (-*&)#*# >x1+ x2+: : : + xn?:

 !, -(%+#.&$ & /&%&+'#*(*%&$

 -/( %* A'+(* 0$0*- %# 0( $.$"#(* -.!#*+2 3.$"* !* .!"+'%0)1'2 7'%#('$ #$&+#3HE-'

!* $0* A'+(* (*"+.&.*-2 $#7*+*!%' $#0$ &'#F&.#!"#$ %*$ .!&D5!."*$ # %'$ "#+('$ .!%#7#!E

%#!"#$:

 $$.(2 "#('$ * +#7+#$#!"*)1'

A× x = b2
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a11 a12 · · · a1n
a21 a22 · · · a2n
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am1 am2 · · · amn
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 !"#$%&'() *+,+  ! "#$%& '!#()*#+,% # -.($)/()0#12% ,#3 -#$')*!3 A ! x ! )4.#(#+,% #

b& %5$!'!-%3 % "%'-#$% %')4)+#( ,% 3)3$!-#6

% "#&!'() *+# ",-#. / #. /#0+'", 1#. , /+, 2,3'","# ,4#!,/ 4,-, ,/ .,1-'5#/ ,/

*+,'/ 67,.,. / "# -.&/$&/&"$ 8//,/ .,1-'5#/ 4 //+#.  .#/. !9.#- "# 3'!7,/ #

6 3+!,/:  + /#;,: /) ", < -., n× n$

%//'.: , 6,", .,1-'5 *+,"-,",: = ,// 6'," +. !9.#- -#,3: 67,.," /#0#$123

4&40#$ >., ",/ .,'/ '.4 -1,!1#/ ,43'6,(?#/ " / "#1#-.'!,!1#/ = , 7!4'# ,! 8'#-!':

.=1 " 6 .+.#!1# +1'3'5," ! 8!/'! @="' 4,-, , -#/ 3+() "# /'/1#.,/ 3'!#,-#/: #

*+# ,!,3'/,-#. / 4 /1#-' -.#!1# !#/1# 1-,A,37 $ B#;,. / , /#0+'- 6 . = <#'1  6C36+3 

" "#1#-.'!,!1# "# +., .,1-'5$ D,-, '// : 2,. / 4,-1'- " /#0+'!1#E

5#642'() *+*+ 9-# 7#$1.0&'() ,! .- 0%+:.+$% ;+)$% X < .- '!#''#+:% +# %',!-

,%3 !(!-!+$%3 ,!33! 0%+:.+$%& 3!- '!/!$)1=!3 ! +2% %-)$)+,% +!+>.- ,%3 !(!-!+$%36

89#17:) *+*+ I3 = {1, 2, 3} $!-& +% 3!. 0%+:.+$% ,! /!'-.$#1=!3& %3 !(!-!+$%3 (1, 2, 3)
?/!'-.$#12% ),!+$),#,!@ !(!-!+$%3 !- 3.# %',!- )+)0)#(A& (1, 3, 2)& (2, 1, 3)& (2, 3, 1)&
(3, 1, 2) ! (3, 2, 1)& 0%+;4.'#+,% .- $%$#( ,! B !(!-!+$%36

F !9.#- "# 4#-.+1,(?#/ " 6 !;+!1 In = {1, 2, . . . , n} = "," 4 -

n! = n× (n− 1)× . . .× 1$

5#1)4"0$&'() *+*+ 8%-% $!-%3 n !3/#1%3 # 3!'!- /'!!+0>),%3& $!-%3 n %/1=!3 ,!

+C-!'%3 /#'# % 1o !3/#1%6 D%5'#- #33)- n − 1 !30%(>#3 ,)"!'!+$!3 /#'# % 2o !3/#1%& !
#33)- /%' ,)#+$!6 E#'# % C($)-% !3/#1%& $!'!-%3 F %/12%6

5#642'() *+,+ 9-# 0$&4"7)"2'() < .-# $'%0# ,! /%3)12% !+$'! ,%)3 !(!-!+$%3 ,% 0%+G

:.+$%6

B,. / "#&!'- p 6 . /#!" +., 4#-.+1,() " 6 !;+!1 In # pi 6 . /#!"  iG=/'. 

1#-. "#//, 4#-.+1,() $ % 4#-.+1,() p 4 "# /#- #/6-'1, 6 . +., 6 .4 /'() H!) 

9!'6,I "# 1-,!/4 /'(?#/$

% "#. !/1-,() 4,-, #/1# -#/+31," 4 "# /#- #!6 !1-,", #. JKL: M,4N1+3 B$

89#17:) *+,+ E%,!-%3 0%+3),!'#' # /!'-.$#12% (2, 3, 1)& ,% 0%+:.+$% I3 = {1, 2, 3}&
0%-% # 0%-/%3)12% ,#3 $'#+3/%3)1=!3@

• t1& H.! $'%0# % !(!-!+$% F 0%- % !(!-!+$% I& !- (1, 2, 3)& %5$!+,% #33)- # $!'+#

(3, 2, 1)J

• t2& H.! $'%0# % !(!-!+$% I 0%- % !(!-!+$% K& %5$!+,% #33)- # /!'-.$#12% ,!3!:#,#6

OP



 !"# $%&&'( )*#'& $+,-%. σ(p) /'#' * 01-23' &%-*! $* 4+.#15*23'( $+5+.#%-*$* 4+!*
4*.%$*$+ $' -6#+.' $+ 5.*-&4'&%27+& -+/+&&8.%*& 4*.* 91+ p .+5'.-+ * 0'.#* '.%:%-*!;

 &&%#(

σ(p) =

{

+1, &+ p .+5'.-* < 0'.#* '.%:%-*! *4=& 1# -6#+.' 4*. $+ 5.*-&4'&%27+&

−1, &+ p .+5'.-* < 0'.#* '.%:%-*! *4=& 1# -6#+.' >#4*. $+ 5.*-&4'&%27+&

.

 !"#$%&'() *+,+  !"#$%& σ(p) '()* +',-.'/#0.12 &" ('312 (' p 4 '(560)1 5&,& 5&,7&-

(0$%& .' n )61#(7&(0$8'( '2 7&6 &")6& ,&.&2 .' m )61#(7&(0$8'(2 '#)%& n ' m (%& 1,+&(

716'( &" 1,+&( 9,716'(:

?+&5* 0'.#*( $+,-%#'& ' $+5+.#%-*-5+ $+ 1#* #*5.%@ 91*$.*$*

A =











a11 a12 · · · a1n
a21 a22 · · · a2n
;

;

;

;

;

;

;

;

;

;

;

;

an1 an2 · · · ann











4'.

detA =
∑

p

[σ(p)a1,p1a2,p2 . . . an,pn ];

*+-+* .&/$01 2$&3"4)"/&

 #*5.%@ 5.*-&4'&5* $+ 1#* #*5.%@ P m×n( $+-'5*$* 4'. P T
( " .+&1!5*$' $* 5.'/*

$+ !%-A*& 4'. /'!1-*& -* #*5.%@ P ;  &&%#(

P =











p11 p12 · · · p1n
p21 p22 · · · p2n
;

;

;

;

;

;

;

;

;

;

;

;

pm1 pm2 · · · pmn











⇒ P T =











p11 p21 · · · pm1

p12 p22 · · · pm2
;

;

;

;

;

;

;

;

;

;

;

;

p1n p2n · · · pmn











.

P T
&+.8 1#* #*5.%@ n×m;

 !" #$%&'()*+, -.(/$01$(2$,

B+.+#'& 4'&5+.%'.#+-5+ 91+( *' 15%!%@*.#'& '& #"5'$'& %5+.*5%)'& 4*.* +-/'-5.*. *

&'!123' $+ 1# &%&5+#* !%-+*.( * /*$* %5+.*23' .+*!%@*$* " /*!/1!*$' 1# 5+.#' $+ 1#*

&+91C-/%* $+ !%&5*& '.$+-*$*& 91+( /1#4.%-$' *!:1-& .+91%&%5'&( /'-)+.:+ 4*.* * &'!123';

 &+91C-/%* {x(k)}, k ∈ N( '-$+ x(t)
" ' 5+.#' /*!/1!*$' -* tD"&%#* %5+.*23'( /'-)+.:+

4*.* * &'!123' x &+( 4*.* 5'$* #*.:+# $+ +..' ǫ > 0( +E%&5+ K ∈ N 5*! 91+(

∀k > K ⇒ |x(k) − x| < ǫ;

;&)1$%&< lim
k→∞

x(k) = x '1 x(k) → x

F# '15.*& 4*!*).*&( +&5%41!*$' 1# +..' ǫ( 4'$+#'& +-/'-5.*. K ∈ N 5*! 91+( *'

/*!/1!*.#'& * KD"&%#* !%&5* '.$+-*$*( ' +..' 4*.* * &'!123' +E*5* " #+-'. 91+ ǫ;

GH



 !" #$%&'%($)*$+',-$ . /0'123+4%513 6. *17(.837

 !"#$%#&"'(")%*+" S ,- %. (/(&-.0 ,- -1%0*2-( )/#-03-( !"#(/(&- ,0( )/(&0( "3,-#0,0(

4x15 x25. . .5 xn6 1%- (0&/(708-. &",0( 0( m -1%0*2-( 93-(-#&-( #" (/(&-.0: ;- 0!"3," !".

-((- !"#$%#&" S5 ,/</,/."( "( (/(&-.0( -. &3=( &/9"(>

•  !""#$%& '%(%)*+,-'!. " !"#$%#&" S ? %#/&@3/"5 "% (-$05 0 )/(&0 "3,-#0,0 1%-

(0&/(708 " (/(&-.0 )/#-03 ? A#/!0B

•  !""#$%& +,'%(%)*+,-'!. " !"#$%#&" S ? !".9"(&" ,- %. #A.-3" /#C#/&" ,- )/(&0(
"3,-#0,0( 1%- (0&/(708-. " (/(&-.0 )/#-03B

• /*0!""#$%&. " !"#$%#&" S ? <08/"5 "% (-$05 #+" -D/(&-. )/(&0( "3,-#0,0( 1%- (0&/('

70*0. " (/(&-.0 )/#-03:

12"%)$-34! 5676  !"#$% !& '(')*&" +(#*", -%''./*+ )*& !& #0&*,% 1#()% $* '%+!23*'4

%5,(6")%,("&*#)* *''* #0&*,% 7 (6!"+ " 18 9"'% '*:"& *#;%#),"$"' 2 %! &"(' '%+!23*'4 7
;*,)% <!*4 #" /*,$"$*4 -%$*& '*, *#;%#),"$"' (#1#()"' '%+!23*' -"," *''* '(')*&"8

E ,-."#(&30*+" ,-(&- 70&" 9",- (-3 -#!"#&30,0 -. FGH5 I09J&%)" K:

I"." " "L$-&/<" ,-(&- &30L0)M" ? 0#0)/(03 1%0) " .-)M"3 .?&"," ,- "L&-#*+" ,0 (")%*+"

," (/(&-.05 #"((" "L$-&" ,- -(&%," (-3@ " (/(&-.0 0!""#$%& '%(%)*+,-'!:

 ( (/(&-.0( )/#-03-( 9"((J<-/( ,-&-3./#0,"( 9",-. (-3 70!/).-#&- /,-#&/C!0,"( 0&30<?(

," !@)!%)" ," ,-&-3./#0#&- ,0 .0&3/8 A5 ,"( !"-C!/-#&-(:

8%!)%*- 5656 =* detA 6= 04 *#)>% % '(')*&" +(#*", )*& '%+!2>% 0#(;"4 %! '*:"4 7 -%''./*+
$*)*,&(#"$%8

E ,-."#(&30*+" ,-(&- &-"3-.0 9",- (-3 -#!"#&30,0 -. FKH5 I09J&%)" N:

O" /#&%/&" ,- "&/./803 " 93"!-((" ,- "L&-#*+" ,0 (")%*+" ,- %. (/(&-.05 9",- (-3

#-!-((@3/" .",/C!03 " 7"3.0&" "3/P/#0) ,- (%0( -1%0*2-( 4.",/C!0#," 0((/. 0( .0&3/8-(

A - b6 (-. 1%- 0 (")%*+" C#0) (- 0)&-3-:

9%:,+34! 56;6 ?%(' '(')*&"' +(#*",*' <!* -%''!*& % &*'&% ;%#:!#)%@'%+!2>% '>% $()%'

%<=+$-&%,(%"8

Q-$0."( 0)P%.0( 7"3.0( ,- .",/C!0*+" ," (/(&-.0 1%- #+" /#R%-#!/0. #0 (%0 (")%*+"

4&"3#0#," 0((/. " #"<" (/(&-.0 -1%/<0)-#&- 0" 0#&-3/"36>

K: >=&(+0&+?-) =*- '-" %<=-3@%" 0!) =*- ?!,"(-,(% k 6= 0.



































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

:

:

:

ai1x1 + ai2x2 + . . .+ ainxn = bi
:

:

:

am1x1 + am2x2 + . . .+ amnxn = bm

⇒



































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

:

:

:

kai1x1 + kai2x2 + . . .+ kainxn = kbi
:

:

:

am1x1 + am2x2 + . . .+ amnxn = bm

.

KG



 !"#$%&'()*# +,-, (⇒)  ! "#$%& '! (x1; x2; . . . ; xn) ( # '%)*+,% -% '.'$!/#& $!/%'
0*! ai1x1 + ai2x2 + . . .+ ainxn = bi1

2*3'$.$*.4-% # '%)*+,% 4# 4%5# i6('./# !0*#+,%& $!/%'

kai1x1 + kai2x2 + . . .+ kainxn 7

k(ai1x1 + ai2x2 + . . .+ ainxn) = kbi1

8%9%& # '%)*+,% $#/3(/ '#$.'"#: # 4%5# !0*#+,% i& -!$!;/.4#4-% # '%)*+,% -% 4%5%

'.'$!/#1

(⇐) 2! (x1; x2; . . . ; xn) ( '%)*+,% -% 4%5% '.'$!/#& !4$,% kai1x1 + kai2x2 + . . . +
kainxn = kbi1

⇒ k(ai1x1 + ai2x2 + . . .+ ainxn) = kbi
⇒ ai1x1 + ai2x2 + . . .+ ainxn = bi& <%.' k 6= 01

=''./& # '%)*+,% $#/3(/ '#$.'"#: # i6('./# !0*#+,% %;.9.4#)& !& <%; >%4'!0*?4>.#&

% '.'$!/# ).4!#; %;.9.4#)1

@%/% #/3%' %' '.'$!/#' $?/ # /!'/# '%)*+,% (x1; x2; . . . ; xn)& !)!' ',% '.'$!/#'
!0*.5#)!4$!'1

 ! .!'"/&(' 01$2(%3

"#$%&'()*$'# i < j+























































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

!

!

!

ai1x1 + ai2x2 + . . .+ ainxn = bi
!

!

!

aj1x1 + aj2x2 + . . .+ ajnxn = bj
!

!

!

am1x1 + am2x2 + . . .+ amnxn = bm

⇒























































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

!

!

!

aj1x1 + aj2x2 + . . .+ ajnxn = bj
!

!

!

ai1x1 + ai2x2 + . . .+ ainxn = bi
!

!

!

am1x1 + am2x2 + . . .+ amnxn = bm

.

,-.&/ $0# 12 # -.( '(3#$%4)*)! , %#5.60# %*4&%7*8 9*'* (-.*60# '# %&%4(3*/ &$'(:

;($'($4( '* #)'(3 (3 -.( (5*% 7#)(3 4)*4*'*%!

45%!'6()*# +,7, A "#$% -! <!;/*$#; >%)*4#' /#$!/#$.>#/!4$! /%-.B># % '.'$!/#&

<%.' # '%)*+,% ( */# ).'$# %;-!4#-#& ! #''./&

(x1, x2, . . . , xi, . . . , xj, . . . , xn) 6= (x1, x2, . . . , xj, . . . , xi, . . . , xn)& >%/ i < j1

C% !4$#4$%& 4# ;!'%)*+,% -! <;%3)!/#'& 4,% D#5!;E 9;#4-!' >%4'!0*?4>.#'& 3#'$#

$%/#; >*.-#-% >%/ # %;-!/ -#' .4>F94.$#' 4# '%)*+,%1

<! 8#"(' ( /"( 01$2( /"( 9#"51$()*# 01$!(' :! #/&'(% 01$2(%3

=>



 !"#$%& #'() ($ *#&% &)$+,)-*#.%/ %0.! &%$#$%& # ($# ,)01# ($# %(23# ,)01#

$(,2)+,)*#.# +%3 ($# *%0&2#02!4 5&&)$6























































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

4

4

4

ai1x1 + ai2x2 + . . .+ ainxn = bi
4

4

4

aj1x1 + aj2x2 + . . .+ ajnxn = bj
4

4

4

am1x1 + am2x2 + . . .+ amnxn = bm

⇒























































a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

4

4

4

ai1x1 + ai2x2 + . . .+ ainxn = bi
4

4

4

(aj1 + kai1)x1 + (aj2 + kai2)x2 + . . .+ (ajn + kain)xn = (bj + kbi)
4

4

4

am1x1 + am2x2 + . . .+ amnxn = bm

.

 !"#$%&'()*# +,-, (⇒)  ! "#$%& '! (x1; x2; . . . ; xn) ( # '%)*+,% -% '.'$!/# .0.1.#)&
$!/%' 2*! ai1x1 + ai2x2 + . . .+ ainxn = bi ! aj1x1 + aj2x2 + . . .+ ajnxn = bj3

4*5'$.$*.0-% # '%)*+,% 0# 0%6# j7('./# !2*#+,%& $!/%'

(aj1 + kai1)x1 + (aj1 + kai1)x2 + . . .+ (aj1 + kai1)xn =
(aj1x1 + aj2x2 + . . .+ ajnxn) + k(ai1x1 + ai2x2 + . . .+ ainxn) = bj + kbi3

8%9%& # '%)*+,% $#/5(/ '#$.'"#: # 0%6# !2*#+,% j& ! #''./& ;!'%)6!7'! % 0%6% '.'$!/#

).0!#;3

(⇐) 4! (x1; x2; . . . ; xn) ( '%)*+,% -% 0%6% '.'$!/#& $!/%' 2*! (aj1+kai1)x1+(aj1+
kai1)x2 + . . .+ (aj1 + kai1)xn = (bj + kbi)3

⇒ (aj1x1 + aj2x2 + . . .+ ajnxn) + k(ai1x1 + ai2x2 + . . .+ ainxn) = bj + kbi
⇒ (aj1x1 + aj2x2 + . . .+ ajnxn) + kbi = bj + kbi& <%.' # '%)*+,% '#$.'"#: # i7('./#

!2*#+,%

⇒ aj1x1 + aj2x2 + . . .+ ajnxn = bj3

=''./& # '%)*+,% '#$.'"#: # #0$.9# j7('./# !2*#+,%& !& 1%0'!2*!0$!/!0$!& % '.'$!/#

).0!#; %;.9.0#)3

=''./& $!/%' '.'$!/#' ).0!#;!' !2*.6#)!0$!'& <%.' #/5%' <%''*!/ # /!'/# '%)*+,%3

= -!/%0'$;#+,% ( #0>)%9# <#;# 1%/5.0#+?!' ).0!#;!' !06%)6!0-% /#.' -! */# ).0@#3

./%!'0()*# +,1, =' $(10.1#' #<;!'!0$#-#' $#/5(/ <%-!/ '!; *$.).:#-#' !/ /#$;.:!'&

1%/ # /!'/# !A1>1.#3

78



 !"#"$%&'()* '**%* !+,-",%* .%&% *"(.#"/,%& )* ,0#,1#)*2 -)* 3"4'&'-!'* (+!)3)* 51'

6'&'()*7

8-%#"*%&'()*2 -'*!' !&%9%#:)2 *"*!'(%* #"-'%&'* ,)( n '51%;<'* ' n "-,=>-"!%* ?n×n@2

3% 4)&(%



















a11x1 + a12x2 + . . .+ a1nxn = b1
a21x1 + a22x2 + . . .+ a2nxn = b2

7

7

7

an1x1 + an2x2 + . . .+ annxn = bn

.

A ,%*) n = 1 + !&"6"%#2 *'-3) '51"6%#'-!' % 1(% '51%;B) *"(.#'*7 C'**% 4)&(%2 )*
&'*1#!%3)* *'&B) %-%#"*%3)* .%&% n ≥ 2, n ∈ N7

A* (+!)3)* 3' &'*)#1;B) *B) 3"6"3"3)* '( 3)"* !".)*2 )* (+!)3)*  !"#$%& ' !$#"'$!(%&7

8-%#"*%&'()*2 '( 1( .&"('"&) ()('-!)2 )* !".)* 3' (+!)3) *'.%&%3%('-!'7 D'&'()* %

,)-!%>'( 3' .%**)* 3' ,%3% (+!)3)2 %* #"("!%;<'*2 9'( ,)() %* 6%-!%>'-* 3' 1( *)9&'

) )1!&)7

EF



 !"#$%$& '()*#$& %* +*&$,-./$

 ! "#$%&%! &'()$%! *%(+),)" -". !%/-01% )2.$. &% !'!$)". /'+).(3 . ")+%! &) .(()4

&%+&.")+$%!3 .56! -" +7")(% 8+'$% &) %5)(.09)!3 ,.!% $./ !%/-01% )2'!$.:

;+./'!.()"%! %! !)<-'+$)! "#$%&%! &'()$%!=

>: ?-@!$'$-'01%A

B: C/'"'+.01% D.-!!'.+.A

E: F.$%(.01% GHA

I: J)<(. &) K(.")(:

;56! &)"%+!$(.( . ()!%/-01% &) -" 5(%@/)". 5(%5%!$% .$(.L#! &)!!)! "#$%&%!3 !)(M

,./,-/.&% % ,-!$% ,%"5-$.,'%+./ +),)!!M('% 5.(. . %@$)+01% &. !%/-01% )" ,.&. -" &)/)!:

;/#" &'!!%3 !)(M *)'$. -". <)+)(./'N.01% O5.(. % ,.!% &) -" !'!$)". /'+).( n × nP &)!!)

,M/,-/%: C!$. <)+)(./'N.01% !)(M *)'$. ,%+!'&)(.+&% % 5'%( ,.!% 5%!!QL)/3 +% R-./ % ".'%(

+-"#(% &) %5)(.09)! !1% +),)!!M('.!3 '<+%(.+&% R-.'!R-)( *.,'/'$.09)! R-) 5%!!." !)(

)+,%+$(.&.! +% !'!$)".:

 !"#$%&'() *+,+  !"! #$%$"&'(!" ) *+,%) *)&-+%!*')(!. #) !./)"'%&)0 ,$"1) *)(%!2'3

.'4!#!, !, &+.%'-.'*!56$, 7#'8',6$, '(*.+9#!,: $ !#'56$, 7,+2%"!56$, '(*.+9#!,: "$!.'4!#!,

#+"!(%$ ) -")*$,,); <, ,+2,%'%+'56$, #$ +&! '(*=/('%! -$.) ,$+ 8!.)" $,-$*9>*) (1) '(3

?+$(*'!& ($,%! *)(%!0 8',%) @+$ ) *)&-+%!#)"0 !) $(*)(%"!" $,,$ 8!.)"0 !,,)*'! !&2),

!+%)&!%'*!&$(%$;

;% 8+./3 .+./'!.()"%! .! /'"'$.09)! &) ,.&. ./<%('$"%3 @)" ,%"% .! L.+$.<)+! &) -"

!%@() % %-$(%:

;5()!)+$."%!3 5.(. '/-!$(.( . ()!%/-01%3 -". .5/',.01% +. M(). &. D)%")$('.=

A$B!& α10 α2 $ α3 %"C, -.!(), $& R
3
0 %!', @+$

α1 : x1 + 2x2 − 3x3 = 40 α2 : 2x1 + 3x2 + 4x3 = 5 $ α3 : 4x1 + 7x2 − x3 = 13;
D+$"$&), #$%$"&'(!& ! '(%$",$51) $(%"$ $,,$, -.!(),;

 !"#$%&'() *+*+ E& -)(%) (x1, x2, x3) -$"%$(*$ !) -.!() α1 @+!(#) ! %$"(! (x1, x2, x3)
F ,).+51) #! $@+!51) x1 + 2x2 − 3x3 = 4 "$G$"$(%$ !) -.!(); H -")*$,,) F !(I.)/) -!"!

), #$&!', -.!(),;

;!!'"3 % 5(%@/)". 5%&) !)( ()&-N'&% .% !)<-'+$) !'!$)". 3× 3 &) )R-.09)! /'+).()!=






x1 + 2x2 − 3x3 = 4 (I)
2x1 + 3x2 + 4x3 = 5 (II)
4x1 + 7x2 − x3 = 13 (III)

.

;% ,./,-/.("%! % &)$)("'+.+$) &. ".$('N &%! ,%)8,')+$)!

A =





1 2 −3
2 3 4
4 7 −1



 ,

>S



 !" #$% & &'()*+,-. #'/-% 01' &'! A = −1 6= 0. 2-3-. - %*%!'/ $ 4-%%5#'2 &'!'"/*) &-6

7' 8 !-.

detA = a11a22a33 − a11a23a32 − a12a21a33 + a12a23a31 − a13a22a31 + a13a21a32

= 1× 3× (−1)− 1× 4× 7− 2× 2× (−1)

+2× 4× 4− (−3)× 3× 4 + (−3)× 2× 7

= −3− 28 + 4 + 32 + 36− 42

= −73 + 72

= −1.

9 4 "!*" &' ')!,-. '):-)!" "'/-% - ;)*:- 4-)!- (x1, x2, x3) 01' % !*%8 <  % !"=% '01 +>'%
%*/12! )' /')!'. -1 %'? . '%!@ ) *)!'"%'+,- ')!"' -% !"=% 42 )-%6 A " *%%-. 1!*2*< "'/-%

-% 01 !"- /$!-&-% &*"'!-% 4"-4-%!-%6

 !" #$%&'('$()*+

B /$!-&- & C1D%!*!1*+,- EC1D%!6F :-)%*%!' '/ "''%:"'#'"  % '01 +>'% &- %*%!'/ .

4 "  %%*/ *%-2 " :'"! *):G3)*! ' %1D%!*!15H2 '/ -1!" '01 +,-6

A"*/'*" /')!'. "''%:"'#'/-%  '01 +,- (III). '%:-2I %'/ 4'"& &' 3')'" 2*& &'. &'

8-"/  *%-2 "  # "*@#'2 x3J

(III) : 4x1 + 7x2 − x3 = 13

⇒ −x3 = 13− 4x1 − 7x2

⇒ x3 = 4x1 + 7x2 − 13. EKF

 ! "#$%&'! ()&*!+ ,-.!/ .#!()0!'!" 1 !')23#"+ #&4%!&5- &! 5#.6#).! ,-.!/ .#!()0!'!" 7

/%(5)8()6!23#"+ 5-5!()0!&'-  -8#.!23#" &#"5! #5!8!9

93-" . %1D%!*!15/-% (1) ) '01 +,- (II). '2*/*) )&-  %%*/  # "*@#'2 x3 ) '01 +,-J

(II) : 2x1 + 3x2 + 4x3 = 5

⇒ 2x1 + 3x2 + 4× (4x1 + 7x2 − 13) = 5

⇒ 2x1 + 3x2 + 16x1 + 28x2 − 52 = 5

⇒ 18x1 + 31x2 = 57. ELF

:-.!/ .#!()0!'!" 7 /%(5)8()6!23#" &! "#$%&'! ()&*! # 7 !')23#" &! 5#.6#).! ()&*!+ 8!.!

%/ 5-5!( '# ! -8#.!23#" &#"5# 8!""-9

7 /'%/ 8-"/ . %1D%!*!15/-% (1) ) '01 +,- (I)J

(I) : x1 + 2x2 − 3x3 = 4

⇒ x1 + 2x2 − 3× (4x1 + 7x2 − 13) = 4

⇒ x1 + 2x2 − 12x1 − 21x2 + 39 = 4

⇒ −11x1 − 19x2 = −35. EMF

KN



 !"! #$%# &'$$! ( ')'*!+! '! ')%#,-!,. /!,'" ,#'*-0'1'$  !&#,'23#$ &',' $4' 5!)5*46

$7!8

 ! "#$%&'() *##"+*#,#*#!-" (2)) '# .-*!( ( &"-/(* ( ,(*&0,#/ x2) 1(/ +-!- 2- 3*&!#&*-

3(""-4

(2) : 18x1 + 31x2 = 57

⇒ 31x2 = 57− 18x1

⇒ x2 =
57− 18x1

31
. 567

9+!,'. ,#'*-0'"!$ : '1-27! )' $#+4)1' *-);' # < "4*%-&*-5'23#$ )' %#,5#-,' *-);'=  

 !"#$%&"'(

 !"#$%$!%&'()# '*$+) (4) *, '-!,.+) (3)/ 0' 1)&(, , $'&()# #)('*$' , %*234*%$, x1

*, '-!,.+) (I) )&%4%*,56

(3) : −11x1 − 19x2 = −35

⇒ −11x1 − 19×
57− 18x1

31
= −35

⇒ −11x1 −
1083

31
+

342x1

31
= −35

⇒
x1

31
= −

2

31
. 789

)"'*$ "*$!$+ #"$,-.$/ ' 0 /1,*-!,-2$%&"' 3$ '"4153$ !$#$ $ *"#2"-#$ ,-56$ " 0 31$'

$3-%&"' 3$ *"#2"-#$ !$#$ $ 71$#*$ ,-56$+ 8"26$53 !  !"#$%&"'(

: ;,&$%& 0' ,4)&,/ ;)0'()# &'#)5<'& ,# '-!,.='# ;,&, )"$'& )# <,5)&'# 0,# %*234*%$,#

0%&'$,('*$'> ?&%('%&,('*$'/ <,()# &'#)5<'& (5) ;,&, )"$'& ) <,5)& 0' x16

(5) :
x1

31
= −

2

31
⇒ x1 = −2.

971-+ 8 - #"$,-.$3$ : /1,*-!,-2$%; + , 4 + $!"5$' "  !"#$%; (

 !"#$%$!%*0) x1 '( (4)/ $'()#6

(4) : x2 =
57− 18x1

31

⇒ x2 =
57− 18× (−2)

31

⇒ x2 =
57 + 36

31

⇒ x2 =
93

31
⇒ x2 = 3.

<$#$ "52 5*#$# x2 $ !$#*-# 3" x1+ =."/ ' : /1,*-!,-2$%; 5$ *"#2"-#$ ,-56$ " : $3-%; 

5$ 71$#*$ ,-56$( ); 2 5>?/ 2 5*$# $ !$''$4"/

93
31

!$#$ 3+ ! -'  2 /!1*$3 # @A 6$>-$

"8"*1$3 "'*$' /1,*-!,-2$%&"' $  B*"# $ "71$%; (4)( C 4 + '; #  !"#$%&"'(

@A



 !" #$% &'(&)*)'*+,! x1 - x2 -$ ./0% !()-"-$!&1

(1) : x3 = 4x1 + 7x2 − 13

⇒ x3 = 4× (−2) + 7× 3− 13

⇒ x3 = −8 + 21− 13

⇒ x3 = 0.

 !"#$ %&'() * )"+,#-+#.(/012 3( ,1'.1#'( +#34( 1 * (5#/012 3( ,1'.1#'( +#34($ 63(+#7(35&

.&)  &-1'(/0128

2&&*$% !()*3-$!& 4!$! &!5'67! 89"9 ! &*&)-$9 5*+-9" ! 4!+:'+)! '+*);"*! 4':! -5-$-+)!

< 9 )-"+9 !",-+9,9 (−2, 3, 0)=  9"9 *&&!% )*3-"9$ ,- &-" "-95*>9,9& ? @ A @ A @ B @ C @

/ @ D @ C E !" #$%&'()%*=

 !,-$!& F-+-"95*>9" -&&9 4!+)9F-$ 89"9 '$ &*&)-$9 5*+-9" n× n1

•  9"9 *&!59" xn +9 nG<&*$9 -H'967!% < +-4-&&;"*! I9>-" n− 1 9,*6J-& .,-*K9+,! 9&&*$
annxn *&!59,! -$ '$ ,!& 59,!& ,9 -H'967!0 - n $'5)*85*496J-& .I9>-+,! 9&&*$ 49,9

)-"$! ,! 59,! !8!&)! ,9 -H'967! &-" ,*3*,*,! 8!" ann0L

•  9"9 &'(&)*)'*" xn +9 kG<&*$9 -H'967!% k ∈ {1, . . . , n − 1} &7! +-4-&&;"*9& n $'5G

)*85*496J-& .49,9 )-"$! ,9 IM"$'59 ,- xn $'5)*85*49,! 8-5! 4!-#4*-+)- akn0% - -$

&-F'*,9 n 9,*6J-&% 89"9 :'+)9" !& $!+N$*!& &-$-5O9+)-&= P&)- 8"!4-&&! &- "-8-)-

89"9 49,9 k ∈ {1, . . . , n − 1}% 5!F!% n − 1 3->-&= 2&&*$% &7! "-95*>9,9& n × (n − 1)
$'5)*85*496J-& - n× (n− 1) 9,*6J-& +-&)9 -)989L

•  9"9 *&!59" xn−1 +9 (n−1)G<&*$9 -H'967!% < +-4-&&;"*! I9>-" n−2 9,*6J-& .,-*K9+,!
9&&*$ 9 $'5)*85*4967! ,- xn−1 4!$ &-' 4!-#4*-+)- *&!59,9 -$ '$ ,!& 59,!& ,9

-H'967!0 - n−1$'5)*85*496J-& .I9>-+,! 9&&*$ 49,9 )-"$! ,! 59,! !8!&)! ,9 -H'967!

&-" ,*3*,*,! 8-5! 4!-#4*-+)-0L

•  9"9 &'(&)*)'*" xn−1 +9 kG<&*$9 -H'967!% k ∈ {1, . . . , n − 2} &7! +-4-&&;"*9& n − 1
$'5)*85*496J-& .49,9 )-"$! ,9 IM"$'59 ,- xn−1 $'5)*85*49,! 8-5! &-' "-&8-4)*3!

4!-#4*-+)-% - -$ &-F'*,9 n− 1 9,*6J-&% 89"9 :'+)9" !& $!+N$*!& &-$-5O9+)-&= P&)-
8"!4-&&! &- "-8-)- 89"9 49,9 k ∈ {1, . . . , n − 2}% 5!F!% n − 2 3->-&= 2&&*$% &7!

"-95*>9,9& (n− 1)× (n− 2) $'5)*85*496J-& - (n− 1)× (n− 2) 9,*6J-& +-&)9 -)989L

=

=

=

•  9"9 *&!59" x2 +9 &-F'+,9 -H'967!% < +-4-&&;"*! I9>-" / 9,*67! .,-*K9+,! 9&&*$

x2% :'+)9$-+)- 4!$ &-' 4!-#4*-+)-% *&!59,!& -$ '$ ,!& 59,!& ,9 -H'967!0 - /

$'5)*85*4967! .I9>-+,! 9&&*$ 49,9 )-"$! ,! 59,! !8!&)! ,9 -H'967! &-" ,*3*,*,!

8-5! 4!-#4*-+)-0L

•  9"9 &'(&)*)'*" x2 +9 8"*$-*"9 -H'967!% &7! +-4-&&;"*9& D $'5)*85*496J-& .49,9 )-"$!

,9 IM"$'59 ,- x2 $'5)*85*49,! 8-5! 4!-#4*-+)-% - -$ &-F'*,9 2 9,*6J-&% 89"9 :'+)9"
!& $!+N$*!& &-$-5O9+)-&= 2&&*$% &7! "-95*>9,9& 2×1 $'5)*85*496J-& - 2×1 9,*6J-&
+-&)9 -)989L

D/



•  !"#$%&" x1 %$ '()*+)($ +,-$./"0 1$!2$ 3 *-#2)'#)4$./" +0 &+!2$ 5"(*$0 +%4"%2($*"!

" 6$#"( &+ x1 '"( *+)" &+ 3 *-#2)'#)4$./" + 7 $&)./"8

• 9$($ +%4"%2($( " 6$#"( &+ x20 !-1!2)2-):!+ x1 '+#" !+- 6$#"(; <* !+=-)&$0 > (+$#)?$&$ 3

*-#2)'#)4$./" @&+ x1 '+#" !+- 4"+A4)+%2+B + 3 !"*$ @4"* " %"6" 2+(*" )%&+'+%&+%2+

&$ +,-$./"B8

;

;

;

• 9$($ "12+( xn0 !-1!2)2-C*"! $! 6$()D6+)! xk0 k ∈ {1, . . . , n−1} '+#"! !+-! (+!'+42)6"!

6$#"(+!0 + (+$#)?$*"! n−1 *-#2)'#)4$.E+! @4$&$ 6$()D6+# 4"* !+- 4"+A4)+%2+B + n−1
$&).E+!;

F"*$%&" $! 4"%2$=+%! &$! +2$'$! %+4+!!D()$! '$($ )!"#$( $! 6$()D6+)!0 2+*"!G

#(+ !"#$( F-1!2;) = (n− 1) + . . .+ 1 + 0

=
(n− 1)× n

2

=
n2 − n

2
;

#(× !"#$( F-1!2;) = n+ . . .+ 1

=
(n+ 1)× n

2

=
n2 + n

2
.

H!!)*0 " 2"2$# &+ "'+($.E+! %+4+!!D()$! '$($ )!"#$( 2"&$! $! n 6$()D6+)! &" !)!2+*$ >

&$&" '+#$ 5I(*-#$

#( !"#$( F-1!2;) =
n2 − n

2
+

n2 + n

2

=
n2 − n+ n2 + n

2

=
2n2

2
= n2. @JB

9$($ $! +2$'$! &+ !-1!2)2-)./"0 2+*"!G

KK



#(+ !"#$%$!%&  !"#$') = n× (n− 1) + (n− 1)× (n− 2) + . . .+ 2× 1

=
n−1
∑

i=1

[i× (i+ 1)]

=
n−1
∑

i=1

[i2 + i]

=
n−1
∑

i=1

i2 +
n−1
∑

i=1

i

=
n× (n+ 1)× (2n+ 1)

6
− n2 +

n× (n− 1)

2

=
2n3 + 3n2 + n

6
− n2 +

n2 − n

2

=
2n3 + 3n2 + n− 6n2 + 3n2 − 3n

6

=
2n3 − 2n

6

=
n3 − n

3
;

#(× !"#$%$!%&  !"#$') = #(+ !"#$%$!%&  !"#$')

=
n3 − n

3
.

(##%)* + $+$,- ./ +0/&,12/# 3/4/##5&%,# 3+ 0&+4/##+ ./ #!"#$%$!%16+ ./ !), 7,&%57/-

/) +!$&, /8!,16+ 9 .,.+ 0+&

#( !"#$%$!%&  !"#$') =
n3 − n

3
+

n3 − n

3

=
2(n3 − n)

3

=
2n3 − 2n

3
. :;<

=+& >)* 3+ 0&+4/##+ ./ +"$/316+ .+ 7,-+& .,# 7,&%57/%#* $/)+#?

#(+@"$/&  !"#$') = 1 + 2 + . . .+ (n− 1)

=
(n− 1)× n

2

=
n2 − n

2
;

AB



#(× !"#$ %&!'"() = 1 + 2 + . . .+ (n− 1)

=
(n− 1)× n

2

=
n2 − n

2
.

)''*+, - "-"./ 0# -1#$.23#' 4#5#''6$*.' 1.$. -!"#$ "-0.' .' 0#+.*' 7.$*67#*' 0- '*'"#+.

8 0.0- 1#/. 9:$+&/.

#( !"#$ %&!'"() =
n2 − n

2
+

n2 − n

2

=
2n2 − 2n

2
= n2 − n. ;<=

>&4".40- .' #?&.23#' (6), (7) # (8), #45-4"$.+-' . 9:$+&/. 1.$. - 56/5&/- 0- "-"./
0# -1#$.23#' 4#5#''6$*.' 4. $#'-/&2@- 0# &+ '*'"#+. /*4#.$ n × n ."$.78' 0- +8"-0- 0.

%&!'"*"&*2@-A

#(Subst.) = n2 +
2n3 − 2n

3
+ n2 − n

=
3n2 + 2n3 − 2n+ 3n2 − 3n

3

=
2n3 + 6n2 − 5n

3
.

 ! "#$%$&'()* +',--$'&'

 +8"-0- 0. B/*+*4.2@- C.&''*.4. ;B/*+(= "$.4'9-$+. - '*'"#+. /*4#.$ . '#$ .4./*D

'.0- #+ &+ '*'"#+. /*4#.$ #?&*7./#4"#( E- #4".4"-, 1.$. ?&# #'"# +8"-0- '#F. 7.4".F-'-,

- 4-7- '*'"#+. /*4#.$ 0#7# '#$ +.*' 965*/ 0# $#'-/7#$ 0- ?&# - .4"#$*-$(

G.$. ?&# - 1$-5#''- '#F. 9#*"-, 1-0#+-' "$.!./H.$ 5-+ .  !"#$% ! &'$!(! 5-$$#'1-4D

0#4"# .- '*'"#+., 0. 9-$+.
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) +."$*I .+1/*.0. 8 &+. F&42@- 0.' +."$*I#' A ;5-#J5*#4"#' 0.' 7.$*67#*'= # b ;"#$+-'

*40#1#40#4"#'= F6 7*'".' .4"#$*-$+#4"#(

 1$-5#''- 0#  !"#$%&#' &(% 0. +."$*I 5-4'*'"# #+ .4&/.$+-' -' "#$+-' ajk, j ∈
{k + 1, . . . , n}, k ∈ {1, . . . , n− 1}, 5-/&4. 1-$ 5-/&4.( G.$. *''-, !.'". '&!'"*"&*$ . /*4H.
Lj ;$#1$#'#4".2@- ?&# '#$6 &"*/*I.0. 1.$. $#1$#'#4".$ . jD8'*+. /*4H. 0. +."$*I= 1#/.

5-+!*4.2@- /*4#.$ Lj −
ajk
akk

Lk( %.!#+-' ?&# ".*' +&0.42.' 4@- ./"#$.+ - 0#"#$+*4.4"#

0. +."$*I 4#+ . '-/&2@- 0- '*'"#+. 1$-1-'"-(

KL



 !"#$%&'() *+,+  ! "#$% &$ $#'%$()! &!* +,-.!* &, '.$ &,+,-./#$&$ 0!%'#$1 !* +,-.!*

&$* 0!%'#$* 2!*+,-/!-,* +,-)! *!3-/&! .!&/"0$(4,*1 , #)! #,0,**$-/$.,#+, +,-)! ! .,*.!

5$%!- 6', +/#7$. #$ .$+-/8 !-/9/#$%: ;$-$ -,2-,*,#+$-.!* +$/* .!&/"0$(4,*1 *,-< '+/%/8$&$

$ #!+$()! a
(t)
ij 2$-$ -,2-,*,#+$- ! +,-.! aij $2=* $ ,%/./#$()! &$ t>?*/.$ 0!%'#$:

 !"#$%&'() *+-+ @'-$#+, ! 2-!0,**! &, $#'%$()! &!* +,-.!* &,*,A$&!*1 2,-0,B,>*, 6',

! 0!,"0/,#+, akk1 k ∈ {1, . . . , n − 1}1 2,-+,#0,#+, C &/$9!#$% 2-/#0/2$% &$ .$+-/8 !-/9/#$%
A1 0!--,*2!#&, $! &,#!./#$&!- &$ 3-$()! C 6'$% .'%+/2%/0$.!* $ %/#7$ Lk:  **/.1 0$*!

,D/*+$ $%9'. +,-.! #'%! #$ &/$9!#$% 2-/#0/2$%1 #)! *,-< 2!**E5,% ,*0-,5,- $ 0!.B/#$()!

%/#,$- 0!--,*2!#&,#+,:

;$-$ /**!1 2!&,.!* +-!0$- $ 2!*/()! &, $%9'.$* %/#7$* !' $%9'.$* 0!%'#$*1 $ ".

&, -,+/-$-.!* ! +,-.! #'%! &$ &/$9!#$% 2-/#0/2$%: F/.!*1 $#+,-/!-.,#+,1 6', +$% +-!0$

#)! $%+,-$ ! -,*'%+$&! "#$%1 2!/* ,#0!#+-$-E$.!* $**/. '. */*+,.$ %/#,$- ,6'/5$%,#+, $!

!-/9/#$%:

 %?. &/**!1 ,D/*+, $ 2!**/B/%/&$&, &, '. 0!,"0/,#+, %!0$%/8$&! #$ &/$9!#$% 2-/#0/2$%1

6', !-/9/#$%.,#+, #)! ,-$ /9'$% $ 8,-!1 +!-#$->*, #'%!1 !' 5/0,>5,-*$1 $2=* $ $#'%$()! &,

$%9'.$ 0!%'#$: G %,/+!- &,5, $+,#+$->*, &, 6', +$/* +-!0$* &, %/#7$* !' 0!%'#$* +$.B?.

2!&,. *,- 3,/+$* #! &,0!--,- &! 2-!0,**! &, ,*0$%!#$.,#+! &$ .$+-/8 $.2%/$&$:

 !"#$%&'() *+.+  +-!0$ &, %/#7$* !' 0!%'#$* 2!&, *,- '+/%/8$&$ +$.B?. 2$-$ */.2%/"0$-

$* 0!#+$* &'-$#+, ! 2-!0,**! &, ,%/./#$()!: H**$ +?0#/0$ ? 07$.$&$ &, /0%)1#&2#31)1

, ? &/5/&/&$ ,. &!/* +/2!*I ! 2/5!+,$.,#+! 2$-0/$%1 #! 6'$% $2,#$* %/#7$* *)! +-!0$&$*J ,

! 2/5!+,$.,#+! +!+$%1 !#&, 2!&,>*, +-!0$- %/#7$* , 0!%'#$*:  **/.1 ! #K.,-! &, !2,-$(4,*

#,0,**<-/$* 2$-$ $ 0!#0%'*)! &! 2-!0,**! &, ,*0$%!#$.,#+! 2!&, &/./#'/-: L! ,#+$#+!1 $

3!-.$ 0!.! ,%$ ? '+/%/8$&$ &,2,#&, &$ .$+-/8 $2-,*,#+$&$: ;$-$ 9,#,-$%/8$- $* 0!#+$*1 ,

$**/. "D$- '.$ ,6'$()! 2$-$ ! 0<%0'%! &$* !2,-$(4,*1 ,**$ +?0#/0$ 3() *,-< '+/%/8$&$ #$

-,*!%'()! &, */*+,.$* #,*+, +-$B$%7!:

 ! "#$% &! '()$%!#$*'#+!, $ -$.+' A &$ *$+./0 $*-%/$&$ +!.#$1(' 2*$ *$+./0 +./$#1

32%$. (2-'./!., &$ ('32/#+' 4!.*$5
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7'.'*!( 82' 2*$ *$+./0 #'(+'( *!%&'( 4$)/%/+$ $ !9+'#:;! &!( <$%!.'( &' )$&$ /#)=3#/+$6

>3!.$, .'(!%<'.'*!( #!<$*'#+' ! -.!9%'*$ -.!-!(+! #'(+' )$-?+2%!6 > *$+./0 $*-%/1

$&$ &! (/(+'*$ @ &$&$ -!.





1 2 −3 4
2 3 4 5
4 7 −1 13



 .

A./*'/.$*'#+', 82'.'*!( '%/*/#$. !( +'.*!( a21 ' a31, &$ -./*'/.$ )!%2#$, +!.#$#&!1

!( #2%!(6 A$.$ /((!, (29(+/+2/.'*!( L2 -!. 2*$ )!*9/#$:;! '#+.' $( %/#B$( L1 ' L2, *$/(

CD



 !"#$%&'"()" L2 −
a21
a11

L1 = L2 − 2L1* " L3  +! L3 −
a31
a11

L1 = L3 − 4L1, -%%$'*





1 2 −3 4
2 3 4 5
4 7 −1 13



⇒





1 2 −3 4
0 −1 10 −3
0 −1 11 −3



 .

 !"! ! !#$%!&'( )* a21+ ,(- $.-%-/!)! 0 1$%.-2%-3!&'( 2!"! ( 34%3$%( )( 3(*53-*#.* !(

6$!% 1$%.-2%-3!1(7 L1 * 8 1$%.-2%-3!&9*7+ )( 3(*53-*#.* 3(1 a22+ a23 * b2: ;1 7*<$-)!+

7'( ,*-.!7 8 !)-&9*7+ #(=!1*#.* $1! 2!"! 3!)! .*"1( 3-.!)( !#.*"-("1*#.*+ .(.!%-/!#)(

> (2*"!&9*7: ?(1( ( 2"(3*77( @ !#4%(<( 2!"! ! *%-1-#!&'( )* a31+ 7'( #*3*774"-!7 >

(2*"!&9*7 2!"! -77(+ .(.!%-/!#)(  ! (2*"!&9*7 #*7.! *.!2!:

"#$%&'()*+ ,-.-  !"! ( 3(12$.!)(" #'( @ #*3*774"-! ! 1$%.-2%-3!&'( * ! )-=-7'( 6$*

*#=(%=*1 ( .*"1( ! 7*" !#$%!)(+ )!)( 6$* ( !%<("-.1( )! ;%-1-#!&'( A!$77-!#! )4 !

(")*1 )-"*.! 2!"! 6$* .!% .*"1( 7*B! 7$C7.-.$D)( 2(" 0 E3(1( 1*#3-(#!)( !#.*"-("1*#.*+
7$C7.-.$-&9*7 )* .*"1(7 2(" =!%("*7 *72*3D53(7 #'( .*1 3$7.( 3(12$.!3-(#!%F: G! 1*71!

,("1!+ ( !%$#( 6$* "*7(%=* ( 7-7.*1! 2*%( 1@.()( )! *%-1-#!&'( A!$77-!#! #'( .*1 !

#*3*77-)!)* )* ,!/*" *7.!7 3(#.!7+ C!7.!#)( !2*#!7 *73"*=*" 0 (#)* @ )*=-)(:

-.+!& /0" &  !$'"$!& #+10(& 2+$ 3(&1$4&5&* 2&!"'+% + '"%'+ #+' & %".0(5& #+10(&,

6&!& $%%+* 5"3($!"'+% & (+7& 1$(8& 2 #+'+ L
(1)
2 " & (+7& 1$(8& 3 #+'+ L

(1)
3 , 90:%)$)0$!"'+%

L
(1)
3  +! 0'& #+':$(&;<+ "()!" L

(1)
2 " L

(1)
3 * 5& 2+!'& L

(1)
3 −

a
(1)
32

a
(1)
22

L
(1)
2 = L

(1)
3 − L

(1)
2 , -%%$'*





1 2 −3 4
0 −1 10 −3
0 −1 11 −3



⇒





1 2 −3 4
0 −1 10 −3
0 0 −1 0



 .

 !"! !#$%!" a
(1)
32 + $.-%-/!1(7 0 1$%.-2%-3!&'( 2!"! ( 3(*53-*#.* * 1$%.-2%-3!&9*7 )(

3(*53-*#.* 3(1 (7 .*"1(7 a
(1)
33 * b

(1)
3 + 7*2!"!)!1*#.* E%(<(+ HF: I%@1 )-77(+ H !)-&9*7+ 2!"!

3!)! $1 )(7 .*"1(7 3-.!)(7: I77-1+ #*77! *.!2! ,("!1 "*!%-/!)!7 / (2*"!&9*7:

=$(&1$4&5+ +  !+#"%%+* )!&(%2+!'&'+% &  &!)" !"1&)$7& & '&)!$4 A 5& '&)!$4 &' 1$&5&

"' 0'& '&)!$4 )!$&(.01&! %0 "!$+!* 1+.+ "%#&1+(&5&, 6&!& $%%+* 2+!&' ("#"%%>!$&% ?@ A B

C  0 + "!&;D"%, -.+!&*  +5"'+% )!&(%2+!'>E1& (+7&'"()" "' 0' %$%)"'& 5$2"!"()"* '&%

"/0$7&1"()" &+ %$%)"'& +!$.$(&1F





1 2 −3 4
0 −1 10 −3
0 0 −1 0



⇒







x1 + 2x2 − 3x3 = 4 (I ′)
−x2 + 10x3 = −3 (II ′)

−x3 = 0 (III ′)
.

-  &!)$! 5" &.+!&* &%%$' #+'+ (+ 'G)+5+ 5& 90:%)$)0$;<+*  +5"'+% !"%+17"! &% "/0&E

;D"%  &!& +:)"! +% 7&1+!"% 5&% $(#H.($)&% 5$!")&'"()", 6!$'"$!&'"()"* 7&'+% !"%+17"!

(III ′)  &!& +:)"! + 7&1+! 5" x3F

(III ′) : −x3 = 0

⇒ x3 = 0.

 !"! (C.*" ( =!%(" )* x3+ ,(- #*3*774"-! 0 1$%.-2%-3!&'( * J !)-&'(+ %(<(+  (2*"!&'(:

IJ



 !"#$%$!%&'( x3 )* (II ′)+ $)*(#,

(II ′) : −x2 + 10x3 = −3

⇒ −x2 + 10× 0 = −3

⇒ −x2 + 0 = −3

⇒ −x2 = −3

⇒ x2 = 3.

 !"#$ !#$%$& '$ #!()!*($ +*',$ -.* (!$+*/$0$ 1 23+#*%+*)$45.& 1 $0*45. '$ 63$(#$ +*',$&

7'$+*/$'0. ).2 1 23+#*%+*)$45. '$ 63*'#$ +*',$8 9.#$+:  .%!($4;!"8

-(. /*+ #!"#$%$!%&'( x2 ) x3 )* (I ′)+ ("$).)*(#,

(I ′) : x1 + 2x2 − 3x3 = 4

⇒ x1 + 2× 3− 3× 0 = 4

⇒ x1 + 6− 0 = 4

⇒ x1 = −2.

<$($ !')!(($( . $+=.(*#2.& -.($2 (!$+*/$0$" > 23+#*%+*)$4;!" '$ #!()!*($ +*',$& 1 $0*45.

'$ 63$(#$& 1 $0*45. '$ 63*'#$& ! 1 23+#*%+*)$45. *2%+?)*#$ $)*2$& 2$" '!)!""@(*$ $.

).2%3#$0.(& 0! 0*A*0*( . #!(2. *'0!%!'0!'#! %!+. ).!7)*!'#! 0! x1 B
2
1
C& #.#$+*/$'0. !'#5.

! .%!($4;!"8

0##%*+ 12.2 2 )$212 ') .)#(3!45( '( #%#$)*2+ 6(.2* &)7)##8.%2# 9 : ; : < = " (1).2>

4?)#@

A&7(&$.2*(# 2 *)#*2 #(3!45(+ B&%72+ 7(* 2 $).&2 (.')&2'2 (−2, 3, 0)@ -(.C*+ ')#$2

D)E &(# !$%3%E2*(# ') 21)&2# #$ %&'()*+', F9G &2 62#) ') )#723(&2*)&$( ) G &2 62#) ')

.)#(3!45(H@

I)&).23%E2&'( 12.2 !* #%#$)*2 3%&)2. n× n+ ("$)*(#,

• -2.2 )3%*%&2. (# $).*(# ak1+ k ∈ {2, . . . , n}+ $)*(# J!) 7237!32. ( 7()/7%)&$)

ak1
a11

+

*!3$%13%78>3( 7(* (# $).*(# a12, . . . , a1n ) b1+ 12.2 )* #)K!%'2 #(*2. 72'2 !* 7(*

( #)! $).*( .)#1)7$%D( '2 k>C#%*2 3%&L2@ M($23%E2*>#) 2##%* n + 1 *!3$%13%724?)#

) n 2'%4?)#@ N(*( ( 1.(7)##( ')D) #). .)1)$%'( 12.2 $('2# 2# 3%&L2#+ $)*(# J!)+

&)#$2 )$212+ #5( .)23%E2'2# (n+ 1)× (n− 1) *!3$%13%724?)# ) n× (n− 1) 2'%4?)#O

• -2.2 (# $).*(# a
(1)
k2 + k ∈ {3, . . . , n}+ ( 1.(7)##( C 2&83(K(@ 0##%*+ .)23%E2*(# n

*!3$%13%724?)# ) n − 1 2'%4?)#@ P)1)$%&'( ( 1.(7)##( 12.2 $('2# 2# n − 2 3%&L2#+

$)*(# (n)× (n− 2) *!3$%13%724?)# ) (n− 1)× (n− 2) 2'%4?)#O

@

@

@

• -2.2 ( $).*( a
(n−2)
n,n−1+ B&%7( $).*( '2 (n − 1)>C#%*2 7(3!&2 2 #). 2&!32'(+ ) B3$%*(

$).*( '( 1.(7)##(+ #5( &)7)##8.%2# ; *!3$%13%724?)# F

a
(n−2)
n,n−1

a
(n−2)
n−1,n−1

+ ) #!2# *!3$%13%724?)#

QR



 !" !# $%&"!# a
(n−2)
n−1,n % b

(n−2)
n−1 ' % ( )*+,-%# . )*) /" *!# *!+# $%&"!#  +$)*!# )0$%&+1

!&"%0$%2 #!")*!#  !" !# #%/# $%&"!# &%#3% $+4!# *) n15#+") 6+07)'8 9##+"2 $%"!#

3× 1 "/6$+36+ ),-%# % 2× 1 )*+,-%#:

• ;)&) %0 !0$&)& ! 4)6!& *% xn2 <)#$) &%)6+=)& > "/6$+36+ ),?! .*+4+#?! *% b
(n−1)
n 3!&

a
(n−1)
nn ':

• ;)&) !<$%& xn−12 #/<#$+$/@"!# ! 4)6!& *% xn 0) (n−1)15#+") %A/),?!2 "/6$+36+ )"!#

 !" ! #%/  !%B +%0$%2 C)=%"!# > #!")  !" ! $%&"! +0*%3%0*%0$% *) %A/),?!2 % B0)1

6+=)"!#  !" > "/6$+36+ ),?!2 *+4+*+0*! ! 0!4! $%&"! +0*%3%0*%0$% 3%6!  !%B +%0$%

*% xn−18 9##+"2 &%)6+=)"!# ( "/6$+36+ ),-%# % > )*+,?!:

8

8

8

• ;)&) !<$%& x12 #/<#$+$/@"!# ! 4)6!& *)# *%")+# +0 DE0+$)# 0) 3&+"%+&) %A/),?!8

F/6$+36+ )"!# %0$?!  )*) /") 3%6! #%/ &%#3% $+4!  !%B +%0$% .n−1 "/6$+36+ ),-%#'8

G" #%E/+*)2 &%)6+=)"!# n − 1 )*+,-%# 3)&) %0 !0$&)& ! 0!4! $%&"! +0*%3%0*%0$%8

;)&) $%&"+0)&2 C)=%"!# > 0!4) "/6$+36+ ),?!2 *+4+*+0*! %##% $%&"! 3%6!  !%B +%0$%

*% x18 H! $!$)62 #?! &%)6+=)*)# n "/6$+36+ ),-%# % n− 1 )*+,-%# 0%#$) %$)3)8

I!")0*! )#  !0$)E%0# *)# %$)3)# 0% %##J&+)# 3)&) ! %# )6!0)"%0$! *) ")$&+=2 $%"!#K

#(+G# )6!0)& G6+"8) = n× (n− 1) + (n− 1)× (n− 2) + . . .+ 2× 1

=
n−1
∑

i=1

[i× (i+ 1)]

=
n−1
∑

i=1

[i2 + i]

=
n−1
∑

i=1

i2 +
n−1
∑

i=1

i

=
n× (n+ 1)× (2n+ 1)

6
− n2 +

n× (n− 1)

2

=
2n3 + 3n2 + n

6
− n2 +

n2 − n

2

=
2n3 + 3n2 + n− 6n2 + 3n2 − 3n

6

=
2n3 − 2n

6

=
n3 − n

3
;

(L



#(× !"#$%&#'  $()*) = (n+ 1)× (n− 1) + n× (n− 2) + . . .+ 3× 1

=
n−1
∑

i=1

[i× (i+ 2)]

=
n−1
∑

i=1

[i2 + 2i]

=
n−1
∑

i=1

i2 + 2
n−1
∑

i=1

i

=
n× (n+ 1)× (2n+ 1)

6
− n2 + 2

n× (n− 1)

2

=
2n3 + 3n2 + n

6
− n2 + n2 − n

=
2n3 + 3n2 + n− 6n

6

=
2n3 + 3n2 − 5n

6
.

+!!(), % -%-#$ ./ %0/'#12/! &/"/!!3'(#! &% 0'%"/!!% ./ /!"#$%&#)/&-% 4 .#.% 0%'

#( !"#$%&#'  $()*) =
n3 − n

3
+

2n3 + 3n2 − 5n

6

=
2n3 − 2n+ 2n3 + 3n2 − 5n

6

=
4n3 + 3n2 − 7n

6
. 567

8% 0'%"/!!% ./ %9-/&1:% .% ;#$%' .#! ;#'(3;/(!, -/)%!<

#(+=9-/'  $()*) = 0 + 1 + 2 + . . .+ (n− 1)

=
(n− 1)× n

2

=
n2 − n

2
;

#(×=9-/'  $()*) = 1 + 2 + . . .+ n

=
(n+ 1)× n

2

=
n2 + n

2
.

+!!(), % -%-#$ ./ %0/'#12/! &/"/!!3'(#! 0#'# %9-/' #! ;#'(3;/(! .% !(!-/)# 4 .#.% 0/$#

>6



 !"#$%&

#('()*" +%,#-) =
n2 − n

2
+

n2 + n

2

=
2n2

2
= n2. ./01

2$3)&345 &6 *7$&89*6 (9) * (10): *3;53)"&#56 &  !"#$%& <&"& 5 ;=%;$%5 45 )5)&% 4*

5<*"&89*6 3*;*66=",&6 3& "*65%$8>5 4* $# 6,6)*#& %,3*&" n × n &)"&?@6 4& +%,#,3&8>5

A&$66,&3&B

#(Elim.) =
4n3 + 3n2 − 7n

6
+ n2

=
4n3 + 3n2 − 7n+ 6n2

6

=
4n3 + 9n2 − 7n

6
.

 !" #$%&'$()& *+

 !"#$%"&'$ () *!"#()+ ,$-./.#0 01 #%"-.2$%1"%1$. " 1"#%/3 A -$ 4%$56#$ 50 56".

1"#%/30. L 0 U 7 $-50 L 8 61" 1"#%/3 #%/"-96:"% /-20%/$% *5$ /-9:;.  !"#$+7 ,$1 5/"9$-":

6-/#<%/"7 0 U 8 #%/"-96:"% .640%/$% *5$ /-9:;. %&&#$+7 5" .096/-#0 2$%1"=

L =















1 0 · · · 0 0
l21 1 0 · · · 0
>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

ln−1,1 · · · ln−1,n−2 1 0
ln1 ln2 · · · ln,n−1 1















0 U =















u11 u12 u13 · · · u1n

0 u22 u23 · · · u2n
>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

0 · · · 0 un−1,n−1 un−1,n

0 0 · · · 0 unn















.

 ../17 #01$. ?60

A× x = b⇒ LU × x = b.

@$-./50%"-5$ U×x = y7 #01$. ?60 L×y = b> @$1$ ". 1"#%/30. L 0 U .'$ 0.,":$-"5".7

8 ./14:0. %0.$:A0% "1B". ". 0?6"&C0.7 %0.$:A0-5$ 4%/10/%"10-#0 $ ./.#01" L×y = b7 4"%"

$B#0% " 1"#%/3 A0%#/,": y7 0 01 .096/5" U × x = y7 4"%" D-":10-#0 %0.$:A0% $ ./.#01"

:/-0"% 4%$4$.#$>

E0.$:A0%01$. "9$%" $ 4%$B:01" 4%$4$.#$ -$ ,"4F#6:$ "#%"A8. 5" !"#$%"&'$ ()> G$%817

"-#0. A0%01$. 61" 1"-0/%" 2<,/: 50 $B#0% $. ,$0D,/0-#0. 5". 1"#%/30. L 0 U > E00.,%0A0-5$

L× U = A7 #01$.=




1 0 0
l21 1 0
l31 l32 1



 ×





u11 u12 u13

0 u22 u23

0 0 u33



 =





a11 a12 a13
a21 a22 a23
a31 a32 a33



 .

 4:/,"-5$ " %09%" 5" 16:#/4:/,"&'$ 50 1"#%/30.7 ,$-,:6F1$. ?60=

HI



• u11 = a11 

• u12 = a12 

• u13 = a13 

• l21 × u11 = a21 ⇒ l21 × a11 = a21 ⇒ l21 =
a21

a11
 

• l21 × u12 + u22 = a22 ⇒ u22 = a22 −
a21
a11

a12 = a
(1)
22  

• l21 × u13 + u23 = a23 ⇒ u23 = a23 −
a21
a11

a13 = a
(1)
23  

• l31 × u11 = a31 ⇒ l31 × a11 = a31 ⇒ l31 =
a31

a11
 

• l31 × u12 + l32 × u22 = a32 ⇒
a31
a11

a12 + l32(a22 −
a21
a11

a12) = a32

⇒ l32 =
a32 −

a31
a11

a12

a22 −
a21
a11

a12
=

a
(1)
32

a
(1)
22

 

• l31 × u13 + l32 × u23 + u33 = a33 ⇒
a31
a11

a13 +
a
(1)
32

a
(1)
11

a
(1)
23 + u33 = a33

⇒
a
(1)
32

a
(1)
11

a
(1)
23 + u33 = a33 −

a31
a11

a13 ⇒
a
(1)
32

a
(1)
11

a
(1)
23 + u33 = a

(1)
33

⇒ u33 = a
(1)
33 −

a
(1)
32

a
(1)
22

a
(1)
23 = a

(2)
33 !

"#$%&' #()*%' +,# %& -%#.-/#()#& (#-#&&01/%& 2313 3 -%$2%&/4*% 53& $3)1/6#& L # U

&*% %7)/5%& 3)1389& 5% #&-3:%(3$#()% 53 $3)1/6 A; 3 $3)1/6 U 9 3 21<21/3 $3)1/6 A

#&-3:%(353' #(+,3()% 3 $3)1/6 L 9 -%$2%&)3 2#:3& =134>#& ,)/:/6353& (3& -%$7/(34>#&

#()1# 3& :/(?3&' -3:-,:353& )3$79$ 5,13()# 3 #:/$/(34*%!

@ 21/(-/23: 5/=#1#(43 #()1# 3 A3)%134*% BC # 3 D:/$/(34*% E3,&&/3(3 9 3 #F-:,&*% 53

$3)1/6 -%:,(3 b 5% #&-3:%(3$#()%' (#&)# -3&%! @&&/$' 3 -353 -%$7/(34*% 5# :/(?3& =#/)3

2313 3 3(,:34*% 5# ,$ )#1$%' 2%,23$%& ,$3 $,:)/2:/-34*% # ,$3 35/4*%! D$ -%()13G

231)/53' )#$%& +,# 1#&%:8#1 5%/& &/&)#$3& )1/3(H,:31#& 32<& % #&-3:%(3$#()%! "#I3$%&

2%&)#1/%1$#()# -%$% #&)3& $%5/.-34>#& 3=#)31*% (%&&3& -%()3&!

C)/:/63(5%G&# 5% 1#&,:)35% 3()#1/%1' %7)/5% (3 D:/$/(34*% E3,&&/3(3' 3& $3)1/6#& L #

U &*% 5353& 2%1;

L =





1 0 0
2 1 0
4 1 1





# U =





1 2 −3
0 −1 10
0 0 1



 .

 !"! !#$%!"&'( ' )*"&' a21+ ,'- #*.*((/"-' .!%.$%!" ! ,"!01' 2!3'"! .'#4*.-5! .'&'

l216 ! 7$!% &$%)-8%-.!&'( L1 8!"! .'&9-#!" .'& L2+ !%:& 5* ; &$%)-8%-.!0<*( * ; !5-0<*(+

8!"! '9)*"&'( u22 = a
(1)
22 * u23 = a

(1)
23 =

>#!%'3!&*#)*+ 8!"! a31+ .!%.$%!&'( l31+ u32 = a
(1)
32 * a

(1)
33 + $)-%-?!#5'@(* 5* A &$%)-8%-@

.!0<*( * ; 5-B-(<*(=

 !"! a
(1)
32 + .!%.$%!&'( l32 * u33 = a

(2)
33 + !)"!B:( 5* ; &$%)-8%-.!0<*( * C !5-01'=

JK



 !!"#$ %&'& ( %'()*!!( +* (,-*./0( +&! #&-'"1*! L * U $ 2('&# .*)*!!3'"&! 4 #56-"%6"7

)&/8*! * 9 &+"/8*!$ -(-&6"1&.+(  ! (%*'&/8*!:

;*#(! *.-0( & !*<5".-* !"-5&/0(=





1 0 0
2 1 0
4 1 1



 ×





1 2 −3
0 −1 10
0 0 1



 ×





x1

x2

x3



 =





4
5
13



 .

>&1*.+(





1 2 −3
0 −1 10
0 0 1



 ×





x1

x2

x3



 =





y1
y2
y3



 ,

-*'*#(!





1 0 0
2 1 0
4 1 1



 ×





y1
y2
y3



 =





4
5
13



 .

?!)'*@*.+( & *A5&/0( #&-'")"&6 &)"#& .& 2('#& +* 5# !"!-*#& +* *A5&/8*!$ -*#(!=







y1 = 4 (I ′)
2y1 + y2 = 5 (II ′)
4y1 + y2 + y3 = 13 (III ′)

.

 -'&@B! +& *A5&/0( (I ′)$ (,-"@*#(! y1: C5,!-"-5D#(! *.-0( *!!* @&6(' .& *A5&/0( (II
′)$

-*#(!=

(II ′) : 2y1 + y2 = 5

⇒ 2× 4 + y2 = 5

⇒ 8 + y2 = 5

⇒ y2 = −3.

E(' F#$ !5,!-"-5D#(! (! @&6('*! +* y1 * y2 .& *A5&/0( (III ′)=

(III ′) : 4y1 + y2 + y3 = 13

⇒ 4× 4 + (−3) + y3 = 13

⇒ 16− 3 + y3 = 13

⇒ 13 + y3 = 13

⇒ y3 = 0.

G(.)65D#(! *.-0( A5* & #&-'"1 @*'-")&6 y B +&+& %('




4
−3
0



 .

G(#( *!-* !"!-*#& -'"&.<56&' B &.36(<( &( @"!-( .( #B-(+( &.-*'"('$ )(.)65D#(! A5*

!0( .*)*!!3'"&! " (%*'&/8*! %&'& '*!(6@H76(:

IJ



 !"! #$!%&'!" ! "()*%+,-* .* )&)/(0! %&$(!" !/"!12) .! 3!/*"!,-* 456 7!)/! "()*%1(" !

(8+!,-* U × x = y6 9+:! 3*"0!6 9*0* 1&0*) !;*"!6 2 .!.! <*"




1 2 −3
0 −1 10
0 0 1



 ×





x1

x2

x3



 =





4
−3
0



 .

=)9"(1($.* !;*"! ! $*1! (8+!,-* 0!/"&9&!% $! 3*"0! .( +0 )&)/(0! .( (8+!,>()6

/(0*)?







x1 + 2x2 − 3x3 = 4 (I ′′)
−x2 + 10x3 = −3 (II ′′)

x3 = 0 (III ′′)
.

@/"!12) .! (8+!,-* (III ′′)6 ($9*$/"!0*) x3A B+7)/&/+C0*) ($/-* ())( 1!%*" $! (8+!,-*

(II ′′)6 /(0*)?

(II ′′) : −x2 + 10x3 = −3

⇒ −x2 + 10× 0 = −3

⇒ −x2 + 0 = −3

⇒ −x2 = −3

⇒ x2 = 3.

D&$!%0($/(6 )+7)/&/+C0*) *) 1!%*"() .( x2 ( x3 $! (8+!,-* (I ′′)?

(I ′′) : x1 + 2x2 − 3x3 = 4

⇒ x1 + 2× 3− 3× 0 = 4

⇒ x1 + 6− 0 = 4

⇒ x1 + 6 = 4

⇒ x1 = −2.

E*))! )*%+,-*6 9*0* ()<("!.*6 2 $*1!0($/( ! /("$! *".($!.! (−2, 3, 0)A

E*1!0($/(6  *<("!,>() )-* $(9())F"&!) <!"! ! "()*%+,-* .* )&)/(0! /"&!$;+%!"A

G*/!%&'!$.* ! 3!)( .( (%&0&$!,-* ( !07!) !) 3!)() .( "()*%+,-*6 9*$9%+C0*) 8+( *

)&)/(0! %&$(!"6 !/"!12) .! 3!/*"!,-* 456 $(9())&/! .( HI J K J K L !" #$%&'()%* <!"!

)(" )*%+9&*$!.*A

E* 9!)* .( +0 )&)/(0! n× n6 /(0*)?

•  !"! (%&0&$!" *) /("0*) ak16 k ∈ {2, . . . , n}6 /(0*) 8+( 9!%9+%!" * 9*(#9&($/(
ak1
a11
6

0+%/&<%&9FM%* 9*0 *) /("0*) a12, . . . , a1n6 <!"! (0 )(;+&.! )*0!" 9!.! +0 9*0 *

)(+ /("0* "()<(9/&1* .! kM2)&0! %&$N!A G*/!%&'!0M)( !))&0 n 0+%/&<%&9!,>() ( n− 1
!.&,>()A O*0* * <"*9())* .(1( )(" "(<(/&.* <!"! /*.!) !) %&$N!)6 /(0*) 8+(6 $()/!

(/!<!6 )-* "(!%&'!.!) (n) × (n − 1) 0+%/&<%&9!,>() ( (n − 1) × (n − 1) = (n − 1)2

!.&,>()P

•  !"! *) /("0*) a
(1)
k2 6 k ∈ {3, . . . , n}6 * <"*9())* 2 !$F%*;*A @))&06 "(!%&'!0*) n − 1

0+%/&<%&9!,>() ( n − 2 !.&,>()A Q(<(/&$.* * <"*9())* <!"! /*.!) !) n − 2 %&$N!)6
/(0*) (n− 1)× (n− 2) 0+%/&<%&9!,>() ( (n− 2)× (n− 2) = (n− 2)2 !.&,>()P

II



 

 

 

• !"#" $ %&#'$ a
(n−2)
n,n−1( )*+,$ %&#'$ -" (n − 1)./0+'" ,$12*" " 0&# "*21"-$( & )1%+'$

%&#'$ -$ 3#$,&00$( 04$ *&,&005#+"0 6 '21%+31+,"78&0 9

a
(n−2)
n,n−1

a
(n−2)
n−1,n−1

( & 02" '21%+31+,"74$

,$' $0 %&#'$0 a
(n−2)
n−1,n: & ; "-+74$ 9$ %&#'$ ,+%"-$ "*%&#+$#'&*%&( 0$'"-$ ,$' 0&2

%&#'$ #&03&,%+<$ -" n./0+'" 1+*=": >00+'( %&'$0 2× 1 '21%+31+,"78&0 & 1× 1 = 12

"-+74$?

• >@$#" ,$' $0 %&#'$0 -"0 '"%#+A&0 L & U ,"1,21"-$0( 3#&,+0"'$0 #&0$1<&# -$+0 0+0%&.

'"0 %#+"*@21"#&0 n×n B5 <+'$0 C2& 04$ *&,&005#+"0 n2
$3&#"78&0 3"#" 02" #&0$1274$

-& ,"-" D$@$( 2n2
$3&#"78&0 *$ %$%"1 

E$'"*-$ "0 ,$*%"@&*0 -"0 &%"3"0 *&,&005#+"0 3"#" " $F%&*74$ -$0 %&#'$0 -"0 '"%#+A&0

L & U ( %&'$0G

#(+H&#'$0 DI) = (n− 1)2 + (n− 2)2 + . . .+ 12

=
n−1
∑

i=1

i2

=
n

∑

i=1

i2 − n2

=
n× (n+ 1)× (2n+ 1)

6
− n2

=
n× (n+ 1)× (2n+ 1)

6
− n2

=
2n3 + 3n2 + n

6
− n2

=
2n3 + 3n2 + n− 6n2

6

=
2n3 − 3n2 + n

6
;

JK



#(× !"#$% &') = n× (n− 1) + (n− 1)× (n− 2) + . . .+ 2× 1

=
n−1
∑

i=1

[i× (i+ 1)]

=
n−1
∑

i=1

[i2 + i]

=
n−1
∑

i=1

i2 +
n−1
∑

i=1

i

=
n× (n+ 1)× (2n+ 1)

6
− n2 +

n× (n− 1)

2

=
2n3 + 3n2 + n

6
− n2 +

n2 − n

2

=
2n3 + 3n2 + n− 6n2 + 3n2 − 3n

6

=
2n3 − 2n

6

=
n3 − n

3
.

(%%)#* $ +$+,- .! $/!",01!% 2!3!%%4"),% /,", %! $5+!" L ! U 6 .,.$ /$"7

#( !"#$% &') =
2n3 − 3n2 + n

6
+

n3 − n

3

=
2n3 − 3n2 + n+ 2n3 − 2n

6

=
4n3 − 3n2 − n

6
. 899:

;$ /"$3!%%$ .! $5+!20<$ .$ =,-$" .,% =,")4=!)%* +!#$%7

#(>5+!" &') = n2 + n2

= 2n2. 89?:

@23$2+",#$% ,%%)# , AB"#C-, D!",- .$ 2E#!"$ .! $/!",01!% 2, "!%$-C0<$ .! C# %)%+!#,

,+",=6% ., F,+$",0<$ &'* %$#,2.$ ,% !GC,01!% (11) ! (12)7

#(FatLU) =
4n3 − 3n2 − n

6
+ 2n2

=
4n3 − 3n2 − n+ 12n2

6

=
4n3 + 9n2 − n

6
.

 !" #$%&' ($ )&'*$&

'+)-)H,2.$I%! ., J!D", .! K",#!"* 6 /$%%L=!- %$-C3)$2," C# %)%+!#, .! !GC,01!%

-)2!,"!% ,/!2,% ,+",=6% .$ 34-3C-$ .$ .!+!"#)2,2+! .! ,-DC#,% #,+")H!%M N 3$#C#!2+!

OP



 !"#$#%& '  ($  )*%($ '( +%$,%( -.',(/ 0(1( *1 ' $  !),0 23#$ '($ '#&#"1,% %&#$4

5 6 )(" ' 6 ",76#) xk/ ∀k ∈ {1, . . . , n}/ $#"7 ' '( !#) 89"1*) 

xk =
detAxk

detA
/

(%'# A .  1 &",: '($ 0(#;0,#%&#$/ # Axn
.  1 &",: A 0(1  0()*% '($ 0(#;0,#%&#$

"#) &,6($  xk $*<$&,&*=' !#)( 0(%&#>'( ' 1 &",: 0()*% b/ 0(""#$!(%'#%&#  ($ &#"1($

,%'#!#%'#%&#$ '( $,$&#1 4 ?$$,1/

Axk
=











a11 · · · a1,k−1 b1 a1,k+1 · · · a1n
a21 · · · a2,k−1 b2 a2,k+1 · · · a2n
4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

an1 · · · an,k−1 bn an,k+1 · · · ann











.

@(1#2 "#1($/ #%&A(/ 0(1  "#$()*2A( '( !"(<)#1 !"(!($&(/  B(" *&,),: %'(C$# ' 

D#B" '# @" 1#"4 E7 0 )0*) 1($ %( ,%=0,( '( 0 !=&*)( ( '#&#"1,% %&# ' 1 &",: A4 ?$$,1/

&#1($ detA = −14

@ )0*) "#1($/  B(" / ($ '#&#"1,% %&#$ ' $ 1 &",:#$ Ax1 / Ax2 # Ax3 4 F :#%'(  $*<$C

&,&*,2A( '( 6#&(" 0()*% b % '#6,' 0()*% / &#1($ G*#

Ax1 =





4 2 −3
5 3 4
13 7 −1



 , Ax2 =





1 4 −3
2 5 4
4 13 −1





# Ax3 =





1 2 4
2 3 5
4 7 13



 .

@ )0*) %'( detAx1 / &#1($

detAx1 = 4× 3× (−1)− 4× 4× 7− 2× 5× (−1)

+2× 4× 13− (−3)× 3× 13 + (−3)× 5× 7

= −12− 112 + 10 + 104 + 117− 105

= −229 + 231

= 2.

 ! "#$# %#&"'(# $) *)!#+,&-) %#&# ) ".("/() $) $'+'&!-0#0+'1 +'!)* /! %&)$/+) $'

3 02!'&)*1 *'0$) &'#(-3#$#* #**-! 2 !/(+-%(-"#45'*6 7'!)* /! +)+#( $' 6 %#&"'(#*1 ) 8/'
0)* $. /! +)+#( $' 12 !/(+-%(-"#45'*6 9#&# :/0+#& #* 6 %#&"'(#*1 %&'"-*#!)* &'#(-3#& 5
#$-45'*6 ;**-!1 ) +)+#( $' )%'&#45'* %#&# )<+'& ) $'+'&!-0#0+' $# !#+&-3 = ->/#( #  !6

H " ( '#&#"1,% %&# ' 1 &",: Ax2 / &#1($

detAx2 = 1× 5× (−1)− 1× 4× 13− 4× 2× (−1)

+4× 4× 4− (−3)× 5× 4 + (−3)× 2× 13

= −5− 52 + 8 + 64 + 60− 78

= −135 + 132

= −3.

IJ



 !"#$!%#"&'( )'* ' &+,+-*!"#",+ &+ Ax3 ( ,+*'.

detAx3 = a11a22a33 − a11a23a32 − a12a21a33 + a12a23a31 − a13a22a31 + a13a21a32

= 1× 3× 13− 1× 5× 7− 2× 2× 13

+2× 5× 4− 4× 3× 4 + 4× 2× 7

= 39− 35− 52 + 40− 48 + 56

= 135− 135

= 0.

/'*' '. 0-')+..'. .1' #"2$'3'.( + ,!4+*'. 56+ )#$)6$#- ' &+,+-*!"#",+ &+ 4 *#,-!%+.
7A( Ax1 ( Ax2 + Ax38( 9'-#* "+)+..2-!#. 4 × 17 =  ! '0+-#:;+. "+.,# 0-!*+!-# 0#-,+ &'

*<,'&'=

>,!$!%#"&' # 9?-*6$# 0#-# ' )2$)6$' &#. 4#-!24+!.( ,+*'.@

x1 =
detAx1

detA
=

2

−1
= −2A

x2 =
detAx2

detA
=
−3

−1
= 3A

x3 =
detAx3

detA
=

0

−1
= 0=

 !"! ! #$%&'()# *& +!*! ,!"-.,&/0 1 '&+&22."-! 3 45/%-6/-+!()#7 822-40 9:&4#2 ;

45/%-6/-+!(<&2 '# %#%!/0 '&22! =!2&7

B' 0-')+..' &+ 'C,+":1' &#. 4#-!24+!.( 9'-#* "+)+..2-!#. " '0+-#:;+.=

D ,+-"# '-&+"#&# (−2, 3, 0) < *#!. 6*# 4+% 'C,!&# )'*' .'$6:1' &' 0-'C$+*#= E+.,#
4+%( 9'-#* "+)+..2-!#. FG H I J #$ %&'()*+',=

K+"+-#$!%#"&' 0#-# 6* .!.,+*# n× n( ,+*'. 56+ +* )#&# 0#-)+$# &' .'*#,?-!' 0#-#

' )2$)6$' &+ 6* &+,+-*!"#",+( ,+*'. 6* 0-'&6,' &+ n "L*+-'.( .+"&' -+#$!%#&#. #..!*

n− 1 *6$,!0$!)#:;+.= M+*'. 6* ,',#$ &+ n! 0#-)+$#.( ' 56+ "'. &2 6* ,',#$ &+ n!(n− 1)
*6$,!0$!)#:;+.= N#-# O6",#- #. n! 0#-)+$#.( n! − 1 #&!:;+.= D..!*( ' ,',#$ &+ '0+-#:;+.
0#-# 'C,+- ' &+,+-*!"#",+ &+ 6*# *#,-!% < !36#$ #

#(Determinante) = n!(n− 1) + n!− 1 = n× n!− 1=

/'*' < "+)+..2-!' ' )2$)6$' &' &+,+-*!"#",+ &+ n+1*#,-!%+. (A,Ax1 , . . . , Axn
)( ,+*'.

56+ -+#$!%#-( 0#-# # 9#.+ &+ 'C,+":1' &'. &+,+-*!"#",+. "' *<,'&' &+ /-#*+-( 6* ,',#$

&+

#(E+,+-*= /-#*+-) = (n+ 1)(n× n!− 1) = n(n+ 1)!− (n+ 1) '0+-#:;+.=

IP



 ! "#$%& '(! )*$%+,$-$' n -+.+'/*'& 0$)$ "#$%1*#2* !32*) ! .$%!) -* 4$-$ 51$ -$' n

.$)+6.*+'7  ''+1& $! 52+%+,$) $ )*8)$ -* 9)$1*) #$ )*'!%5:(! -* 51 '+'2*1$ %+#*$)& '(!

#*4*''6)+$'

#(Cramer) = n(n+ 1)!− (n+ 1) + n = n(n+ 1)!− n+ n− 1 = n(n+ 1)!− 1 !0*)$:/*'7

 !" #$%&'(')*$ $+ ,-.$*$+ /0(1.$+

;+1!' <5*& 0$)$ 51 '+'2*1$ %+#*$) 3 × 3& =!)$1 #*4*''6)+!'& 0$)$ 4$-$ 51 -!'

1>2!-!'?

•  !"#$%$!%&'() @A !0*)$:/*'B

• *+%,%-.&'( /.!##%.-.) CD !0*)$:/*'B

• 0.$(1.&'( 23) @A !0*)$:/*'B

• 4561. 75 81.,51) EA !0*)$:/*'7

 ''+1& ! 1>2!-! 1$+' .$#2$F!'!& $ 4!#2$) 0*%! '*5 45'2! 4!1052$4+!#$%& 0$)$ 51

'+'2*1$ %+#*$) 3× 3 > $ G%+1+#$:(! H$5''+$#$7 ;*1!' <5* $ I*8)$ -* 9)$1*) 2*1 51$

4!#2$8*1 15+2! '50*)+!) J' -*1$+'& 1*'1! 0$)$ 51 '+'2*1$ %+#*$) 0*<5*#!7

 ! $#$%+'$) ! 4$'! -* 51 '+'2*1$ %+#*$) n× n& !3'*).$K'* <5* '(! #*4*''6)+!'?

•  !"#$%$!%&'()

2n3 + 6n2 − 5n

3
!0*)$:/*'B

• *+%,%-.&'( /.!##%.-.)

4n3 + 9n2 − 7n

6
!0*)$:/*'B

• 0.$(1.&'( 23)

4n3 + 9n2 − n

6
!0*)$:/*'B

• 4561. 75 81.,51) n(n+ 1)!− 1 !0*)$:/*'7

 I*8)$ -* 9)$1*) 2*1 $ '5$ 4!#2$8*1 #$ !)-*1 -* n(n + 1)!& *#<5$#2! $' -*1$+'

*'2(! #$ !)-*1 -*

2n3

3
7 9!1! n! 2*#-* $! +#"#+2! 1$+' )$0+-$1*#2* <5* n3

& 0$)$ .$%!)*'

-* n '5"4+*#2*1*#2* 8)$#-*'& $ 4!#2$8*1 -* !0*)$:/*' -$ I*8)$ -* 9)$1*) 2*)6 .$%!)*'

1$+!)*' -! <5* $' -*1$+'& '*#-! $''+1 ! 1>2!-! -+)*2! 1*#!' .$#2$F!'!7

L$)$ -*2*)1+#$) ! -* 1*#!) 45'2! 4!1052$4+!#$%& =$)*1!' $ 4!10$)$:(! -!' -*1$+'

1>2!-!' C $ C?

@D



 !"!# $%&'()(%)*+, - ./)0)12*+, 32%'')212

 !"# n1 ∈ N$ %&&'() *!(+& ,-! n1 − 1 ≥ 0 ! 3n1 > 0$

⇐⇒ 3n1(n1 − 1) ≥ 0

⇐⇒ 3n2
1 − 3n1 ≥ 0

⇐⇒ 12n2
1 − 10n1 ≥ 9n2

1 − 7n1

⇐⇒
4n3

1 + 12n2
1 − 10n1

6
≥

4n3
1 + 9n2

1 − 7n1

6

⇐⇒
2n3

1 + 6n2
1 − 5n1

3
≥

4n3
1 + 9n2

1 − 7n1

6
.

%&&'() *!(+& ,-!) .#/# ,-#0,-!/ 12(!/+ 1#*-/#0 n ≥ 2) + 12(!/+ 3! +.!/#45!&

1!6!&&7/'#& .#/# # /!&+0-48+ 3! -( &'&*!(# 0'1!#/ #*/#9:& 3+ (:*+3+ 3#  -;&*'*-'48+ :

(#'+/ 3+ ,-! +- '<-#0 #+ 12(!/+ 1!6!&&7/'+ .#/# # =0'('1#48+ >#-&&'#1#$

?+160-'@&! ,-! # =0'('1#48+ 3! >#-&& : (#'& 9#1*#"+&# ,-! #  -;&*'*-'48+ .#/# ,-#0@

,-!/ &'&*!(# 0'1!#/ k × k, k ∈ N, k ≥ 2$

 !"! $%&'()(%)*+, - 42(,52*+, 67

%<+/#) 9#(+& &-.+/ n2 ∈ N, n2 ≥ 3$ %&&'() n2 − 3 ≥ 0 ! 3n2 > 0$

⇐⇒ 3n2(n2 − 3) ≥ 0

⇐⇒ 3n2
2 − 9n2 ≥ 0

⇐⇒ 12n2
2 − 10n2 ≥ 9n2

2 − n2

⇐⇒
4n3

2 + 12n2
2 − 10n2

6
≥

4n3
2 + 9n2

2 − n2

6

⇐⇒
2n3

2 + 6n2
2 − 5n2

3
≥

4n3
2 + 9n2

2 − n2

6
.

%&&'() *!(+& ,-!) .#/# ,-#0,-!/ 12(!/+ 1#*-/#0 n ≥ 3) + 12(!/+ 3! +.!/#45!&

1!6!&&7/'#& .#/# # /!&+0-48+ 3! -( &'&*!(# 0'1!#/ #*/#9:& 3+ (:*+3+ 3#  -;&*'*-'48+

: (#'+/ 3+ ,-! +- '<-#0 #+ 12(!/+ 1!6!&&7/'+ .#/# # A#*+/#48+ BC$ D& (:*+3+& &8+

'<-#0(!1*! 9#1*#"+&+& .#/# n = 3$

B+<+) # A#*+/#48+ BC : (#'& 9#1*#"+&# ,-! #  -;&*'*-'48+ .#/# ,-#0,-!/ &'&*!(# 0'1!#/

k × k, k ∈ N, k ≥ 4$

8&'95:2*+,  !;!  ! "#$! %& '( $)$*&(# 2× 2+ *&(!$ ,'& # -#*!.#/0! 12 .&,'&.

4× 23 + 9× 22 − 2

6
=

32 + 36− 2

6
=

66

6
= 11 !3&.#/4&$+

&5,'#5*! # 6'7$*)*')/0! .&,'&.

2× 23 + 6× 22 − 5× 2

3
=

16 + 24− 10

3
=

30

3
= 10 !3&.#/4&$8

1!9!+ # 6'7$*)*')/0! : (#)$ ;#5*#<!$#8

EF



 !"!# $%&'(%)*' +, - ./0102%)*' 3%4550%2%

 !"#$%&"'&( ')%&%)* n3 ∈ N+ ,**!%(

⇐⇒ n3 > 0

⇐⇒ 6n3 > 0

⇐⇒ −n3 > −7n3

⇐⇒
4n3

3 + 9n2
3 − n3

6
>

4n3
3 + 9n2

3 − 7n3

6
.

,**!%( # -$!%!"#./) 0#1**!#"# 2 %#!* 3#"'#4)*# 51& #  #')6#./) 78 9#6# 51#$51&6

*!*'&%# $!"&#6 k × k, k ∈ N, k ≥ 2+

6758(9%)*'  !:!  !"!#$%& 1×1 ' #(")"&*+ ,-.!#"#/".0- /%& $1/&23- !"%4*$!+ $ 4-(#&.#-
.3- ' -56$#- 0- .-!!- $!#/0-7

:&%)*( #**!%( 51& 9#6# 51#$51&6 *!*'&%# $!"&#6 n × n( # -$!%!"#./) 0#1**!#"# 2 )

%2');) ;!6&') <)% ) %&")6 <1*') <)%91'#<!)"#$( $)=)( %#!* 3#"'#4)*)+ -"'6&'#"')( )*

)1'6)* ;)!* %2');)* '>% #* *1#* 3#"'#=&"*+

,  #')6#./) 78( 9)6 &?<$1!6 ) 3&')6 <)$1"# b ;) &*<#$)"#%&"')( 2 3#"'#4)*# 51#";)

51&6&%)* 6&9&'!6 # 6&*)$1./) ;) %&*%) *!*'&%# <)% '&6%)* !";&9&";&"'&* ;!@&6&"'&*+

, %);!A<#./) ") *!*'&%# *&6B 9&6<&C!;# #9&"#* 51#";) &*'!3&6%)* 6&*)$3&";) )* ;)!*

*!*'&%#* '6!#"=1$#6&*( 9)!* # %#'6!D # *&6 &*<#$)"#;# 2 # %&*%#+

, E1C*'!'1!./) "/) '&% 3#"'#=&% #$=1%# ;) 9)"') ;& 3!*'# <)%91'#<!)"#$( %#* 9);&

*&6 3#"'#4)*) #) #$1") 51& '&"F# <&6'# ;!A<1$;#;& <)% %#'6!D&*+ E1# 6&*)$1./) &"3)$3&

#9&"#* 1% <)"F&<!%&"') %#'&%B'!<) ;& 6&*)$1./) ;& &51#.G&*+

HI



 !"#$%$& '#()*#+,$& %( -(&$./01$

 ! "#$%&%! '$()*$'+%!, &'-()(.$("(.$( &%! "#$%&%! &')($%!, ./% (.0%.$)*" * !%123/%

&')($*"(.$(, ( !'" 4()*.&% 2"* !(526.0'* &( +($%)(! { ~x(k)} !"#!$%& '( )*! +,#*)-!

#(.)#&/$! '!'! )*! !0#12/*!341 /5/./!-

~x(0)
 6)( 01'( 1) 541 .15$(#7/# 0!#! ! &1-)341 

.!&1 (2/&"!8 9)!5'1 .15$(#7(5"( ! &(6):5./! "(5'(#; < &1-)341 6)!5'1 k →∞8

=($(*1& "#!5&+1#*!# 1 &/&"(*! A× x = b (* )*! 51$! +1#*! *!"#/./!- '( +1#*! !

"(#*1& x = f(x) f )*! +)5341 *!"#/./!-8 >&&/* +!#(*1& '( x $!#/;$(- /5'(0(5'(5"( 1

"(#*1 x(k)
( '( x $!#/;$(- '(0(5'(5"( 1 "(#*1 x(k+1)

8

?!#! /&&1 01'(#@!*1& '(A5/# ! *!"#/B B = I −A⇒ A = I −B I *!"#/B /'(5"/'!'(8

>&&/* "(#@!*1&

(B − I)x = b⇒ Bx− x = b⇒ x = Bx− b 

( 51&&! +,#*)-! #(.)#&/$! 01'(#/! &(# '!'! 01#

x(k+1) = B × x(k) − b8

C1 (5"!5"1 541 D; 7!#!5"/! '( .15$(#7:5./! 0!#! ! &(6):5./! '( $("1#(& 6)!5'1

"1*!*1& ! +)5341 *!"#/./!- f(x) = Bx− b8 =($(*1& (5"41 (5.15"#!# ')!& *!"#/B(& C

( g ! 0#/*(/#! '! +1#*! n × n ( ! 1)"#! '! +1#*! n × 1 '( "!- +1#*! 6)( +!B(5'1 !

+,#*)-! #(.)#&/$!

x(k+1) = C × x(k) + g 

( .)*0#/5'1 )* '("(#*/5!'1 .#/"%#/1 '( .15$(#7:5./! "(#(*1& ! 7!#!5"/! 6)( 1E"(#(*1&

! &1-)341 6)!5'1 k →∞8

F(#(*1& 01&"(#/1#*(5"( .1*1 '($( &(# 1 +1#*!"1 '!& *!"#/B(& C ( g8

?1# &( "#!"!# '( )*! +,#*)-! #(.)#&/$! 15'( 1 "(#*1 &(7)/5"( '(0(5'( '1 "(#*1

!5"(#/1# '($(*1& '("(#*/5!# 1 $("1#

~x(0)
6)( /5/./!#; (&"! &(6):5./!8 C1$!*(5"( $(#(*1&

.1*1 % +(/"! (&&! (&.1-D! *!/& !'/!5"(8

>5!-/&!#(*1& '1/& *%"1'1& /"(#!"/$1&G

H8 I%"1'1 '( J!)&&KL!.1E/M

N8 I%"1'1 '( J!)&&KO(/'(-8

P*! .15'/341 5(.(&&;#/! ( &)A./(5"( 0!#! ! 7!#!5"/! '( .15$(#7:5./! '(&"(& *%"1'1& 

!&&(7)#!5'1 !&&/* 6)( ! &(6):5./! !-.!53!#; ! &1-)341 (2!"! Q6)!5'1 (&"! (2/&"/#R % '!'!

01#G

 !"#!$% &'('  !"#$ λi %& #'(%)#*%+!& ,# $#(+-. C/  ! max |λi| < 10 !1(2% # 3%1)!+4

5613-# !&(7 5#+#1(-,#0 -1,!8!1,!1(! ,# !&3%*9# :!-(# 8#+#

~x(0)
/

SH



 !"#$%& "'(#$)!*+%& &#,$% %&-% -%#$%)! .#/%) &%$ %'0#'-$!/!& %) 1234

5#)# # .$#0%&&# /% 0#'6%$78'0"! 9 &#:;*<# .#/% &%$ /%)#$!/#= &<# %&-".;:!/#& 0$"->$"#&

/% .!$!/! .!$! #& )>-#/#& "-%$!-"6#&4 ?#/%) &%$ !/#-!/#& -$8& 0$"->$"#&@

 ! "#$%# &' #(('  )$'*+%', ?#/%)#& $%.%-"$ # .$#0%&&# /% "-%$!*<# !-> A;% # 6%-#$

~x(k)

%&-%B! &;C0"%'-%)%'-% .$DE")# /# 6%-#$

~x(k−1)
4 ?!$! "&&#= 0!:0;:!)#& ! /"&-F'0"! %'-$% #&

-%$)#& $%&.%0-"6#& /%

~x(k)
%

~x(k−1)
= (!G%'/# d

(k)
i = |x

(k)
i − x

(k−1)
i |4 H /"&-F'0"! &%$I /!/!

.#$

d(k) = max
1≤i≤n

{d
(k)
i }4

H&&")= /!/# ǫ > 0= # .$#0%&&# > "'-%$$#)."/# A;!'/# d(k) < ǫ4

-)$#(. /0' 1!2!  !"#!" $% "&&% '(#%)*!% +'&',!" *-' .&"/0#1% #'!0#2'!3&0' '.",'#

4*',$% "#!'-%# !&'(')5',$% /%- 6')%&"# +&',$"#7 8" 2'!%9 #" % &"#*)!'$% %(!0$% .'&' *-'

6'&0:6") xk ,' i;<#0-' 0!"&'=1% < x
(i)
k = 1.123.479, 69 " ,' 0!"&'=1% #"+*0,!" 2%0 %(!0$% % 6';

)%& x
(i+1)
k = 1.123.478, 99 % "&&% '(#%)*!% #"&: $'$% .%& |1.123.478, 9− 1.123.479, 6| = 0, 87

>")'# +&',$"?'# 4*" "#!1% #",$% !&'(')5'$'#9 % "&&% $" 0, 8 $: *-' (%' .&"/0#1% .'&' %
&"#*)!'$% "@'!%9 60#!% 4*" ' %#/0)'=1% ",!&" '# 0!"&'=A"# "#!: ."4*",'7

>'&' *-' 6'&0:6") xj9 !"-%# x
(i)
j = 2, 1 " x

(i+1)
j = 2, 97 B##0-9 % "&&% < |2, 9− 2, 1| =

0, 89 -"#-% 6')%& ",/%,!&'$% ,% "&&% '(#%)*!% $% .&0-"0&% "@"-.)%7 C% ",!',!%9 /%-%
!&'!';#" $" +&',$"?'# -",%&"#9 % "&&% /'&'/!"&0?' *-' -'0%& 0-.&"/0#1%7

)! "#$%# &' #((' (#* %3.', J% (#$)! !'I:#7! !# -%&-% !0")!= > 0!:0;:!/# d(k)4 5%&&!)#&

!& "-%$!*+%& A;!'/#= /!/# ǫ > 0= -%)#& A;% ! /"&-F'0"! $%:!-"6!= /!/! .#$

d
(k)
r =

d(k)

max
1≤i≤n

{|x
(k)
i |}

=

> )%'#$ A;% ! .$%0"&<# ǫ %&-".;:!/!4

-)$#(. /0' 1!4! B% $060$0& % "&&% '(#%)*!% .")% -3$*)% $' -'0%& $'# 6'&0:6"0# $' D)!0-'

'.&%@0-'=1% %(!0$'9 "#!'-%# /')/*)',$% "#!" "&&% /%-% *-' .%&/",!'+"- $% 6')%& $'

6'&0:6")7 B##0-9 ',')0#';#" 4*1% 0,/%&&"!% < % 6')%& /')/*)'$% #" /%-.'&'$% '% 6')%&

/%,#0$"&'$% /%&&"!% ,'4*")" 0,#!',!"7 8"##' 2%&-'9 '*-",!';#" ' .&"/0#1% ,%# /:)/*)%#9

/%-.'&'$% /%- % "&&% '(#%)*!%7

5! 678#(' 89:38' &# 3%#( /;#$, K %&-".;:!/# ;) 'L)%$# )IE")# /% "-%$!*+%&=

0%&&!/!& A;!'/# %&-% 'L)%$# > !:0!'*!/#4 M# %'-!'-#= /%C'"$ # 'L)%$# )IE")# /%

"-%$!*+%& 0#)# 0$"->$"# /% .!$!/! '<# 7!$!'-% ;)! !.$#E")!*<# &!-"&(!-D$"!= .#"& ! $!."/%G

%) A;% ! 0#'6%$78'0"! !0#'-%0% 6!$"! /% ;) &"&-%)! .!$! #;-$#4

J%&&! (#$)!= '! $%&#:;*<# /% .$#,:%)!& !-$!6>& /#& )>-#/#& "-%$!-"6#&= ;-":"G!$%)#&

# %#$%# &' #((' (#* %3.' 0#)# 0$"->$"# /% .!$!/!4

5#'&"/%$%)#& %'-<# ! &%7;"'-% &"-;!*<#N.$#,:%)!= A;% 0#$$%&.#'/% ! ;)! !.:"0!*<#

/#& &"&-%)!& :"'%!$%& '! ?$#,!,":"/!/%@

OP



 ! "#$% & '%(%'#)% *! +! (#,-"-.$% "*$#./+(#" )* '%""*)%"*01 '%!% .# 2/+"# #,#-3%4

5! '#)# -.$*"0*67%1 *(* *0'%(8* +!# )-"*67% #% #'#0% * 0*/+* #$& # -.$*"0*67% 0*/+-.$*1

%.)* *0'%(8* .%9#!*.$* #% #'#0% .%9# )-"*67% * #00-! :%" )-#.$*4 ;+#( # :"%,#,-(-)#)*

)* % "#$%1 *0$#.)% .# -.$*"0*67% i1 0#-" *9*.$+#(!*.$* :*(% 0+(<

 !"#$!%#& '#( Pi ) '(#*)*+,+-)-! -! # ()$# &)+( -# ,)*+(+"$# '!,# &.,/ ')($+"-# -)

+"$!(&!01# i/ i ∈ {1, . . . , 8}2

3&$)"-# ") +"$!(&!01# 1/ # ()$# '#-!4

• 5#%)( ) -+(!01# "#($! ! &)+( -# ,)*+(+"$# (I)6

• 5#%)( ) -+(!01# #!&$! ! &)+( -# ,)*+(+"$# (II)6

• 5#%)( ) -+(!01# &., ! 78!9)( ") +"$!(&!01# : (III)6

• 5#%)( ) -+(!01# ,!&$! ! 78!9)( ") +"$!(&!01# ; (IV )2

3% (I)/ # ()$# &)+. -# ,)*+(+"$# '!,# "#($!/ ,#9# &.) 78)"7! -! &)+( '!,# &., < +9.),
) 02 (II) < )"=,#9# ) (I)/ ,#9# ) '(#*)*+,+-)-! $)%*<% < +9.), ) 02 3% (III)/ # ()$#
$!% .%) "#>) ,#7),+?)01#/ ) +"$!(&!01# 52 @&&+%/ ) 78)"7! -# ()$# &)+( -# ,)*+(+"$# '!,#
&., < +9.), A '(#*)*+,+-)-! -!,! &)+( '!,# &., ) ')($+( -) +"$!(&!01# 5/ ,#9#/ P52 3% (IV )/
)"),#9)%!"$! ) (III)/ ) '(#*)*+,+-)-! < -! P22 B#%# ) 78)"7! -# ()$# '!9)( .% -#&

7)%+"8#& < -)-) '#(

1
4
/ $!%#& C.!4

P1 =
0 + 0 + P2 + P5

4
⇒ 4P1 − P2 − P5 = 02

D!'!$+"-# # '(#7!&&# ')() 7)-) .%) -)& +"$!(&!0E!&/ $!%#&4

P2 =
0+P1+P3+P6

4
⇒ −P1 + 4P2 − P3 − P6 = 06

P3 =
0+P2+P4+P7

4
⇒ −P2 + 4P3 − P4 − P7 = 06

P4 =
0+0+P3+P8

4
⇒ −P3 + 4P4 − P8 = 06

P5 =
0+1+P1+P6

4
⇒ −P1 + 4P5 − P6 = 16

P6 =
1+P2+P5+P7

4
⇒ −P2 − P5 + 4P6 − P7 = 16

FG



P7 =
1+P3+P6+P8

4
⇒ −P3 − P6 + 4P7 − P8 = 1 

P8 =
1+0+P4+P7

4
⇒ −P4 − P7 + 4P8 = 1!

"##$%& '(%)# *% #$#'(%+ ,$-(+. /)% 8 $-/01-$'+# ( 8 (2*+34(#& 5+ 6).%+















































4P1 − P2 − P5 = 0
−P1 + 4P2 − P3 − P6 = 0
−P2 + 4P3 − P4 − P7 = 0
−P3 + 4P4 − P8 = 0
−P1 + 4P5 − P6 = 1
−P2 − P5 + 4P6 − P7 = 1
−P3 − P6 + 4P7 − P8 = 1
−P4 − P7 + 4P8 = 1

,

/)%

A =

























4 −1 0 0 −1 0 0 0
−1 4 −1 0 0 −1 0 0
0 −1 4 −1 0 0 −1 0
0 0 −1 4 0 0 0 −1
−1 0 0 0 4 −1 0 0
0 −1 0 0 −1 4 −1 0
0 0 −1 0 0 −1 4 −1
0 0 0 −1 0 0 −1 4

























( b =

























0
0
0
0
1
1
1
1
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 !"#$%&'() *+*+  !"#$!% &#'( )*')&+% "#%%# #,#$-.!( /0#( 1)  '!2)23.3")"#( /0)1"! )

45)14# "# 0$ #&#1*! %# 4!14'#*36)' "#-#1"# ") 4!14'#*36)78! "# !0*'!% #&#1*!% "! $#%$!

#%-)7! )$!%*').( 0$) %)9") -)') ) '#%!.078! "#%*# -'!2.#$) + 0$ %3%*#$) .31#)'( !1"# )

-'!2)23.3")"# "# 4)") #&#1*! 4!''#%-!1"# ) 0$) 314:;13*) "! %3%*#$)<

7(.(%)# +1).+ /)%) /+5+ *% 5)# 5)$# %8')5)# 6*-/$)-+ -+ #*+ .(#),*39)& +,8% 5(

(-'(-5(. +# %$-:/$+# 5( #(* +,1).$'%)!

 !" #$%&'& '( )*+,,-.*/&01

;+.+ %)-'+.%)# + 60.%*,+ 5( .(/)..<-/$+ -) %8')5) 5( =+*##>?+/)@$& @+#'+ $#),+. +

$-/01-$'+ xi -+ i>8#$%+ ,$-A+& i ∈ {1, . . . , n}! "##$%& .((#/.(B(%)# ) #$#'(%+ ,$-(+. n× n

5+ #(1*$-'( 6).%+C



















































x1 =
b1 − a12x2 − a13x3 − . . .− a1nxn

a11

x2 =
b2 − a21x1 − a23x3 − . . .− a2nxn

a22
!

!

!

xn−1 =
bn−1 − an−1,1x1 − . . .− an−1,n−2xn−2 + an−1,nxn

an−1,n−1

xn =
bn − an1x1 − an2x2 − . . .− an,n−1xn−1

ann

.
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 !"#$%&' () #)*%#+,- . ('(' /-#































































x
(k+1)
1 =

b1 − a12x
(k)
2 − a13x

(k)
3 − . . .− a1nx

(k)
n

a11

x
(k+1)
2 =

b2 − a21x
(k)
1 − a23x

(k)
3 − . . .− a2nx

(k)
n

a22
0

0

0

x
(k+1)
n−1 =

bn−1 − an−1,1x
(k)
1 − . . .− an−1,n−2x

(k)
n−2 + an−1,nx

(k)
n

an−1,n−1

x
(k+1)
n =

bn − a
(k)
n1 x1 − a

(k)
n2 x2 − . . .− an,n−1x

(k)
n−1

ann

.

1)$-+ 2%)3 ' *'(' &456'3 . 5)*)++7#4' ' (484+,- /)&- 9)#$- (' (4':-5'& /#45*4/'&

*-##)+/-5()59) ' #)+/)*948' &456'0  ++4$3 . 5)*)++7#4- 2%) 5)56%$ 9)#$- (' (4':-5'&

/#45*4/'& +);' 5%&-0 <'#' 2%) 4++- +);' /-++=8)&3 ;7 84$-+ 2%) ' 9#-*' )59#) &456'+ -%

*-&%5'+ . /)#$494('3 /'#' '()2%'# ' $'9#4> A ? !-#$' ()+);'('0

@'&*%&'5(- %$' ()9)#$45'(' 45*":549' 5' kA.+4$' 49)#'B,-3 +,- 5)*)++7#4'+ n − 1
$%&94/&4*'BC)+ D('+ ()$'4+ 45*":549'+ *-$ +)%+ *-)E*4)59)+F3 n− 1 '(4BC)+ Dn− 1 9)#$-+
*-$ '+ 8'#478)4+ ) - 9)#$- 45()/)5()59)F ) G $%&94/&4*'B,- D(484(45(-3 E5'&$)59)3 -

8'&-# -H94(- /)&- #)+/)*948- *-)E*4)59) (' (4':-5'& /#45*4/'&F0  ++4$3 9)$-+ %$ 9-9'&

() n − 1 + n − 1 + 1 = 2n − 1 -/)#'BC)+0 @-$- - /#-*)++- +) #)/)9) /'#' 9-('+ '+ n

45*":549'+3 9)$-+ %$ 9-9'& () n× (2n− 1) = 2n2 − n -/)#'BC)+ )$ %$' 49)#'B,-0

 !"#$%&'() *+,+  !"! ! #$"%&! '% ()%&*+,%- . (#/%&)!0 '%1%#'%#'! )*#)! '! ǫ '! %&&!

23*#)! '* *1&!4("*+5! (#(/(*60 #5! . 1!--78%6 9%#%&*6(:*& 3"* ;<&"36* 1*&* ! /=6/36! '%

!1%&*+,%- )!)*6 '! ".)!'!>

I+*#)8)5(- 5' !-#$' $'9#4*4'& x(k+1) = C × x(k) + g3 9)$-+

C =















0 −a12
a11

−a13
a11

· · · −a1n
a11

−a21
a22

0 −a23
a22

· · · −a2n
a22

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

− an−1,1

an−1,n−1
· · · −an−1,n−2

an−1,n−1
0 − an−1,n

an−1,n−1

− an1

ann
· · · −

an,n−2

ann
−

an,n−1

ann
0















) g =











− b1
a11

− b2
a22
0

0

0

− bn
ann
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<'#' :'#'594# ' *-58)#:J5*4' '9#'8.+ (- $.9-(- () K'%++AL'*-H43 %94&4>'#)$-+ %$

$.9-(- (4!)#)59) (- *49'(- '59)#4-#$)59)M

-#)$#.& *+/+ 01$234$2) 5&" 6278&"9  !#-('%&*#'! * "*)&(: A '! -(-)%"* 6(#%*&0 -%?*

αi =

n
∑

j=1;j 6=i

|aij|

|aii|
> @% α = max

1≤i≤n
{αi} < 10 %#)5! * -%23A#/(* { ~x(k)} 9%&*'* 1%6! ".)!'! '%

B*3--CD*/!E( /!#8%&9% 1*&* * -!63+5! '! -(-)%"*0 (#'%1%#'%#)% '* *1&!4("*+5! (#(/(*6

~x(0)
%-/!6F('*>

N'4-#)+ 45!-#$'BC)+ +-H#) )+9) 9)-#)$' /-()$ +)# )5*-59#'('+ )$ OGGP0

QR



 !"#$%&'() *+,+  !" #$%&'$%( )* #(+,*$-.+#%! ' /01#%*+&* 2!$! 30* ! /*30.+#%! )* ,*&($*/

#(+,%$4! 2!$! ! /("056(7 8!/ +6( ' +*#*//9$%(:

 !"#$%&'() *+-+ ;(,!8*+&*7 ! &$(#! )* "%+<!/ (0 #("0+!/ 2()* /*$ 0&%"%=!)! ! 18 )*

!)*30!$ ! 8!&$%= A !( #$%&'$%(:

 !"#$ %&' () *"+,'*'-". " /&+*0"+$-'+1" 2" -31"2"4 5$-". 6 #'."7&89" 2" .0.1'-$

70+'$# A× x = b 2" :#";7'-$ :#":".1"4 7'-;#$+2" %&'

A =

























4 −1 0 0 −1 0 0 0
−1 4 −1 0 0 −1 0 0
0 −1 4 −1 0 0 −1 0
0 0 −1 4 0 0 0 −1
−1 0 0 0 4 −1 0 0
0 −1 0 0 −1 4 −1 0
0 0 −1 0 0 −1 4 −1
0 0 0 −1 0 0 −1 4

























' b =

























0
0
0
0
1
1
1
1
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<'7" .$/01$/) 2&" 3/45&"4 5'-". %&' $ .'%&=+*0$ 2' 5'1"#'. *"+5'#!0#) :$#$ $ ."7&89"

2" .0.1'-$> ?' /$1"@

α1 =
|−1|+|0|+|0|+|−1|+|0|+|0|+|0|

4
= 1+1

4
= 2

4
= 0,5>

 +$7"!$-'+1'4 1'-".

α4 = α5 = α8 =
|−1|+|−1|

|4|
= 1+1

4
= 2

4
= 0,5A

α2 = α3 = α6 = α7 =
|−1|+|−1|+|−1|

|4|
= 1+1+1

4
= 3

4
= 0,75>

⇒ α = max{0,5; 0,75} = 0,75 < 1>

B$-". 2'C+0# x(k) = {P
(k)
1 ;P

(k)
2 ;P

(k)
3 ;P

(k)
4 ;P

(k)
5 ;P

(k)
6 ;P

(k)
7 ;P

(k)
8 }>

D"-" $ '.*"7,$ 2'

~x(0)
3 $#;01#)#0$4 ' *"-" .$;'-". %&' $ :#";$;0702$2' 2' &- '5'+1"

5$#0$ 2' 0 $ 14 1"-'-".

~x(0) = {0,5; 0,5; 0,5; 0,5; 0,5; 0,5; 0,5; 0,5}>

 ..0-4 P
(0)
i = 0,5, i ∈ {1, . . . , 8}>

EF



 !"#$%& ' ()*+,-' %# ."#*'/0&1















































4P1 − P2 − P5 = 0
−P1 + 4P2 − P3 − P6 = 0
−P2 + 4P3 − P4 − P7 = 0
−P3 + 4P4 − P8 = 0
−P1 + 4P5 − P6 = 1
−P2 − P5 + 4P6 − P7 = 1
−P3 − P6 + 4P7 − P8 = 1
−P4 − P7 + 4P8 = 1

⇒



































































P
(k+1)
1 =

P
(k)
2 +P

(k)
5

4

P
(k+1)
2 =

P
(k)
1 +P

(k)
3 +P

(k)
6

4

P
(k+1)
3 =

P
(k)
2 +P

(k)
4 +P

(k)
7

4

P
(k+1)
4 =

P
(k)
3 +P

(k)
8

4

P
(k+1)
5 =

P
(k)
1 +P

(k)
6 +1

4

P
(k+1)
6 =

P
(k)
2 +P

(k)
5 +P

(k)
7 +1

4

P
(k+1)
7 =

P
(k)
3 +P

(k)
6 +P

(k)
8 +1

4

P
(k+1)
8 =

P
(k)
4 +P

(k)
7 +1

4

.

233.+4 "#+&3 ' ()*+,-' %# ."#*'/0& x(k+1) = C × x(k) + g4 &$%#

C =

























0 0,25 0 0 0,25 0 0 0
0,25 0 0,25 0 0 0,25 0 0
0 0,25 0 0,25 0 0 0,25 0
0 0 0,25 0 0 0 0 0,25

0,25 0 0 0 0 0,25 0 0
0 0,25 0 0 0,25 0 0,25 0
0 0 0,25 0 0 0,25 0 0,25
0 0 0 0,25 0 0 0,25 0

























# g =

























0
0
0
0

0,25
0,25
0,25
0,25
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5

a
6"#*'/0&1

P
(1)
1 =

P
(0)
2 +P

(0)
5

4
= 0,5+0,5

4
= 1

4
= 0,257

P
(1)
2 =

P
(0)
1 +P

(0)
3 +P

(0)
6

4
= 0,5+0,5+0,5

4
= 1,5

4
= 0,3757

P
(1)
3 =

P
(0)
2 +P

(0)
4 +P

(0)
7

4
= 0,5+0,5+0,5

4
= 1,5

4
= 0,3757

P
(1)
4 =

P
(0)
3 +P

(0)
8

4
= 0,5+0,5

4
= 1

4
= 0,257

P
(1)
5 =

P
(0)
1 +P

(0)
6 +1

4
= 0,5+0,5+1

4
= 2

4
= 0,57

P
(1)
6 =

P
(0)
2 +P

(0)
5 +P

(0)
7 +1

4
= 0,5+0,5+0,5+1

4
= 2,5

4
= 0,6257

P
(1)
7 =

P
(0)
3 +P

(0)
6 +P

(0)
8 +1

4
= 0,5+0,5+0,5+1

4
= 2,5

4
= 0,6257

P
(1)
8 =

P
(0)
4 +P

(0)
7 +1

4
= 0,5+0,5+1

4
= 2

4
= 0,58

9:



⇒ x(1) = {0,25; 0,375; 0,375; 0,25; 0,5; 0,625; 0,625; 0,5}

 !"#$"!%&' ' ())' )("!*+,' %! -

a
.*()!/0'1

d
(1)
1 = |P

(1)
1 − P

(0)
1 | = |0,25− 0,5| = | − 0,25| = 0,252

d
(1)
2 = |P

(1)
2 − P

(0)
2 | = |0,375− 0,5| = | − 0,125| = 0,1252

d
(1)
3 = |P

(1)
3 − P

(0)
3 | = |0,375− 0,5| = | − 0,125| = 0,1252

d
(1)
4 = |P

(1)
4 − P

(0)
4 | = |0,25− 0,5| = | − 0,25| = 0,252

d
(1)
5 = |P

(1)
5 − P

(0)
5 | = |0,5− 0,5| = |0| = 02

d
(1)
6 = |P

(1)
6 − P

(0)
6 | = |0,625− 0,5| = |0,125| = 0,1252

d
(1)
7 = |P

(1)
7 − P

(0)
7 | = |0,625− 0,5| = |0,125| = 0,1252

d
(1)
8 = |P

(1)
8 − P

(0)
8 | = |0,5− 0,5| = |0| = 0

⇒ d(1) = max
1≤i≤8

{d
(1)
i } = 0,25

⇒ d
(1)
r =

0,25

max
1≤i≤8

{P
(1)
i }

=
0,25

0,625
= 0,43

4)'55(6$+%&' !%!"'6!7(%*( %!5 &(7!+5 +*()!/8(59 ':*(7'51

;

a
.*()!/0'1

x(2) = {0,21875; 0,3125; 0,3125; 0,21875; 0,46875; 0,625; 0,625; 0,46875}2

d
(2)
r = 0,13

<

a
.*()!/0'1

x(3) = {0,1953125; 0,2890625; 0,2890625; 0,1953125;
0,4609375; 0,6015625; 0,6015625; 0,4609375}2

d
(3)
r = 0,0389610393

=>



 

a
 !"#$%&'(

x(4) = {0,1875; 0,271484375; 0,271484375; 0,1875;
0,44921875; 0,587890625; 0,587890625; 0,44921875})

d
(4)
r = 0,029900332*

+$, !$-".$, $ ,"/01#2 3$.30.$4$, 3'5 ' $067.1' 4" 05$ 8.$91.:$ "."!#;913$2 <"5', 3'5'

," 3'58'#!$ $ 3'9<"#/=931$2 1!"#$%&' $8>, 1!"#$%&'(

?"5', @0"2 $ 8$#!1# 4$ AB

a
1!"#$%&'2 ' "##' #".$!1<' !'#9$C," 5"9'# @0" 0,001*

D$ EF

a
1!"#$%&' "5 41$9!"2 ' 3'580!$4'# G6$ $ ,'.0%&' "5 F 3$,$, 4"315$1,2 8$#$

3$4$ 193>/91!$2 '0 ,"H$2 ' "##' I 5"9'# 4' @0" 10−9*

J 8$#!1# 4$ KL

a
2 ' "##' HM I 4$4' 3'5' 0*

J ,'.0%&'2 $,,152 8'4" ,"# 4$4$ 8'#

x = {0,168421053; 0,242105263; 0,242105263; 0,168421053;
0,431578947; 0,557894737; 0,557894737; 0,431578947}*

 !" #$%&'& '( )*+,,-.(/'(0

J ",!#0!0#$ 4' 5I!'4' 4" N$0,,CO"14". I $9M.'/$ P 4" N$0,,CQ$3'-1* +' "9!$9!'2

@0$94' 3$.30.$5', ' !"#5' x
(k+1)
j 2 ."<$5', "5 3'9!$ ', !"#5', x

(k+1)
i HM 3$.30.$4', 8#"C

<1$5"9!"2 8$#$ ', <$.'#", 4" i !$1, @0" i ∈ {1, . . . , j − 1}2 " x
(k)
i 2 8$#$ ', <$.'#", 4" i !$1,

EF



 !" i ∈ {j + 1, . . . , n}# $%%&'( ) *+,'!-) ." ,"/!,%01 2 .).) 31,































































x
(k+1)
1 =

b1 − a12x
(k)
2 − a13x

(k)
3 − . . .− a1nx

(k)
n

a11

x
(k+1)
2 =

b2 − a21x
(k+1)
1 − a23x

(k)
3 − . . .− a2nx

(k)
n

a22
#

#

#

x
(k+1)
n−1 =

bn−1 − an−1,1x
(k+1)
1 − . . .− an−1,n−2x

(k+1)
n−2 − an−1,nx

(k)
n

an−1,n−1

x
(k+1)
n =

bn − a
(k+1)
n1 x1 − a

(k+1)
n2 x2 − . . .− an,n−1x

(k+1)
n−1

ann

.

41'1 ) "%5,!5!,) .) *+,'!-) ." &5",)601 2 %&'&-), 7 ." 8)!%%9:)/1;&( 1 <='",1 ."

13",)6>"% "' !') &5",)601 5)';2' 2 1 '"%'1# $%%&'( 5"'1% !' 515)- ." 2n2 − n

13",)6>"% "' !') &5",)601#

?),) "%/,"@",'1% ) *+,'!-) ." &5",)601 <1 *1,')51 ')5,&/&)-( ."@"'1% .&@&.&, ) ')5,&A

A .1 %&%5"') "' B 3),5"%C

• $ ')5,&A L( 5,&)<D!-), &<*",&1,( /1' .&)D1<)- <!-)(  !" /1,,"%31<." )1% 5",'1%  !"

%",01 )3-&/).1% )1 @"51, x(k+1)
E

• $ ')5,&A D( ')5,&A .&)D1<)-( /1' 1% 5",'1% .) .&)D1<)- 3,&</&3)- .&*","<5"% ." F(

" 1% ."')&% 5",'1% &D!)&% ) FE

• $ ')5,&A R( 5,&)<D!-), %!3",&1,( /1' .&)D1<)- <!-)(  !" /1,,"%31<." )1% 5",'1%  !"

%",01 )3-&/).1% )1 @"51, x(k)
#

$%%&'( A = L+D + R#

 !"#$%& '()(  !"#$%! # "#&'()

A =





1 2 −3
2 3 4
4 7 −1



 ,

&*"!+ ,-*





0 0 0
2 0 0
4 7 0



 +





1 0 0
0 3 0
0 0 −1



 +





0 2 −3
0 0 4
0 0 0



 =





1 2 −3
2 3 4
4 7 −1



 .

.++("/

L =





0 0 0
2 0 0
4 7 0



 , D =





1 0 0
0 3 0
0 0 −1





* R =





0 2 −3
0 0 4
0 0 0



 .

GF



 !"#$%$!%&'( ( )*#!+$,'( ,&$*)%()- $*.(#/

Ax = b ⇒ (L+D +R)x = b

⇒ Dx = b− Lx−Rx

⇒ x = D−1b−D−1Lx−D−1Rx.

0(.( L 1 ,2+%3,'( , x(k+1)
* R , x(k)

- $*.(#

x(k+1) = D−1b−D−1Lx(k+1) −D−1Rx(k) ⇒ (I +D−1L)x(k+1) = −D−1Rx(k) +D−1b

⇒ x(k+1) = −[(I +D−1L)−1D−1R]x(k) + [(I +D−1L)−1D−1b]4

5##%.- C = −(I +D−1L)−1D−1R * g = (I +D−1L)−1D−1b4

6,), , 7,),&$%, '* 3(&8*)79&3%,- *#$!'*.(# !. 3)%$1)%( '%#$%&$( &(8,.*&$*/

 !"#!$% &'&' ()#*+,#*" -! .%//!01!2-3  !"#$%&'("%! !# )&'*!# %( *()'$+ A, %&-"(

β1 =

n
∑

i=2

|a1i|

|a11|
& βj =

j−1
∑

i=1

|aji|βi +
n
∑

i=j+1

|aji|

|ajj|
. /!*("%! β = max

1≤j≤n
{βj}, )&*!# 01&, #&

β < 1, ( #&012"3$( { ~x(k)} 4&'(%( 5&6! *7)!%! %& 8(1##9:&$%&6 3!";&'4& 5('( ( #!61<=! %!

#$#)&*(, $"%&5&"%&")& %( (5'!>$*(<=! $"$3$(6

~x(0)
&#3!6?$%(. @67* %$##!, 01(")! *&"!' !

;(6!' %& β, *($# 'A5$%( 7 ( 3!";&'42"3$(.

4!$"0/+#%56" &'7' :&B( ! ;&)!' x = (x1, x2, . . . , xn) ( #!61<=! %! #$#)&*( 6$"&(', &

e
(k)
i = x

(k)
i − xi, i ∈ {1, . . . , n}, !1 #&B(, ( %$C&'&"<( %! ;(6!' %& xi "( k97#$*( $)&'(<=!

3!* ! ;(6!' '&(6 %& xi.

@##$*, ( #&012"3$( %& ;&)!'&# x(k)
3!";&'4& 5('( ( #!61<=! #&, & #!*&")& #&, e

(k)
i → 0.

:(D&*!# 01&

x
(k+1)
i =

bi − ai1x
(k+1)
1 − . . .− ai,i−1x

(k+1)
i−1 − ai,i+1x

(k)
i+1 − . . .− ainx

(k)
n

aii

&, 3!*! ! ;&)!' x 7 #!61<=!,
n
∑

j=1

aijxj = bi

⇒ xi =
bi − ai1x1 − . . .− ai,i−1xi−1 − ai,i+1xi+1 − . . .− ainxn

aii
.

@##$*, )&*!# 01& e
(k+1)
i = −

i−1∑

j=1
aij [x

(k+1)
j −xj ]+

n∑

j=i+1
aij [x

(k)
j −xj ]

aii

= −

i−1
∑

j=1

aije
(k+1)
j +

n
∑

j=i+1

aije
(k)
j

aii
, i ∈ {1, . . . , n}.

:;



 !"#$% &'()*+", E(k) = max
1≤i≤n

{|e
(k)
i |}% β1 =

n
∑

i=2

|a1i|

|a11|
' βj =

j−1
∑

i=1

|aji|βi +
n
∑

k=j+1

|ajk|

|ajj|
%

-"+ β = max
1≤i≤n

βi.

/*0'# 12' $ ,'123)-*$ -")4'#!' ,*!)*(-$ &*0'# 12' E(k) → 0 12$)&" k →∞.

5',6' ,')6*&"% 12'#'+", -")-72*# 12' E(k+1) ≤ βE(k)
. 8$#$ *,,"% 9$:$+", 2+$ *)&2:;"

<$#$ <#"4$# 12' |e
(k+1)
i | ≤ βi max

1≤j≤n
{|e

(k)
j |}, i ∈ {1, . . . , n}=

8$#$ i = 1% 6'+", 12'

e
(k+1)
1 = −

a12e
(k)
2 + a13e

(k)
3 + . . .+ a1ne

(k)
n

a11

⇒ |e
(k+1)
1 | ≤

|a12||e
(k)
2 |+ |a13||e

(k)
3 |+ . . .+ |a1n||e

(k)
n |

|a11|

≤
|a12|+ |a13|+ . . .+ |a1n|

|a11|
max
1≤j≤n

{|e
(k)
j |}

= β1 max
1≤j≤n

{|e
(k)
j |}.

 ,,*+%

|e
(k+1)
1 | ≤ β1 max

1≤j≤n
{|e

(k)
j |} ≤ β max

1≤j≤n
{|e

(k)
j |}.

>$+", ,2<"#% ')6;"% <$#$ $7!2+ i ≤ n% 12' |e
(k+1)
t | ≤ βt max

1≤j≤n
{|e

(k)
j |}, t ∈ {2, . . . , i−1}.

?2'#'+", ')6;" <#"4$# 12' |e
(k+1)
i | ≤ βi max

1≤j≤n
{|e

(k)
j |}.

@'+", 12'

e
(k+1)
i = −

i−1
∑

j=1

aije
(k+1)
j +

n
∑

j=i+1

aije
(k)
j

aii

⇒ |e
(k+1)
i | ≤

|ai1||e
(k+1)
1 |+ . . .+ |ai,i−1||e

(k+1)
i−1 |+ |ai,i+1||e

(k)
i+1|+ . . .+ |ain||e

(k)
n |

|aii|

≤
|ai1|β1 + . . .+ |ai,i−1|βi−1 + |ai,i+1|+ . . .+ |ain|

|aii|
max
1≤j≤n

{|e
(k)
j |}

= βi max
1≤j≤n

{|e
(k)
j |}.

A"!"%

 !



|e
(k+1)
i | ≤ βi max

1≤j≤n
{|e

(k)
j |} ≤ β max

1≤j≤n
{|e

(k)
j |}, i ∈ {1, . . . , n} 

! "#$# E(k) = max
1≤i≤n

{|e
(k)
i |} ! E(k+1) = max

1≤i≤n
{|e

(k+1)
i |} "#%"&'($#) *'!

E(k+1) ≤ βE(k)
+

,!%-# .))/$ 0.)1. *'! β < 1 2.3. *'! 1!%4.$#) . )!*'5%"/. E(k)
-!"3!)"!%1!+ ,!%-#

!&. "#$2#)1. -! 6.&#3!) !)13/1.$!%1! 2#)/1/6#) 1!$#) *'! 2.3. 6.&#3!) -! k )'7"/!%1!8

$!%1! 93.%-!) E(k) → 0 ! .))/$ . )!*'5%"/. "#%6!39!+

:&;$ -/))# "#$# β ; <.1#3 $'&1/2&/".-#3 2.3. # 23=>/$# 1!3$# *'.%1# $!%#3 β $./)

3?2/-# E(k) → 0 ! .))/$ $./) 3?2/-# . )!*'5%"/. "#%6!39! 2.3. . )#&'@A#+

  !"#$!"% &'( )"*+'( !"#$%# &'() *)+ ,!-.-/"(' &"+" !)*!"+ " 0'12)+3410-" 1'

#%!'(' () 5",**67)-().8 9' )1!"1!': !)#'* ;,): *) ,# *-*!)#" *"!-*<"/ ' 0+-!%+-' ("*

.-1="*: ).) !"#$%# *"!-*<"/ ' () 7"**)1<).(8

>) <"!': *,&'1(' ;,) ' 0+-!%+-' () .-1="* *)?" *"!-*<)-!': !)#'* ;,)

α = max
1≤i≤n

{αi} < 1: '1() αi =

n
∑

j=1;j 6=i

|aij|

|aii|
8

@.%# (-**': β1 =

n∑

i=2
|a1i|

|a11|
= α1 < 18

7,&'1(' ;,): &"+" i ∈ {1, . . . , k − 1}: !)#'* ;,) βi ≤ αi < 1: 0'10.,A#'* ;,)

βk =

k−1
∑

i=1

|aki|βi +
n
∑

i=k+1

|aki|

|akk|

=
|ak1|β1 + . . .+ |ak,k−1|βk−1 + |ak,k+1|+ . . .+ |akn|

|akk|

<
|ak1|+ . . .+ |ak,k−1|+ |ak,k+1|+ . . .+ |akn|

|akk|
= αk.

B'3': &'+ -1(,CD': βi ≤ αi, i ∈ {1, . . . , n}8 E"* αi < 1: &'-* ' 0+-!%+-' ("* .-1="* %
*"!-*<)-!'8 @**-#: βi < 1, i ∈ {1, . . . , n}: ) ' 0+-!%+-' () 7"**)1<).( !"#$%# % *"!-*<)-!'8

@ +)0A&+'0" 1D' % 2)+("()-+"8 7) ,# *-*!)#" .-1)"+ *"!-*<"/ 7"**)1<).(: 1D' 1)0)**"+-6

"#)1!) ).) *"!-*<"+F ' 0+-!%+-' ("* .-1="*8 G)?"#'*H

,-./0)% 1232 B#$!$#) # )/)1!$. &/%!.3

{

2x1 − x2 = 4
x1 + x2 = 5

.

B!$#) *'! # "3/1;3/# -! &/%4.) %A# ; ).1/)<!/1# %. &/%4. C 2#/) α2 = 1 $!)$# )!

13#".3$#) .) "#&'%.)+

IJ



 ! "#$%#$!& β1 = |a12|
|a11|

= 1
2
= 0,5 < 1 " β2 = |a21|β1

|a22|
= 0,5

1
= 0,5 < 1' (!)!& ! *+,$-+,!

." /%00"#1"2. - 0%$,01",$!'

 !"#$%&'() *+,+  !3%4"#$"& !0 *+,$-+,!0 ." *!#3"+)5#*,% 06! %7"#%0 *!#.,89"0 0:;*,<

"#$"0 7%+% =:" % 0"=:5#*,% *!#3,+>% 7%+% % 0!2:86!& 4%0 #6! #"*"00?+,%0' @4 0,0$"4% =:"

#6! 0%$,01%A %4B!0 !0 *+,$-+,!0 %7+"0"#$%.!0 7!." $"+ % 0"=:5#*,% ." 3"$!+"0 )"+%.% 7!+

C%:00</",."2 *!#3"+)"#$" 7%+% % 0!2:86! .! 7+!B2"4%'

 !"#$%&'#" &(#)& # '!"'# *)#+$!'& *)#*#",#- &,)&%." /# '.,#/# /! 0&1""23!4/!$5

6!$# -$./0$.) 1# 2&""#34#51- %!'#" 71! & "!7189:4& /! %!,#)!" :#9%!)(4); *&)& &

"#$1<=# /# "4",!'&5 >! ?&,#@

β1 =
|−1|+|0|+|0|+|−1|+|0|+|0|+|0|

4
= 1+1

4
= 2

4
= 0,5A

β2 =
|−1|×0,5+|−1|+|0|+|0|+|−1|+|0|+|0|

4
= 0,5+1+1

4
= 2,5

4
= 0,625A

β3 =
|0|×0,5+|−1|×0,625+|−1|+|0|+|0|+|−1|+|0|

4
= 0,625+1+1

4
= 2,625

4
= 0,65625A

B9&$#(&'!9,!- :&$:1$&'#" #" /!'&4"@

β4 =
|−1|×0,65625+|−1|

4
= 0,65625+1

4
= 1,65625

4
= 0,4140625A

β5 =
|−1|×0,5+|−1|

4
= 1,5

4
= 0,375A

β6 =
|−1|×0,625+|−1|×0,375+|−1|

4
= 2

4
= 0,5A

β7 =
|−1|×0,65625+|−1|×0,5+|−1|

4
= 2,15625

4
= 0,5390625A

β8 =
|−1|×0,4140625+|−1|×0,5390625

4
= 0,953125

4
= 0,23828125

⇒ β = max
1≤j≤8

{βj} = 0,65625 < 15

B9;$#(# C )!"#$1<=# *!$# *)4'!4)# '.,#/#- %&'#" /!D94)

x(k) = {P
(k)
1 ;P

(k)
2 ;P

(k)
3 ;P

(k)
4 ;P

(k)
5 ;P

(k)
6 ;P

(k)
7 ;P

(k)
8 }

! !":#$E!)

~x(0) = {0,5; 0,5; 0,5; 0,5; 0,5; 0,5; 0,5; 0,5}5

FG



 !"#$%&' () *+)#',-. / ('(' 0.#



































































P
(k+1)
1 =

P
(k)
2 +P

(k)
5

4

P
(k+1)
2 =

P
(k+1)
1 +P

(k)
3 +P

(k)
6

4

P
(k+1)
3 =

P
(k+1)
2 +P

(k)
4 +P

(k)
7

4

P
(k+1)
4 =

P
(k+1)
3 +P

(k)
8

4

P
(k+1)
5 =

P
(k+1)
1 +P

(k)
6 +1

4

P
(k+1)
6 =

P
(k+1)
2 +P

(k+1)
5 +P

(k)
7 +1

4

P
(k+1)
7 =

P
(k+1)
3 +P

(k+1)
6 +P

(k)
8 +1

4

P
(k+1)
8 =

P
(k+1)
4 +P

(k+1)
7 +1

4

.

1

a
2+)#',-.3

P
(1)
1 =

P
(0)
2 +P

(0)
5

4
= 0,5+0,5

4
= 1

4
= 0,25 

P
(1)
2 =

P
(1)
1 +P

(0)
3 +P

(0)
6

4
= 0,25+0,5+0,5

4
= 1,25

4
= 0,3125 

P
(1)
3 =

P
(1)
2 +P

(0)
4 +P

(0)
7

4
= 0,3125+0,5+0,5

4
= 1,3125

4
= 0,328125 

P
(1)
4 =

P
(1)
3 +P

(0)
8

4
= 0,328125+0,5

4
= 0,828125

4
= 0,20703125 

P
(1)
5 =

P
(1)
1 +P

(0)
6 +1

4
= 0,25+0,5+1

4
= 1,75

4
= 0,4375 

P
(1)
6 =

P
(1)
2 +P

(1)
5 +P

(0)
7 +1

4
= 0,3125+0,4375+0,5+1

4
= 2,25

4
= 0,5625 

P
(1)
7 =

P
(1)
3 +P

(1)
6 +P

(0)
8 +1

4
= 0,328125+0,5625+0,5+1

4
= 2,390625

4
= 0,59765625 

P
(1)
8 =

P
(1)
4 +P

(1)
7 +1

4
= 0,20703125+0,59765625+1

4
= 1,8046875

4
= 0,451171875

⇒ x(1) = {0,25; 0,3125; 0,328125; 0,20703125; 0,4375; 0,5625; 0,59765625; 0,451171875}!

" #$%#&%' (' )**' *)%+,-.' / +0$%'1' +' #+%#&%+(' (&*+0,) ' 2/,'(' () 3+&4456+#'7-!

844-29

d
(1)
r = 0,490196078!

:*'44)1&-0(' (+ 2)42+ ;'*2+ 0+4 ()2+-4 -,)*+<=)49 )0#'0,*+2'4>

?

a
@,)*+<A'>

BB



x(2) = {0,1875; 0,26953125; 0,268554688; 0,179931641;
0,4375; 0,576171875; 0,573974609; 0,438476563} 

d
(2)
r = 0,108474576!

"

a
#$%&'()*+

x(3) = {0,176757813; 0,255371094; 0,252319336; 0,172698975;
0,438232422; 0,566894531; 0,564422607; 0,434280396} 

d
(3)
r = 0,028639104!

,

a
#$%&'()*+

x(4) = {0,173400879; 0,248153687; 0,246318817; 0,170149803;
0,435073853; 0,561912537; 0,560627937; 0,432694435} 

d
(4)
r = 0,012844361!

-*.'/%0$%1 '0'234'&%/*4 ' $'5%2' 6% .'2*&%4 6'4 3$%&'(7%4 % %&&*4+

8%/*4 9:%1 ' ;'&$3& 6' <

a
3$%&'()*1 * %&&* &%2'$3.* $*&0'=4% /%0*& 9:% 0,001!

>' ?@

a
3$%&'()* %/ 63'0$%1 * A*/;:$'6*& BC' ' 4*2:()* %/ D A'4'4 6%A3/'341 ;'&'

A'6' 30AEF03$'! G*F*1 * %&&* H /%0*& 6* 9:% 10−9!

I ;'&$3& 6' ,,

a
1 * %&&* JK H 6'6* A*/* 0!

I 4*2:()*1 '443/1 H 6'6' ;*&

x = {0,168421053; 0,242105263; 0,242105263; 0,168421053;
0,431578947; 0,557894737; 0,557894737; 0,431578947}!

@L



 ! "#$%&$' () *+),-./)0 -+,-120 () &3- 4$-56$7- 8$)+,956%-

 !"!#$% &'$"& ($#$ )$"&# )!*+$% $% (,-(.-$% /&% +&0!-&% /! *+!"&12!% ! !""$% /$

%*%+!#& -*3!&" &3+!"*$"4 !# &#0$% $% #5+$/$% *+!"&+*6$%7 8% (,-(.-$% )$"&# )!*+$% &+"&65%

/! .#& 9-&3*-:& !-!+";3*(&7

< ='."& &(*#& #$%+"& $% (,-(.-$% /&% >? 9"*#!*"&% *+!"&12!% /."&3+! $ #5+$/$ /!

@&.%%AB&($0*7 < -*3:& > *3/*(& &% *3(C'3*+&% & %!"!# (&-(.-&/&%4 ! & ($-.3& < *3/*(& &

*+!"&1D$7 < &9"$E*#&1D$ *3*(*&- 5 /&/& 3& *+!"&1D$ F7

G&"& (&-(.-&" .#& /&% *3(C'3*+&% !# .#& /!+!"#*3&/& *+!"&1D$4 /*'*+&#$% & )C"#.-&

3& %.& "!%9!(+*6& (5-.-&7 G$" !E!#9-$4 9&"& (&-(.-&" & 6&"*,6!- P6 3& 1
a
*+!"&1D$4 /!6!#$%

/*'*+&" %.& )C"#.-& 3& (5-.-& @H7

G!-$ #5+$/$ /! @&.%%AB&($0*4 & )C"#.-& /! P6 5 /&/& 9$"

P
(k+1)
6 =

P
(k)
2 +P

(k)
5 +P

(k)
7 +1

4
4

I$'$4 9&"& (&-(.-&"#$% P
(1)
6 4 +!#$% J.!

P
(1)
6 =

P
(0)
2 +P

(0)
5 +P

(0)
7 +1

4
7

K+*-*L&"!#$% 3& )C"#.-& /! P
(1)
6 4 9$"+&3+$4 &% (5-.-&% /! P

(0)
2 4 P

(0)
5 ! P

(0)
7 "!%9!(+*6&A

#!3+!4 $. %!M&4 NO4 PO ! QO7 R!%+& )$"#&4 +!"!#$%

@H =
1 + NO+ PO+ QO

4
7
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 !"#$%&&# !'"' # $()$*)# '+"',-& .% /'*&&01%2.%) - # 3%&3#4 5# %5+'5+#4 %56*'5+# %3

/'*&&07'$#82 ' 9:"3*)' .% *3' .%+%"325'.' $-)*)' +%3 '!%5'& ,')#"%& .' )25;' '5+%"2#"4

#* &%<'4 .' 2+%"'=># '5+%"2#"4 %3 /'*&&01%2.%) +#3'3#& ')?*5& ,')#"%& .' 3%&3' )25;'

@3%&3' 2+%"'=>#A % #*+"#& .' '5+%"2#"B

 !"#$%& '('( )*+%,-%& ." P
(1)
6 "# /0-1123"4."%5

P
(1)
6 =

P
(1)
2 +P

(1)
5 +P

(0)
7 +1

4
⇒  ! =

1 + "!+ #!+ $%

4

C'"' # $()$*)# .# %""# "%)'+2,#4 # !"#$%&&# - 2.D5+2$# !'"' '38#& #& 3-+#.#&B E#,'0

3%5+%4 +#3'"%3#& $#3# %F%3!)# #& $()$*)#& .#& %""#& "%)'+2,#& .'& GH !"23%2"'& 2+%"'=I%&4

#8+2.'& '+"',-& .# 3-+#.# .% /'*&&07'$#82J

E' )25;' G4 25.2$'3#& ' 25$:?52+' ' 6*') %&+'3#& '5')2&'5.#4 &%5.# di "%)'+2,' K

25$:?52+' Pi, i ∈ {1, . . . , 8}4 %56*'5+# ' $#)*5' L 25.2$' ' 2+%"'=>#B E' $#)*5' M4 - .'.#
# %""# "%)'+2,# .% $'.' *3' .'& 2+%"'=I%&B

C'"' $')$*)'" d
(k)
i 4 #* &%<' ' .2&+N5$2' %5+"% P

(k)
i % P

(k−1)
i 4 %&$"%,%3#& ' 9:"3*)' 5' &*'

"%&!%$+2,' $-)*)'B C#" %F%3!)#4 !'"' $')$*)'" d
(3)
3 4 *+2)2O'3#& ' $-)*)' EPJ

EPQRS1@TP0TUA4

#5.% TP % TU "%!"%&%5+'3 P
(3)
3 % P
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'8&#)*+# .' .29%"%5=' %5+"% #& ,')#"%& .% TP % TUB
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 !"#$%&" '()*( +!,+-$ ./0 01#&" 1020-+"!$,$1 #",$1 $1 -32/2$14 ,0 '( $ *(4 0 $ 5678/2$

9:;<=:>?·@ 5"7!0-0 " 8$+"7 A$2"7 0!#70 $1 -32/2$1 1020-+"!$,$1B

C"A$80!#04 D",0E10 01-70A07 $1 5678/2$1 1"80!#0 !$ 2+!F$ G ?1a +#07$%&"@ 0 -"D+HE2$
D$7$ $1 2+!F$1 $I$+J" ?,08$+1 +#07$%K01@B

L01#$ 5"78$4 D",08"1 5$-+280!#0 -$2-/2$7 $1 +#07$%K01 0 "1 701D0-#+A"1 077"1 $#3 "!,0

,010M$,"B N"!A+,$8"1 " 20+#"7 $ 70D0#+7 " D7"-011" D$7$ $1 ,08$+1 701"2/%K01 ,0 1+1#08$1

D7"D"1#$1 !01#0 #7$I$2F"B

 !" #$%&'(')*$ $+ ,-.$*$+ /.0('.12$+

C$ $!H2+10 ,"1 83#","1 +#07$#+A"14 !&" -"!1+,07$8"1 $ -"!#$O08 ,$1 "D07$%K014 /8$

A0P ./0 0110 -H2-/2" ,0D0!,0 ,$ 01-"2F$ ,$ $D7"J+8$%&" +!+-+$2

~x(0)
0 ," 077" ,0Q!+,"B

R"8$!," "1 -$1"1 08 ./0 $ 10./S!-+$ ,0 $D7"J+8$%K01 -"!A07O04 $ 01-"2F$ !&" +!T/+

!011$ -"!A07OS!-+$4 8$1 D",0 +!T/+7 !$ 7$D+,0P 08 ./0 02$ "-"770B  11+84 $ #U#/2" ,0

-"8D$7$%&"4 /#+2+P$8"1 " 8018" A0#"7 +!+-+$2 08 $8I"1 "1 -$1"1B

V",08"1 D07-0I07 ./0 " 83#"," ,0 W$/11E*0+,02 -"!A07O0 D$7$ $ 1"2/%&" ,0 5"78$

8$+1 7HD+,$ ./0 " 83#"," ,0 W$/11EX$-"I+B =11" $-"!#0-0 D02" 5$#" ,0 ./04 $+!,$ ,0!#7"

,0 /8$ -07#$ +#07$%&"4 $1 +!-6O!+#$1 MH -$2-/2$,$1 1&" /#+2+P$,$1 D$7$ ,0#078+!$78"1 $1

,08$+14 0!./$!#" ./0 08 W$/11EX$-"I+4 " -H2-/2" ,0D0!,0 $D0!$1 ,"1 A$2"701 0!-"!#7$,"1

!$ +#07$%&" $!#07+"7B L011$ 5"78$4 108 -"!1+,07$7 " -/1#" -"8D/#$-+"!$24 107+$ 8$+1

A$!#$M"1" /#+2+P$78"1 W$/11E*0+,02B

C" 0!#$!#"4 ,0 YGZ4 #08"1 ./04 [/1$!," $ +,0+$ ,0 D$7$202+18"4 01#$ A$!#$O08 ,"

83#"," ,0 W$/11E*0+,02 1"I70 " ,0 X$-"I+ 10 +!A07#04 D"+1 $ 0J+1#S!-+$ ,0 ,0D0!,S!-+$ ,0

,$,"1 !" $2O"7+#8" ,0 W$/11E*0+,02 5$P -"8 ./0 " 83#"," ,0 X$-"I+ 10M$ 8$+1 7HD+," /8$

A0P ./0 !020 !&" FH ,0D0!,S!-+$ ,0 ,$,"1B \8 "/#7$1 D$2$A7$14 !" 83#"," ,0 W$/11E

*0+,02 " -H2-/2" ,$ A$7+HA02 x
(k)
n 4 !$ kE31+8$ +#07$%&"4 ,0D0!,0 ," -H2-/2" ,0 $#3 #",$1

n − 1 A$7+HA0+1 !01#$ 8018$ +#07$%&"4 D"+1 !01#0 83#","4 $1 A$7+HA0+1 1&" /#+2+P$,$1 !$
8018$ +#07$%&" 2"O" ./0 02$1 01#0M$8 ,+1D"!UA0+1B C" -$1" ," 83#"," ,0 X$-"I+4 " A$2"7

,0 /8$ A$7+HA02 x
(k)
n 4 kE31+8$ +#07$%&"4 16 3 $2#07$,$ ./$!," #",$1 $1 A$7+HA0+1 ,$./02$

+#07$%&" #0!F$8 1+," ,0#078+!$,$14 +1#" 34 -$,$ A$7+HA02 3 -$2-/2$,$ /1$!," " A$2"7 ,$

+#07$%&" $!#07+"7 ,$1 ,08$+1 A$7+HA0+1[B

\8 "/#7$1 D$2$A7$14 $ 70-/D07$%&" ,0 ,$,"1 D70A+$80!#0 "I#+,"1 $78$P0!$,"1 !$

80867+$ ," -"8D/#$,"74 08 W$/11E*0+,024 3 50+#$ ,/7$!#0 $ +#07$%&"4 0!./$!#" ./0 08

W$/11EX$-"I+ 011$ 70-/D07$%&" 3 50+#$ !" +!#07A$2" 0!#70 ,/$1 +#07$%K01B =11" 5$P -"8 ./0

" 83#"," ,0 W$/11EX$-"I+ D"11$ #07 /8$ A$!#$O08 !" -/1#" -"8D/#$-+"!$2 08 702$%&" $"
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:$+1 1"I70 $ +,0+$ ,0 D$7$202+18" ,0 $2O"7+#8"1 D",0 107 0!-"!#7$," 08 YGZB

N"!1+,07$!," " -/1#" -"8D/#$-+"!$2 ,0D0!,0!#0 $D0!$1 ,$1 "D07$%K01 ,0 $,+%&" 0

1/I#7$%&" 70$2+P$,$1 ,/7$!#0 " D7"-011"4 ,0Q!+708"1 " 83#"," +#07$#+A" ,0 W$/11E*0+,02

-"8" 10!," " 8$+1 A$!#$M"1"B
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 !" #$%$&'()* +*, -.&*+*, /&01'&$2*,

 !"#$%& '$ !(!$)*% +! #)*,-#./% +%& &,&0!$#& *,1!#2!& 1% -#$)% +# 3!-41,-# 5&6

070,-# ! 518!19#2,#:

;  !"#$%& < '$# !&02'0'2# +! !*!$!10%& *,8#+%& !102! &, )!*#& !(02!$,+#+!&= >& !*!6

$!10%& 8!2#*$!10! '0,*,?#+%& 1#& -%1&02'.@!& &/% +! $#+!,2# %' A#22#& +! $!0#* ! !$

8!2#* &/% '1,+%& '1& #%& %'02%& )%2 $!,% +! '$# )*#-# +! 2!B%2.% 1% C'#* !*!& &/% #)#2#6

B'&#+%& %' &%*+#+%&= D% -#&% +# 02!*,.# )*#1#E %A"!0% +% 1%&&% !&0'+%E !*# &! +,&02,A', !$

'$ F1,-% )*#1% ! 8!2#*$!10! < '0,*,?#+# 1# &'&0!10#./% +! 0!*9#+%& ! )%10!&=

;& B%2.#& #)*,-#+#& !$ '$# 02!*,.#E ,10!21#& %' !(0!21#&E ,1-,+!$ 1%& 1G& H"'1./% +!

+%,& !*!$!10%& %' $#,&I !E )#2# C'! !*# &! $#10!19# !$ !C',*JA2,% !&070,-%E !&&#& B%2.#&

&! #1'*#$=

K!L1,1+% j -%$% &!1+% % 1F$!2% +! 1G& ! m % 1F$!2% +! !*!$!10%& +! '$# 02!*,.#E

C'#1+% %A0!$%& # 2!*#./% m = 2j− 3E # 02!*,.# +,?6&!  !"#!$%$ &'= > !&0#+% ,&%!&070,-% +!

'$# 02!*,.# < % M!&0#+% *,$,0!M +! !C',*JA2,%= K! B#0%E -#&% '$ !*!$!10% +# 02!*,.# &!"#

2!0,2#+% %' B#*9!E 0%+# # !&02'0'2# B#*9#= N )%&&JO!* C'! '$# 02!*,.# 0!19# $#,& !*!$!10%&

+% C'! % 1!-!&&72,%=

3#,& ,1B%2$#.@!& &%A2! 02!*,.#& )%+!$ &!2 !1-%102#+#& !$ PQR=

;1#*,&!$%& !10/% # &!8',10! 02!*,.#:

> +!&!19% 1%& $%&02# C'!E 1# "'1./% SE # 02!*,.# !&07 L(#+#E ! 1# "'1./% QE # 02!*,.# 0!$

*,O2! $%O,$!10#./% 9%2,?%10#*E )%2<$ 1/% O!20,-#*= ;*<$ +,&&%E !(,&0!$ B%2.#& !(0!21#&

1#& "'1.@!& TE UE V ! WE -'"#& 2!&)!-0,O#& &!0#& ,1+,-#$ # +,2!./% )#2# # C'#* # B%2.# #0'#=

X'!2!$%& +!0!2$,1#2 #& B%2.#& fi, i ∈ {1, . . . , 13} C'! #0'#$ 1%& !*!$!10%& +!&&#

02!*,.#= ; -#+# "'1./%E &/% B!,0#& #& #17*,&!& +#& B%2.#& 9%2,?%10#,& (Fx) ! O!20,-#,& (Fy)E
&!)#2#+#$!10!=

Y%1&,+!2#1+% cos 45o = sin 45o = 0,70710678 = αE 0!$%&:

&' (& )*+%,- ./ Y%$% # 02!*,.# 1/% 0!$ $%O,$!10#./% 1!$ O!20,-#* -%$% 9%2,?%10#*E

Fx ! Fy &! #1'*#$ -%$ #& B%2.#& 1%2$#,&= Y%$% #& 1%2$#,& 1/% &/% +! 1%&&% ,10!2!&&!E

1/% 97 % C'! +!0!2$,1#2 #C',=

Z[



 ! "# $%&'() *+

{

Fy : sin 45
of1 + f3 + sin 45of5 + 10t = 0⇒ 0,70710678f1 + f3 + 0,70710678f5 = −10

Fx : cos 45of1 = f4 + cos 45of5 ⇒ 0,70710678f1 − f4 − 0,70710678f5 = 0

,! "# $%&'() -+

{

Fx : f2 = f6 ⇒ f2 − f6 = 0
Fy : f3 = 0

.! "# $%&'() /+

{

Fx : f4 = f8 + cos 45of9 ⇒ f4 − f8 − 0,70710678f9 = 0
Fy : f7 + sin 45of9 = 5t⇒ f7 + 0,70710678f9 = 5

0! "# $%&'() 1+

{

Fx : cos 45of5 + f6 + cos 45of10 = 0⇒ 0,70710678f5 + f6 + 0,70710678f10 = 0
Fy : sin 45

of5 + f7 = 5t⇒ 0,70710678f5 + f7 = 5

2! "# $%&'() 3+

{

Fx : f8 = cos 45o ⇒ f8 − 0,70710678f12 = 0
Fy : f11 + sin 45of12 = 0⇒ f11 + 0,70710678f12 = 0

4! "# $%&'() 5+

{

Fx : cos 45of9 + f10 = f13 ⇒ 0,70710678f9 + f10 − f13 = 0
Fy : sin 45

of9 + f11 + 5t = 0⇒ 0,70710678f9 + f11 = −5

6! "# $%&'() 7+  !"#$#%&' #( )'*+#( ,'*-.'%/#-( 0'%/*1*-#(2 /34'(

cos 45of12 + f13 = 0⇒ 0,70710678f12 + f13 = 05

6( )'*+#( 73*/-0#-( (3 #%"$#4 0'4 # %'*4#$5

6((-42 0'%(-&3*#%&' ' (-(/34# %# )'*4# A× x = b2 /34'(8

A =













































α 0 1 0 α 0 0 0 0 0 0 0 0
α 0 0 −1 −α 0 0 0 0 0 0 0 0
0 1 0 0 0 −1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 −1 −α 0 0 0 0
0 0 0 0 0 0 1 0 α 0 0 0 0
0 0 0 0 α 1 0 0 0 −1 0 0 0
0 0 0 0 α 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 −α 0
0 0 0 0 0 0 0 0 0 0 1 α 0
0 0 0 0 0 0 0 0 α 1 0 0 −1
0 0 0 0 0 0 0 0 α 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 α 1













































3 b =
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 !"#$!%!&"' (' )*%+(' $( &(,#*- A .(#( /0! %1" !2*',(& ,!#&"' %0)"' %( $*(3"%()

.#*%4*.()5 6''*&7 ,!&"' /0!

A =













































α 0 1 0 α 0 0 0 0 0 0 0 0
0 1 0 0 0 −1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
α 0 0 −1 −α 0 0 0 0 0 0 0 0
0 0 0 0 α 0 1 0 0 0 0 0 0
0 0 0 0 α 1 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 α 0 0 0 0
0 0 0 1 0 0 0 −1 −α 0 0 0 0
0 0 0 0 0 0 0 0 α 0 1 0 0
0 0 0 0 0 0 0 0 α 1 0 0 −1
0 0 0 0 0 0 0 0 0 0 1 α 0
0 0 0 0 0 0 0 1 0 0 0 −α 0
0 0 0 0 0 0 0 0 0 0 0 α 1
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5 + f

(k)
10

f
(k+1)
7 = −αf

(k+1)
9 + 5

f
(k+1)
8 = f

(k+1)
4 − αf

(k)
9

f
(k+1)
9 =

−f
(k)
11 −5

α

f
(k+1)
10 = −αf

(k+1)
9 + f

(k)
13

f
(k+1)
11 = −αf

(k)
12

f
(k+1)
12 =

f
(k+1)
8

α

f
(k+1)
13 = −αf

(k+1)
12

.

E,*)*-(%$"='! $( (.#"2*&(C1" *%*4*() f (0) = {−9; 6; 0;−2;−5; 6; 9; 1;−5; 2;−1; 2;−1}7
"F,!&"' ( '!30*%,! '!/0?%4*( $! @!,"#!'G

H

a
I,!#(C1"G

f (1) = {−9,142135647; 6; 0;−2,9289322;−5,656854259;
6; 8,5355339; 0,6066017;−5,656854259; 3;
−1,41421356; 0,857864353;−9,6066017}J

d
(1)
r = 0,1338095155

KL



 

 

 

!

a
"#$%&'()*

f (5) = {−13,31370852; 5,97918474; 4;−5,8284271;−6,213203471;
7,73654406; 8;−2,82842712;−7,556349212; 4,9497475;

−0,3933983;−4; 2,82842712}+

d
(5)
r = 0,569543652 

 

 

 

,-

a
"#$%&'()*

f (10) = {−14,38477634; 17,09188306; 9;−2,3431458;−6,887301576;
11,7487373; 14,3933983; 7,05025254;−3,514718612; 5,4020203;

2,91673896; 9,970562777;−7,05025254}+

d
(10)
r = 0,824687048 

 

 

 

,!

a
"#$%&'()*

f (15) = {−35,42640964; 3,02081526; 14; 27,100505;−16,65180379;
28,15075762; 3,29646444;−28,80404064;−32,63961041; 17,471609;

−5,60808128;−40,73506499; 28,80404064}+

d
(15)
r = 1,689557733 

.$/)0 12$3 4$0#$ $5$/67)3 & 0$12849:& 4() 9)4;$%<$ 6&%& & 0)72'() =)/) ;:/)0

&4#$%:)%/$4#$3 :00) &9)4#$9$ 12&4>) #$/)0 &7<2/ &2#);&7)% λi >& /&#%:? C >& @A%/27&

>$ :#$%&'() >) 6%)B7$/& #&7 12$ |λi| ≥ 1 

C0#$ 0:0#$/& 6)>$ $4#() 0$% %$0)7;:>) 6)% $7:/:4&'() D&200:&4&3 )B#$4>)E0$ &00:/ &

0)72'()

f = {−8,83883478; 6,25; 0;−2,5;−5,30330087;
6,25; 8,75; 1,25;−5,30330087; 2,5;
−1,25; 1,76776696;−1,25}3

&6A0 ,F-G )6$%&'H$0 

IG



 !"#$% !%&'"$()*%+(, !%&'(-(.%

 !"#$% &$#'(") $ *"(+$#$,-" ." */)0" *"(+/0$*1"2$3 '20#' ") (40".") .1#'0") '

10'#$015")6 7$#$ 1))"% )'#8 #')"351." /( )1)0'($ 312'$# $+31*$." $0#$54) ." (40"." .$

 !"#"$%&'( )%*++"%$%% " 9/$3 *"2)0$0$(") )'# " ($1) 5$20$:")" .") (40".") .1#'0")%

' ." (40"." .' )%*++,-."/.!% " ($1) 5$20$:")" .") 10'#$015")6

 34( .1))"% *"(" :8 .10" $20'#1"#('20'% " */)0" "+'#$*1"2$3 .") (40".") 10'#$015") .';

+'2.' .$ $+#"<1($,-" 121*1$3 ')*"3=1.$ ' ." '##" ')0$>'3'*1."6 ?"( " 120/10" .' (121(1@$#

") '&'10") .'))$ 5$#1$,-"% )'#8 A<$." /( ǫ = 0, 005 +$#$ " *83*/3" ." '##"6  $+#"<1($,-"
121*1$3 .'+'2.'#8 ." '<'#*B*1" +#"+")0"% "2.' >/)*$#'(") $ (4.1$ .") 5$3"#') +"))B5'1)6

01+.23%&'( 4565  !"! !#$%&' ()' '!*+ ,-.,"*/0(*! 0! 1",! 2, !.#*(!34) 2) +*+5,'!

#*0,!"6 ) 7(8%5,7 *0*(*!# 04) +,"1 0,(,++!"*!',05, ! '&2*! 2)+ 9!#)",+ .)++:9,*+; <!=,02)

%'! !01#*+, ."&9*! 2)+ 2!2)+ 2) .")>#,'!6 .)2,?+, $!"!05*" %'! !.")-*'!34) *0*(*!#

',#8)"6 , !++*'6 %'! @%!05*2!2, ',0)" 2, *5,"!3A,+ 0,(,++1"*!+ .!"! ! .",(*+4) 2,+,B!2!;

C'#'(") ($1) /($ $+31*$,-" .") )1)0'($) 312'$#')% .')0$ 5'@ 2$ DB)1*$% 2" *$(+" .$

E'#(".12F(1*$6

 !" #$%&$'()*'( $% *% +,-), .$ *%( +/(0(

?"2)1.'#'(") /($ +3$*$ 9/$.#$.$ */:") >"#.") AC ' BD )-" ($201.") G 0'(+'#$;

0/#$ .' 20oC% " >"#." AB $ 40oC ' " >"#." CD $ 10oC% *"( " /)" .' 1)"3$20') 04#(1*")

'( A% B% C ' D6 H/'#'(") .')*">#1# $ 0'(+'#$0/#$ '( .'0'#(12$.") +"20") .'))$ +3$*$6

 '9/$,-" 9/' #'!' " I/<" .' *$3"# 4 .$.$ +"#

∂T

∂t
= c

(

∂2T

∂x2
+

∂2T

∂y2

)

%

"2.' T 4 $ 0'(+'#$0/#$ 2/( +"20" (x, y)% t 4 " 12)0$20' .' 0'(+" ' c > 0 4 /($ *"2)0$20'
*$#$*0'#B)01*$ ." ($0'#1$3 .' 9/' 4 &'10$ $ +3$*$6

J" '9/13B>#1" 04#(1*"% $ 0'(+'#$0/#$ E 2-" 5$#1$ ($1) *"( " 0'(+"% ' +"#0$20"

∂T

∂t
= 0⇒

∂2T

∂x2
+

∂2T

∂y2
= 06

K'))$ &"#($% " +#">3'($ *"2)1)0' '( '2*"20#$# /($ &/2,-" T (x, y) 9/' )$01)&$,$ '))$
'9/$,-"6

7$#$ #')"35'# '))' +#">3'($ .' /($ &"#($ ($1) )1(+3')% +".'(") )/>)010/1# $ +3$*$

+"# /($ $+#"<1($,-" .1)*#'0$% 9/' *"2)1)0' '( /($ ($3=$ 9/$.#1*/3$.$6 J')0$ ($3=$%

$ 0'(+'#$0/#$ '( /( +"20" +".' )'# *$3*/3$.$ L.' &"#($ $+#"<1($.$M $0#$54) .$ (4.1$

$#10(401*$ .") 9/$0#" +"20") $.:$*'20')6

N$1"#') 12&"#($,O') )">#' " $))/20" ' $ .'("2)0#$,-" .'))' P301(" #')/30$." +".'(

)'# '2*"20#$.") '( QRS6

TU



 !"#$% &#" ' '()*' *! )"' !$&'+'% ' ,+'&' *' $!-)./0! 1#2"'3

 !"#$"!%&'() ! *&'+&%!*$%! ,() +(,*() Tij -! '!".! /$!-%0#$"!-!1 #(' i ∈ {0, . . . , 5}
& j ∈ {0, . . . , 5}2  ('( &3&'+"(1 4(0 -&)*!#!-( ( +(,*( T32 ,! 56$%!2

7 8&*(% -!) 8!%098&0) )&%9 -! 4(%'!

~x = {T11, T12, T13, T14, T21, T22, T23, T24,

T31, T32, T33, T34, T41, T42, T43, T44}2

7 8&*(% )("$:;( x )&6$0%9 &))! '&)'! (%-&,!:;(2

< *&'+&%!*$%! ,() +(,*() T0j, j ∈ {1, . . . , 4}1 = 06$!" ! 40
oC1 +(0) &)*&) +(,*() +&%*&,>

#&' !( ?(%-( AB2 <,!"(6!'&,*&1 ,() +(,*() Ti0, i ∈ {1, . . . , 4}1 /$& +&%*&,#&' !( ?(%-(

AC1 ! *&'+&%!*$%! = 06$!" ! 20oC2 @( '&)'( +&,)!'&,*(1 Ti5 = 20oC1 i ∈ {1, . . . , 4} &
T5j = 10oC1 j ∈ {1, . . . , 4}2

@;( ,() 0,*&%&))!' () +(,*() A = (0, 0)1 B = (0, 5)1 C = (5, 0) & D = (5, 5)1 +(0)
&)*;( 0)("!-() *&%'0#!'&,*&2

A('&'() &,*;( ( +(,*( T112 B&$) +(,*() !-C!#&,*&) );( T01 = 401 T10 = 201 T12 & T212

<))0'1 +&"! 4D%'$"! -! '=-0! !%0*'=*0#!1 *&'()

T11 =
T01 + T10 + T12 + T21

4
=

40 + 20 + T12 + T21

4
=

60 + T12 + T21

4

⇒ 4T11 − T12 − T21 = 602

E&+&*0,-( ( +%(#&))( +!%! () -&'!0) +(,*()1 *&'()

T12 =
40+T11+T13+T22

4
⇒ −T11 + 4T12 − T13 − T22 = 40F

T13 =
40+T12+T14+T23

4
⇒ −T12 + 4T13 − T14 − T23 = 40F

T14 =
40+T13+20+T24

4
⇒ −T13 + 4T14 − T24 = 60F

GH



T21 =
T11+20+T22+T31

4
⇒ −T11 + 4T21 − T22 − T31 = 20 

T22 =
T12+T21+T23+T32

4
⇒ −T12 − T21 + 4T22 − T23 − T32 = 0 

T23 =
T13+T22+T24+T33

4
⇒ −T13 − T22 + 4T23 − T24 − T33 = 0 

T24 =
T14+T23+20+T34

4
⇒ −T14 − T23 + 4T24 − T34 = 20 

T31 =
T21+20+T32+T41

4
⇒ −T21 + 4T31 − T32 − T41 = 20 

T32 =
T22+T31+T33+T42

4
⇒ −T22 − T31 + 4T32 − T33 − T42 = 0 

T33 =
T23+T32+T34+T43

4
⇒ −T23 − T32 + 4T33 − T34 − T43 = 0 

T34 =
T24+T33+20+T44

4
⇒ −T24 − T33 + 4T34 − T44 = 20 

T41 =
T31+20+T42+10

4
⇒ −T31 + 4T41 − T42 = 30 

T42 =
T32+T41+T43+10

4
⇒ −T32 − T41 + 4T42 − T43 = 10 

T43 =
T33+T42+T44+10

4
⇒ −T33 − T42 + 4T43 − T44 = 10 

T44 =
T34+T43+20+10

4
⇒ −T34 − T43 + 4T44 = 30!

 !"!" #$%&'($)*& +&, -'./.)012& 304%%.0)0

"#$%&'&()* + ,+-%./ +,01.+)+ )* #.#-&,+2 + 0+%-.% )+ 3*%,+ A× x = b2 -&,*#

























































4 −1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 60
−1 4 −1 0 0 −1 0 0 0 0 0 0 0 0 0 0 40
0 −1 4 −1 0 0 −1 0 0 0 0 0 0 0 0 0 40
0 0 −1 4 0 0 0 −1 0 0 0 0 0 0 0 0 60
−1 0 0 0 4 −1 0 0 −1 0 0 0 0 0 0 0 20
0 −1 0 0 −1 4 −1 0 0 −1 0 0 0 0 0 0 0
0 0 −1 0 0 −1 4 −1 0 0 −1 0 0 0 0 0 0
0 0 0 −1 0 0 −1 4 0 0 0 −1 0 0 0 0 20
0 0 0 0 −1 0 0 0 4 −1 0 0 −1 0 0 0 20
0 0 0 0 0 −1 0 0 −1 4 −1 0 0 −1 0 0 0
0 0 0 0 0 0 −1 0 0 −1 4 −1 0 0 −1 0 0
0 0 0 0 0 0 0 −1 0 0 −1 4 0 0 0 −1 20
0 0 0 0 0 0 0 0 −1 0 0 0 4 −1 0 0 30
0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 −1 0 10
0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 −1 10
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 30

























































.

4-.1./+()*5#& )+ 36%,71+ *8-.)+ 0+%+ * $91$71* )* $7#-* $*,07-+$.*(+1 (&#-& ,:-*)*2

3+/&,*# 7,+ 0%&'.#;* )&

<<



#(Elim.) =
4n3 + 9n2 − 7n

6
⇒ #(Elim.) =

4× 163 + 9× 162 − 7× 16

6

= 3096  !"#$%&"'

$ '"#"( #"$)*+$,$' !$#$ $  -."/%0 ,$ ' )1%0 , '*'."($2

3'." /4("# ! ," ,*(*/1*# !")$ 51$/.*,$," ," +"# ' "6*'."/."' /$ ($.#*+ A2 7"8$( '

9 (  !# 9"''  9 ##"2

: ("%$/, 9 ( $ 1a 9 )1/$; ."( ' 51" $/1)$# $!"/$' 9 (  ' ."#( ' a21 " a51; ! *'  '

,"($*' 8< '0 *=1$*' $ 02 >$#$ *'' ; !#*("*# '1-'.*.1?( ' L2 !")$ 9 (-*/$%0 L2 +
1
4
L1;

" "( '"=1*,$ L5; !")$ 9 (-*/$%0 L5 +
1
4
L12 @''*(; $ ($.#*+ '" . #/$

























































4 −1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 60
0 3,75 −1 0 −0,25 −1 0 0 0 0 0 0 0 0 0 0 55
0 −1 4 −1 0 0 −1 0 0 0 0 0 0 0 0 0 40
0 0 −1 4 0 0 0 −1 0 0 0 0 0 0 0 0 60
0 −0,25 0 0 3,75 −1 0 0 −1 0 0 0 0 0 0 0 35
0 −1 0 0 −1 4 −1 0 0 −1 0 0 0 0 0 0 0
0 0 −1 0 0 −1 4 −1 0 0 −1 0 0 0 0 0 0
0 0 0 −1 0 0 −1 4 0 0 0 −1 0 0 0 0 20
0 0 0 0 −1 0 0 0 4 −1 0 0 −1 0 0 0 20
0 0 0 0 0 −1 0 0 −1 4 −1 0 0 −1 0 0 0
0 0 0 0 0 0 −1 0 0 −1 4 −1 0 0 −1 0 0
0 0 0 0 0 0 0 −1 0 0 −1 4 0 0 0 −1 20
0 0 0 0 0 0 0 0 −1 0 0 0 4 −1 0 0 30
0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 −1 0 10
0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 −1 10
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 4 30
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 ! "#$# %&'(#) *+,#! ,-#%&.#$#/ 17 !0%1&2%&"#34-/ - 16 #$&34-/) 1+1#%&.#'$+ 33 +2-5
,#34-/ 2+, %&'(#6 7+ -'1#'1+) /8 *+& '-"-//9,&+ ,-2-1&, + 2,+"-$&!-'1+ 2#,# : %&'(#/6

 ! "# $ %%  !"#$%&"'

@ !# 9"'' A $/<) = $ $/1)$#  ' ."#( ' ," . ,$' $' 9 )1/$'2 B"'1(*/, ; ."#"( 'C

DE



 !"#$% × &!' "($)% + &!' "($)% # *+#%,-./ 0!1%" 2&3

4 56 57 8  !

8 57 59 9 ""#

9 59 58 9 "$%

7 58 54 9 "$$

6 54 55 9  &

: 55 5; 9 %'

< 5; = 9 (#

= = < 9 #%

5; < : 9 #$

55 : 6 9 )&

54 6 7 9 ''

58 7 9 8 &(

59 9 8 4 "'

57 8 4 5 )

*//. >?">#"! $!/ @? #A 1!1%" @. "$$) !&.'%,-./B &%'% ! ./>%"!$%A.$1! @% A%1'(C

%&'./.$1%@%3

 !A! D? E(/1!B 1'%$/F!'A%A!/ % A%1'(C %A&"(%@% ./>%"!$%@% .A #A /(/1.A% "($.%'

.+#(E%".$1. 1'(%$G#"%'B . .$>!$1'%A!/ !/ E%"!'./ @%/ ($>HG$(1%/B >!A.,%$@! &!' T44 .

1.'A($%$@! .A T113 I.//% F!'A%B !J1.A!/B >!A! /!"#,K!B ! E.1!'

x = {27,79768376; 27,81952297; 30,27965058; 28,41271564; 23,37121208; 24,88636358;
24,88636360; 23,37121214; 19,96212121; 20,11363632; 20,11363635;
19,96212123; 16,36363634; 15,49242425; 15,49242425; 16,36363635}3

L./1% /.G#$@% &%'1.B $K! )? E%$1%G.A /. 1.A!/ A#(1!/ >!.M>(.$1./ (G#%(/ % 0 !# $K!B
&!(/ ! >!A&#1%@!' F%'? % >!$1% @. +#%"+#.' F!'A%3 N!@.A!/ .$1K! #/%' % FH'A#"% !J1(@%

&%'% ! >?">#"! @! >#/1! >!A&#1%>(!$%" $% F%/. @. !J1.$,K! @%/ ($>HG$(1%/3 O//(AB

#(Op.) = n2 ⇒ #(Op.) = 162 = 256 !&.'%,-./3

O//(AB ! 1!1%" @. !&.'%,-./ $.>.//?'(%/ &%'% % './!"#,K! @! /(/1.A% %&'./.$1%@!B

#1("(C%$@!P/. @% ."(A($%,K! Q%#//(%$%B R (G#%" % 5;;7 S 476 T "&#" *+,-./0,13

U.D%A!/ .//% >!$1%G.A %1'%ER/ @! AR1!@! @. Q%#//PV.(@."3

'2"2& 3,1*45,67* +*- 8.911:;,<7,4

N'(A.('%A.$1.B ! >'(1R'(! @. V%//.$F."@ $!/ G%'%$1. +#. % /.+#W$>(% { ~x(k)} G.'%@%
&."! AR1!@! >!$E.'G. &%'% % /!"#,K!3 I. F%1!B 1.A!/ +#.B &%'% % A%1'(C A '."%1(E% %!

&'!J".A%B

β = max
1≤i,j≤4

{βij} = β33 = 0,93359375 < 13

6<



 !"#$%&' & (!)&*

~x(k) = {T
(k)
11 , T

(k)
12 , T

(k)
13 , T

(k)
14 , T

(k)
21 , T

(k)
22 , T

(k)
23 , T

(k)
24 ,

T
(k)
31 , T

(k)
32 , T

(k)
33 , T

(k)
34 , T

(k)
41 , T

(k)
42 , T

(k)
43 , T

(k)
44 }+

,&%& - )!%.!*-)/*- #&' 0&*1&' (-*$- !#)*! 10oC ! 40oC2 )&%!%&' & .&#)& %31$&2
25oC+ 4''$%2 !'5&67!%&' - -.*&8$%-9:& $#$5$-6

~x(0) = {25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25; 25}+

4 ;<*%/6- 1! $)!*-9:& 3 1-1- .&*



























































































































































T
(k+1)
11 =

T
(k)
12 +T

(k)
21 +60

4

T
(k+1)
12 =

T
(k+1)
11 +T

(k)
13 +T

(k)
22 +40

4

T
(k+1)
13 =

T
(k+1)
12 +T

(k)
14 +T

(k)
23 +40

4

T
(k+1)
14 =

T
(k+1)
13 +T

(k)
24 +60

4

T
(k+1)
21 =

T
(k+1)
11 +T

(k)
22 +T

(k)
31 +20

4

T
(k+1)
22 =

T
(k+1)
12 +T

(k+1)
21 +T

(k)
23 +T

(k)
32

4

T
(k+1)
23 =

T
(k+1)
13 +T

(k+1)
22 +T

(k)
24 +T

(k)
33

4

T
(k+1)
24 =

T
(k+1)
14 +T

(k+1)
23 +T

(k)
34 +20

4

T
(k+1)
31 =

T
(k+1)
21 +T

(k)
32 +T

(k)
41 +20

4

T
(k+1)
32 =

T
(k+1)
22 +T

(k+1)
31 +T

(k)
33 +T

(k)
42

4

T
(k+1)
33 =

T
(k+1)
23 +T

(k+1)
32 +T

(k)
34 +T

(k)
43

4

T
(k+1)
34 =

T
(k+1)
24 +T

(k+1)
33 +T

(k)
44 +20

4

T
(k+1)
41 =

T
(k+1)
31 +T

(k)
42 +30

4

T
(k+1)
42 =

T
(k+1)
32 +T

(k+1)
41 +T

(k)
43 +10

4

T
(k+1)
43 =

T
(k+1)
33 +T

(k+1)
42 +T

(k)
44 +10

4

T
(k+1)
44 =

T
(k+1)
34 +T

(k+1)
43 +30

4

.

=' *!'/6)-1&' &0)$1&' - 5-1- $)!*-9:& ':& &' '!>/$#)!'?

@

a
A)!*-9:&?

x(1) = {27,5; 29,375; 29,84375; 28,7109375; 24,375; 25,9375; 26,4453125;
25,0390625; 23,59375; 24,8828125; 25,33203125; 23,84277344; 19,6484375; 19,8828125;

20,05371094; 18,47412109}B

d
(1)
r = 0,218668194+

C

a
A)!*-9:&?

DE



x(2) = {28,4375; 31,0546875; 31,55273438; 29,14794922; 24,4921875; 26,71875;
27,16064453; 25,0378418; 22,25585938; 23,54736328; 23,65112305;
21,79077148; 18,03466797; 17,90893555; 17,50854492; 17,3248291} 

d
(2)
r = 0,080663881!

!

!

!

"

a
#$%&'()*+

x(8) = {28,81861614; 31,41742424; 31,37340094; 28,7365699; 23,61612155;
25,20987861; 25,14958141; 23,50314542; 20,16343934; 20,37793396; 20,32780475;

20,06921902; 16,46492245; 15,62503243; 15,59969077; 16,41722745} 

d
(8)
r = 0,005302193!

,

a
#$%&'()*+

x(9) = {28,75838645; 31,3354165; 31,30539195; 28,70213434; 23,5329261;
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d
(9)
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⇒ #(Op.) = 9× (2n2 − n), n = 16⇒ #(Op.) = 9× (2× 162 − 16) =   ! "#$%&'($)!
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0" k !"#"3)' #(Elim.) < #(Gauss− Seidel)1 6)3$-0) k >
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4n2 + 9n− 7

6(2n− 1)

⇒ k >
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6n(2n− 1)
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6
.
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=
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