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1 INTRODUÇÃO

❆ ♠❛t❡♠✓❛t✐❝❛ ❡st✓❛ ♣r❡s❡♥t❡ ❞❡s❞❡ ♠✉✐t♦ ♥❛ ❤✐st✓♦r✐❛ ❞❛ ❤✉♠❛♥✐❞❛❞❡ ❡ ❛♦ ❧♦♥❣♦ ❞❡

s✓❡❝✉❧♦s ❡ ♠✐❧❫❡♥✐♦s ❡❧❛ ❛♣❛r❡❝❡ ♦r❛ ❝♦♠ ♠❛✐♦r✱ ♦r❛ ❝♦♠ ♠❡♥♦r ✐♥t❡♥s✐❞❛❞❡✳ ❖ s❡✉ ❡st✉❞♦

❡ ❝♦♠♦ ❢♦✐ ♣❛ss❛❞♦ ❛tr❛✈✓❡s ❞♦ t❡♠♣♦ ♠✉❞♦✉ ♠✉✐t♦✱ ♣♦r✓❡♠ ❛ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ❡①❡r❝❡

❢❛s❝✓✏♥✐♦ ❛♣❡♥❛s ♣♦r s❡r ❝❛♣❛③ ❞❡ ❡①✐st✐r ♣♦r s❡ s✓♦✱ ♠❛s t❛♠❜✓❡♠ ♣♦r tr❛t❛r ❞❡ ❛❧❣♦ q✉❡

s❡♠♣r❡ ❡st❡✈❡ ♣r❡s❡♥t❡ ♥❛ ✈✐❞❛ ❞♦s s❡r❡s ❤✉♠❛♥♦s✿ ♦s ♣r♦❜❧❡♠❛s✳

❆♣r❡♥❞❡r ❛ ❧✐❞❛r ❝♦♠ ♣r♦❜❧❡♠❛s✱ ❡ ✐♥t❡r♣r❡t✓❛✲❧♦s ❢♦✐ ❛♦ ❧♦♥❣♦ ❞❡ ♣❡r✓✏♦❞♦s ✉♠ ❢❛t♦r

♣♦❞❡r♦s♦ ✒❛s ❝✐✈✐❧✐③❛✘❝⑦♦❡s q✉❡ t❡♥t❛✈❛♠ s❡ ☞r♠❛r s♦❜r❡ ❛ t❡rr❛✳ ▼✉✐t❛s ❝✉❧t✉r❛s ❞❡✐①❛r❛♠

s❡✉ ❧❡❣❛❞♦ ❡♠ tr❛t❛❞♦s✱ ❝♦♥str✉✘❝⑦♦❡s ❡ ❢♦r♠❛s ❞❡ ♣❡♥s❛r ❡ r❛❝✐♦❝✐♥❛r✳ ❍♦❥❡ t❡♠♦s ❛

♥♦ss❛ ❞✐s♣♦s✐✘❝⑦❛♦ ♠✉✐t♦s ❞♦s ♣r♦❜❧❡♠❛s q✉❡ ✐♥st✐❣❛✈❛♠ ♦s ❛♥t✐❣♦s ❡ ♣♦❞❡♠♦s ❛❞♠✐r❛r

❛s s♦❧✉✘❝⑦♦❡s q✉❡ ♠✉✐t❛s ✈❡③❡s ♦✉tr♦s ♣♦✈♦s ❡♠ ✓❡♣♦❝❛s ❞✐❢❡r❡♥t❡s ❝♦♥s❡❣✉✐❛♠ ❛♣r❡s❡♥t❛r✳

❊♠❜♦r❛ ♠✉✐t♦s ♣r♦❜❧❡♠❛s ❥✓❛ t❡♥❤❛♠ s✐❞♦ r❡s♦❧✈✐❞♦s ❛✐♥❞❛ ❡①✐st❡♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s

❡♠ ❛❜❡rt♦✳ ❋❛③❡r ❝♦♠ q✉❡ ❛s ♥♦✈❛s ❣❡r❛✘❝⑦♦❡s s❡ ✐♥t❡r❡ss❡♠ ♣❡❧❛ ♠❛t❡♠✓❛t✐❝❛ ❡ ♣❡❧♦ s❡✉

♣♦❞❡r ✓❡ ❛❧❣♦ q✉❡ ❡st✓❛ ☞❝❛♥❞♦ ♠❛✐s ❞✐❢✓✏❝✐❧ ❞❡✈✐❞♦ ❛ ♣r❡s❡♥✘❝❛ ❞❡ t❛♥t♦s ❛tr❛t✐✈♦s ❞♦ ♠✉♥❞♦

❛t✉❛❧✳

❖ t❡①t♦ q✉❡ s❡ s❡❣✉❡ ✓❡ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ♠♦t✐✈❛r t❛♥t♦ ♦s ❛❧✉♥♦s ❞♦ ❡♥s✐♥♦ ❢✉♥✲

❞❛♠❡♥t❛❧ ❡ ♠✓❡❞✐♦ ❝♦♠♦ ♦s ♣r♦❢❡ss♦r❡s ♣❛r❛ ❛ ♠✓❛❣✐❝❛ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ♣♦ss✉✐✱ ❛❧❣♦

q✉❛s❡ ♠✓✏st✐❝♦✱ ♦✉ ❝♦♠♦ ❞✐r✐❛♠ ❛❧❣✉♥s ♣♦✈♦s ❛♥t✐❣♦s✱ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞✐❣♥♦ ❛♣❡♥❛s

❞♦s ❞❡✉s❡s✳ ❯s❛r ♣r♦❜❧❡♠❛s q✉❡ ♣❛r❡✘❝❛♠ ❛❞✐✈✐♥❤❛✘❝⑦♦❡s ♦✉ tr✉q✉❡s✱ q✉❡ ♣❡r♠✐t❛♠ ❛♦s

❛❧✉♥♦s ✉♠ ♦❧❤❛r ❞✐❢❡r❡♥t❡ ❡ ❝✉r✐♦s♦ ❛ ❝❡r❝❛ ❞❡ss❛ ❞✐s❝✐♣❧✐♥❛ q✉❡ ✈❡♠ s❡♥❞♦ tr❛t❛❞❛ ❝♦♠♦

♣❛r❛ ♦s s✓❛❜✐♦s ❡ ✐♥t❡❧❡❝t✉❛✐s✱ ❞❡s♠✐t✐☞❝❛r ❡ss❛ ❝✉❧t✉r❛ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ✓❡ ❞✐❢✓✏❝✐❧ ♣♦r

✐ss♦ ♦s ❛❧✉♥♦s ♥⑦❛♦ ❣♦st❛♠ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♥⑦❛♦ ❛♣r❡♥❞❡♠✳ ❚♦❞❛s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s

♣♦ss✉❡♠ ♦ s❡✉ ❣r❛✉ ❞❡ ❞✐☞❝✉❧❞❛❞❡✱ ♣♦❞❡♠♦s t❡♥t❛r ♠✉❞❛r ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡ ❛t❡♥t❛r

♣❛r❛ ♦ ❧❛❞♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ q✉❡ ♣♦ss✉✐ ❜❡❧❡③❛ ❡♠ s❡✉s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ss✐♠ q✉❛♥❞♦ ♥♦s

❞❡♣❛r❛r♠♦s ❝♦♠ s✉❛s ❞✐☞❝✉❧❞❛❞❡s ♥⑦❛♦ ❞❡s✐st✐r♠♦s ❢r❡♥t❡ ❛ ❡❧❡s✱ ❛♣r❡♥❞❡r ❛ ❣♦st❛r ❞❡ss❡

♠♦❞♦ ❞❡ ♣❡♥s❛r q✉❡ ♣❡r♠✐t❡ ♥♦✈❛s ❞❡s❝♦❜❡rt❛s✳

◆⑦❛♦ ♣r❡t❡♥❞❡♠♦s ❢❛③❡r ✉♠ tr❛t❛❞♦ s♦❜r❡ ❝♦♠♦ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✱ P♦❧②❛ ❥✓❛ ❢❡③ ✐ss♦

♠✉✐t♦ ❜❡♠✱ ♥❡♠ ❡s❝r❡✈❡r ✉♠ ❡st✉❞♦ ❛①✐♦♠✓❛t✐❝♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ❡♠ s✉❛ ❢♦r♠❛ ♠❛✐s ♣✉r❛
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❝♦♠♦ ❡st✓❛ ♥♦s ❧✐✈r♦s ❞✐❞✓❛t✐❝♦s✳ ❖ q✉❡ ❢❛③❡♠♦s ❛q✉✐ ✓❡ ❛♣r❡s❡♥t❛r ✉♠❛ ❢♦r♠❛ q✉❡ ♣♦ss❛

❢❛③❡r ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s ❛ ❝♦♥str✉✓✏r❡♠ ✉♠❛ ♠❛t❡♠✓❛t✐❝❛ q✉❡ ❡st❡❥❛ ❧✐❣❛❞❛ ❛ ♣r♦❜❧❡♠❛s

❝♦♠ ♦s q✉❛✐s ♦s ❡st✉❞❛♥t❡s ♣♦ss❛♠ s❡ ✐❞❡♥t✐☞❝❛r ❡ s❡ ✐♠♣♦rt❛r ❝♦♠ ❡ss❡s ♣r♦❜❧❡♠❛s

♣♦rq✉❡ ♣❡♥s❛r s♦❜r❡ ❡❧❡s tr❛③ ♣r❛③❡r ❡ s❡♠ ♣❡r❞❡r ♦ ❢♦❝♦ ♥❛ ♣❛rt❡ t❡✓♦r✐❝❛✱ ♣♦r✓❡♠ q✉❡

❛❥✉❞❡ ❛ ☞①❛r ✐❞❡✐❛s ❡ ♠✓❡t♦❞♦s ♥❛ ❝♦♥str✉✘❝⑦❛♦ ❞❡ r❡s♦❧✉✘❝⑦♦❡s ❞❡ s✐t✉❛✘❝⑦♦❡s ♠❛✐s ❛tr❛❡♥t❡s

❛♦s ❛❧✉♥♦s✳

❖ tr❛❜❛❧❤♦ ❡st✓❛ ❞✐✈✐❞✐❞♦ ❡♠ tr❫❡s ♣❛rt❡s✿ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ s❡ ❞❡st✐♥❛ ❛♦ ❡♥s✐♥♦ ❞❛

♠❛t❡♠✓❛t✐❝❛ ❡ ❞❛ r❡s♦❧✉✘❝⑦❛♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ tr❛t❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛✲

t❡♠✓❛t✐❝♦ ❝♦♠♦ ❡♥❝♦♥tr❛♠♦s ♥♦s ❧✐✈r♦s ❞❡ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♠✓❡❞✐♦ ❡ t❛♠❜✓❡♠ s✉♣❡r✐♦r

❡ ♣♦r ✓✉❧t✐♠♦ ✉♠❛ ♣❛rt❡ ❞❡st✐♥❛❞❛ ❛♦s ♣r♦❜❧❡♠❛s✱ ❝♦♠ ❝♦♠❡♥t✓❛r✐♦s ❡ s♦❧✉✘❝⑦♦❡s ✉s❛♥❞♦ ❛

t❡♦r✐❛ ♠❛t❡♠✓❛t✐❝❛ ❛♣r❡s❡♥t❛❞❛✳

❈♦♠ r❡❧❛✘❝⑦❛♦ ❛♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ❞❡st❛❝❛♠♦s ❛ ✐♠♣♦rt❫❛♥❝✐❛ ❡♠ ♠❡s❝❧❛r ❡♠ ✉♠

❝✉rs♦✱ ❝♦♥❝❡✐t♦s ❥✓❛ ❡♥r❛✐③❛❞♦s ♣❡❧❛ ♠❛t❡♠✓❛t✐❝❛ ❝♦♠♦ ❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ❛❧❣✓❡❜r✐❝❛✱ ♠❛s s❡♠

♣❡r❞❡r ♦ ❢♦❝♦ ♥❛ ♣❛rt❡ ❝♦♥❝❡✐t✉❛❧ ❡ ♥❛s ❛♣❧✐❝❛✘❝⑦♦❡s✳ ❚❛♠❜✓❡♠ ❞❡st❛❝❛♠♦s ❛ r❡❧❡✈❫❛♥❝✐❛ ❞♦s

♣r♦❜❧❡♠❛s q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ tr❛③✱ ♠❛s q✉❡ ❛tr❛✈✓❡s ❞❡ ❢❡rr❛♠❡♥t❛s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r

s♦❧✉✘❝⑦♦❡s ❡ ♠✓❡t♦❞♦s ❞❡ ❝♦♠♦ ✐♥t❡r❛❣✐r ❝♦♠ ♦s ♣r♦❜❧❡♠❛s✳ P♦r ☞♠✱ r❡ss❛❧t❛♠♦s ❛ ❢♦r♠❛

❝♦♠ q✉❡ ❞❡✈❡♠♦s ❛❜♦r❞❛r ♦s ♣r♦❜❧❡♠❛s ❡ q✉❛✐s ♠❡❝❛♥✐s♠♦s ❡ ♣❛ss♦s s⑦❛♦ ❡ss❡♥❝✐❛✐s

♥❛ ❜✉s❝❛ ❞❛s s✉❛s s♦❧✉✘❝⑦♦❡s ❡ ❝♦♠♦ ✉s❛r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛❞q✉✐r✐❞♦ ♣❛r❛ r❡s♦❧✈❡r ♥♦✈♦s

♣r♦❜❧❡♠❛s✳

❏✓❛ ♥♦ q✉❡ s❡ ❞✐③ r❡s♣❡✐t♦ ❛ ♠❛t❡♠✓❛t✐❝❛ ❡♠ s✉❛ ❢♦r♠❛ ✉s❛❞❛ ♥♦s ❧✐✈r♦s✱ ❞❡st❛❝❛♠♦s

✉♠❛ s✓❡r✐❡ ❞❡ t✓♦♣✐❝♦s ♥❡❝❡ss✓❛r✐♦s ♣❛r❛ ❛ r❡s♦❧✉✘❝⑦❛♦ ❞♦s ♣r♦❜❧❡♠❛s q✉❡ s❡r⑦❛♦ ❛♣r❡s❡♥t❛✲

❞♦s✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r ♣r♦❜❧❡♠❛s ♠♦t✐✈❛♥t❡s ❡♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s ❝♦♥t❡✓✉❞♦s✱

❛q✉✐ ❧✐st❛♠♦s ❛♣❡♥❛s ❛❧❣✉♥s✱ ❡ ❝♦♠♦ s⑦❛♦ tr❛t❛❞♦s ❡♠ ❧✐✈r♦s ❞❡ ❡♥s✐♥♦✳ ❈♦♠❡✘❝❛♠♦s ❝♦♠

❛ ♣❛rt❡ ❛❧❣✓❡❜r✐❝❛ t⑦❛♦ ❝♦♠✉♠❡♥t❡ ✉s❛❞❛ ♥❛s s❛❧❛s ❞❡ ❛✉❧❛✱ ♠❛s q✉❡ ♠✉✐t❛s ✈❡③❡s ❝❛✐

♥❛ r♦t✐♥❛ ❡ ♣❛ss❛ ♣❛r❛ ♦s ❛❧✉♥♦s q✉❡ ❡ss❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❡st✓❛ ♣r❡s♦ ❛♣❡♥❛s ❛♦s ❧✐✈r♦s ❡

❛s ♣r♦✈❛s✱ ❡ ♥⑦❛♦ ♣♦ss✉✐ s✉❛ ❞❡✈✐❞❛ ❛tr❛t✐✈✐❞❛❞❡ ❞❡♠♦♥str❛❞❛ ❛♦s ❡st✉❞❛♥t❡s✳ ❖✉tr♦s

❛ss✉♥t♦s ❝♦♠♦ ❡q✉❛✘❝⑦♦❡s✱ s✐st❡♠❛s ❞❡ ❡q✉❛✘❝⑦♦❡s✱ s✐st❡♠❛s ❞❡ ♥✉♠❡r❛✘❝⑦❛♦✱ ❛❧✓❡♠ ❞❡ ♣r♦❜❛✲

❜✐❧✐❞❛❞❡ ❡ s❡q✉❫❡♥❝✐❛s s⑦❛♦ ❛♣r❡s❡♥t❛❞♦s ❛ ☞♠ ❞❡ t♦r♥❛r ♠❛✐s ♣r♦✈❡✐t♦s♦ ❛♦ ♣r♦❢❡ss♦r ❛

❡①♣❧♦r❛✘❝⑦❛♦ ❞♦s ♣r♦❜❧❡♠❛s ❡ s✉❛s s♦❧✉✘❝⑦♦❡s✳

❈♦♠ r❡❧❛✘❝⑦❛♦ ❛♦s ♣r♦❜❧❡♠❛s✱ ❡st❡s ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞♦s ♣♦r ♣♦ss✉✓✏r❡♠ ✉♠❛ ♣❡❝✉❧✐❛✲

r✐❞❛❞❡ ❞❡ s❡r❡♠ tr❛t❛❞♦s ♥⑦❛♦ ❝♦♠♦ ❛♣❡♥❛s s✐t✉❛✘❝⑦♦❡s ❞♦ ❝♦t✐❞✐❛♥♦ ♦✉ ❝♦♠♦ ❣❡r❛❧♠❡♥t❡

s⑦❛♦ ♥♦s ❧✐✈r♦s✱ ♠❛s ❝♦♠♦ ❝✉r✐♦s✐❞❛❞❡s✱ tr✉q✉❡s✱ ❛❞✐✈✐♥❤❛✘❝⑦♦❡s ❡ ❡♥✐❣♠❛s✳ ❆❝r❡❞✐t❛♠♦s

q✉❡ ❛ ♠❡♥t❡ ❤✉♠❛♥❛ s❡ ❝♦♥s❡❣✉❡ s❡ ✐♠♣♦rt❛r ❝♦♠ ✉♠❛ s✐t✉❛✘❝⑦❛♦ ❡ r❡❛❧♠❡♥t❡ s❡ ✐♥tr✐❣❛

❝♦♠ ✉♠❛ q✉❡st⑦❛♦✱ ❡❧❛ ♥⑦❛♦ s❡ ❞❡t✓❡♠ ❡ ❜✉s❝❛ ✐♥t❡♥s❛♠❡♥t❡ ✉♠❛ ❡①♣❧✐❝❛✘❝⑦❛♦✱ ✉♠❛ s♦❧✉✘❝⑦❛♦
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♠✉✐t❛s ✈❡③❡s ♣♦r t❡♥t❛t✐✈❛✳ ❈❛❜❡ ❛♦ ♣r♦❢❡ss♦r ✐♥st✐❣❛r ❡ss❛ ❜✉s❝❛ ♣❛r❛ q✉❡ ♦s ❡st✉❞❛♥t❡s

s❡ ❛❝♦st✉♠❡♠ ❝♦♠ ♣r♦❜❧❡♠❛s ❡ ♣♦r ♣r♦❝✉r❛r s♦❧✉✘❝⑦♦❡s✱ s❡♠ ❞❡s✐st✐r ❡ ❛ ♠❡❞✐❞❛ ❞❡ s❡

❛❝♦st✉♠❛r❡♠ ❝♦♠ ❡ss❡s ♣r♦❜❧❡♠❛s✱ ♣♦ss❛♠ ❜✉s❝❛r ❝❛❞❛ ✈❡③ ♠❛✐s ♥♦✈♦s ❞❡s❛☞♦s ❜❡♠

❝♦♠♦ ♠❡✐♦s ❞❡ ❝♦♠♦ r❡s♦❧✈❫❡✲❧♦s✳

❆ ♣❛rt✐r ❞❡ ❢♦r♠❛s ♠❡t♦❞♦❧✓♦❣✐❝❛s✱ ♣♦❞❡♠♦s ❝♦♥s❡❣✉✐r ✉♠ ♠❡✐♦ t❡r♠♦ ❡♥tr❡ t❡♦r✐❛

❡ ♣r✓❛t✐❝❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ✉♠ ♠❛✐♦r ❛♣r❡♥❞✐③❛❞♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ❡ ❞❡ s❡✉s ♠✓❡t♦❞♦s✳ ❖

❡st✉❞❛♥t❡ q✉❡ r❡❛❧♠❡♥t❡ ❛♣r❡♥❞❡r ♦s ❝♦♥❝❡✐t♦s ❜✓❛s✐❝♦s ❡♥q✉❛♥t♦ ♥❛ ✈✐❞❛ ❡s❝♦❧❛r✱ ❛❝❛r✲

r❡t❛r✓❛ ❡♠ ✉♠ ❛❞✉❧t♦ ❝♦♠ ♠❛✐♦r ♣♦❞❡r ❞❡ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❝r✓✏t✐❝❛ ❞❡ ♠✉♥❞♦ ❡ ♦ ❛❥✉❞❛r✓❛ ❛

t♦♠❛r ❞❡❝✐s⑦♦❡s ❛♦ ❧♦♥❣♦ ❞❡ s✉❛ ✈✐❞❛✳
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2 MATEMÁTICA E ENSINO

2.1 Ensino da matemática

❉✉r❛♥t❡ t♦❞❛ ❛ ✈✐❞❛ ❞❡ ✉♠❛ ♣❡ss♦❛ ❡❧❛ s❡ ❞❡♣❛r❛ ❝♦♠ ✐♥✓✉♠❡r♦s ♣r♦❜❧❡♠❛s ❡ s✐t✉❛✘❝⑦♦❡s

q✉❡ ❛ ❢❛③❡♠ ♣❡♥s❛r✱ ♣❛r❛r ❡ r❛❝✐♦❝✐♥❛r ✉♠ ♣♦✉❝♦ ♠❛✐s✱ ❡♠ ♠✉✐t❛s ❞❡ss❛s s✐t✉❛✘❝⑦♦❡s✱ ❡❧❛

✉s❛ ♠⑦❛♦ ❞♦ r❛❝✐♦❝✓✏♥✐♦ ❞✐t♦ ♠❛t❡♠✓❛t✐❝♦✱ ♠✉✐t❛s ✈❡③❡s s❡♠ s❡q✉❡r s❛❜❡r ❞✐ss♦✳

◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ✐♥✐❝✐❛♠♦s ♥♦ss❛ ❥♦r♥❛❞❛ ❡st✉❞❛♥t✐❧✱ s♦♠♦s ❛♣r❡s❡♥t❛❞♦s ❛ ✉♠❛

s❡q✉❫❡♥❝✐❛ ❞❡ s❛❜❡r❡s ❛❝✉♠✉❧❛❞♦s ❡ ✈❛♠♦s ♥♦s ❛❞❛♣t❛♥❞♦ ❛ ❞✐✈❡rs❛s s✐t✉❛✘❝⑦♦❡s ❡ ❡♠ ✉♠

❞❡t❡r♠✐♥❛❞♦ ♠♦♠❡♥t♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ✉♠ s❛❜❡r✱ ✉♠❛ ❞✐s❝✐♣❧✐♥❛ q✉❡✱ ♦r❛ ♣❛r❡❝❡

❡st❛r ♣r❡s❡♥t❡ ❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦✱ ♦r❛ t⑦❛♦ ❞✐st❛♥t❡ q✉❡ t❛❧✈❡③ s❡ ❝❤❡❣✉❡ ❛ q✉❡st✐♦♥❛r s✉❛

✈❡r❞❛❞❡✐r❛ ✉t✐❧✐❞❛❞❡✱ ❡ss❛ ❞✐s❝✐♣❧✐♥❛✱ ✓❡ ❛ ▼❛t❡♠✓❛t✐❝❛✱ ✉♠❛ ❈✐❫❡♥❝✐❛ ❊①❛t❛ q✉❡ ❛❝✉♠✉❧❛

❛♠♦r❡s ❡ ✓♦❞✐♦s ❞❛ s♦❝✐❡❞❛❞❡✳

✓❊ ❝♦♠✉♠ ❡♥❝♦♥tr❛r♠♦s ♣❡ss♦❛s q✉❡ ❥✓❛ ❝♦♥❝❧✉✓✏r❛♠ ♦ ❡♥s✐♥♦ ❜✓❛s✐❝♦ q✉❡ ♣♦ss✉❡♠ ✉♠❛

✐♠❡♥s❛ ❛✈❡rs⑦❛♦ ✒❛ ♠❛t❡♠✓❛t✐❝❛✱ ♠✉✐t❛s ❞❡ss❛s ♣❡ss♦❛s ❝❤❡❣❛♠ ❛ ❢❛❧❛r✱ s❡ ✈❛♥❣❧♦r✐❛♥❞♦✱ q✉❡

♥⑦❛♦ s❛❜❡♠ ❞❡ ♥❛❞❛ ❞❡ ♠❛t❡♠✓❛t✐❝❛✱ ♦✉tr❛s ❛❝❤❛♠ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ s❡ r❡s✉♠❡ ❛ ❢❛③❡r

❝✓❛❧❝✉❧♦s ❝♦♠ ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ❡ ❡♥☞♠✱ t✉❞♦ q✉❡ ✈✐r❛♠ ♥❛ ✈✐❞❛ ❡s❝♦❧❛r ✓❡ ✐♥✓✉t✐❧ ❡ ♥⑦❛♦ t❡♠

♥❡♥❤✉♠❛ s❡r✈❡♥t✐❛ ♥❛ ✈✐❞❛ ♣r✓❛t✐❝❛✱ ❡ss❛ ❛✈❡rs⑦❛♦ ❡ ❡ss❡ ♣❡♥s❛♠❡♥t♦ s⑦❛♦ ❝♦♥s❡q✉❫❡♥❝✐❛s ❞❡

✉♠ ❡♥s✐♥♦ s❡♠ ♣r❡t❡♥s⑦♦❡s ❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ s❡ ✉♠❛ ♣❡ss♦❛ ❞❡♠♦♥str❛

❛❧❣✉♠ s❛❜❡r ♠❛t❡♠✓❛t✐❝♦ ♣✓♦s ❡s❝♦❧❛✱ ❡ss❛ ♣❡ss♦❛ ✓❡ ❞✐t❛ q✉❛s❡ q✉❡ ✉♠ ❣❫❡♥✐♦✱ ❛❧❣✉✓❡♠

♠✉✐t♦ ✐♥t❡❧✐❣❡♥t❡✱ ♦♥❞❡ ♦ q✉❡ ❡ss❛ ♣❡ss♦❛ ✒❛s ✈❡③❡s ❞❡♠♦♥str❛ ❡r❛ ♦ q✉❡✱ ❡♠ t❡s❡✱ t♦❞❛

✉♠❛ s♦❝✐❡❞❛❞❡ q✉❡ ❝♦♥❝❧✉✐✉ ♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ s♦✉❜❡ss❡✳

❙❛❜❡♠♦s q✉❡ ♦ ❡st✉❞♦ ❞❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ♠❛t❡♠✓❛t✐❝❛ ❡ ❞❡ ♣♦rt✉❣✉❫❡s ♦❝✉♣❛♠ ✉♠❛

❣r❛♥❞❡ ♣❛rt❡ ❞❡ ❝❛r❣❛ ❤♦r✓❛r✐❛ ♥❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r✱ ❡♥t⑦❛♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r q✉❡ ♦s ❡s✲

t✉❞❛♥t❡s s❛✓✏ss❡♠ ❞❛ ❡s❝♦❧❛ ❝♦♠ ✉♠❛ ❜❛❣❛❣❡♠ ❡①t❡♥s❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ♥❡ss❛s ✓❛r❡❛s✱

♥♦ ❡♥t❛♥t♦✱ ♣♦✉❝❛s ♣❡ss♦❛s ❛❧❡❣❛♠ s✉❛ ❞❡☞❝✐❫❡♥❝✐❛ ♥♦ ♣♦rt✉❣✉❫❡s✱ ♥✐♥❣✉✓❡♠ s❛✐ ❢❛❧❛♥❞♦

q✉❡ ❡s❝r❡✈❡ t✉❞♦ ❡rr❛❞♦✱ q✉❡ ♥⑦❛♦ ✓❡ ❝❛♣❛③ ❞❡ ❡s❝r❡✈❡r ✉♠❛ r❡❞❛✘❝⑦❛♦✱ ♦✉ ❡♥t⑦❛♦ q✉❡ ♥⑦❛♦

❝♦♥s❡❣✉❡ ❢❛❧❛r ❝♦♠ ❝♦♥❝♦r❞❫❛♥❝✐❛✱ ♣♦r✓❡♠ ❥✓❛ ❡st✓❛ ✐♠♣r❡❣♥❛❞♦ ♥❛ s♦❝✐❡❞❛❞❡ q✉❡ ♥✐♥❣✉✓❡♠

s❛❜❡ ♦♣❡r❛r ❝♦♠ ❢r❛✘❝⑦♦❡s ❡ ♥❡♠ ♠❡s♠♦ ✉s❛r ❛s ♦♣❡r❛✘❝⑦♦❡s ❢✉♥❞❛♠❡♥t❛✐s s✐♠♣❧❡s s❡♠



✶✺

✉s❛r ♣♦r ❡①❡♠♣❧♦ ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ ❞✐✈✐s⑦❛♦ ♣♦r ✉♠ ♥✓✉♠❡r♦ ❞❡ ❞♦✐s

❞✓✏❣✐t♦s ♦✉ ♠❛✐s✱ ♦ q✉❡ s❡ ❡s♣❡r❛r ❞❡ ❛❧❣✉✓❡♠ q✉❡ ❝♦♥❝❧✉✐✉ ♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ ❡ s❛✐ ❝♦♠ ❡ss❛s

❞❡☞❝✐❫❡♥❝✐❛s❄

▼✉✐t❛s ❞♦s ❝♦♥t❡✓✉❞♦s ❡♥s✐♥❛❞♦s ❡♠ t♦❞❛s ❛s ❞✐s❝✐♣❧✐♥❛s✱ ♥⑦❛♦ s⑦❛♦ ❛ss✐♠✐❧❛❞♦s ♣❡❧❛

♠❛✐♦r✐❛ ❞❛s ♣❡ss♦❛s✱ ❛♣❛r❡❝❡♠ ❛s ♠✉✐t❛s ❞✐☞❝✉❧❞❛❞❡s✱ ♠❡s♠♦ ♥❛q✉❡❧❡s q✉❡ ❝♦♥❝❧✉✓✏r❛♠

♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✱ ♥⑦❛♦ ✓❡ r❡❧❛t✐✈♦ ❛ ♠✐♥❤❛ ✓❛r❡❛✱ ❞✐③❡♠ ♦s ♣r♦❢❡ss♦r❡s✱ ❝♦♠♦ ✉♠ ♠❡✐♦ ❞❡

❡s❝❛♣❛r ❞❛ ❞❡❢❛s❛❣❡♠ q✉❡ ♠❡s♠♦ ❡ss❡s ♣r♦☞ss✐♦♥❛✐s q✉❡ ❞❡✈❡r✐❛♠ s❡r✈✐r ❞❡ ❡①❡♠♣❧♦ ✒❛

s♦❝✐❡❞❛❞❡✱ ♥⑦❛♦ ♣♦ss✉❡♠ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞✐t♦ ❜✓❛s✐❝♦ ❡♠ ♦✉tr❛s ✓❛r❡❛s✱ ❡ ❥✉st✐☞❝❛♠ q✉❡ ♥⑦❛♦

❞❡✈❡♠ s❡ ✐♠♣♦rt❛r ❝♦♠ ♥❛❞❛ ❞♦ q✉❡ ❢♦✐ ❡♥s✐♥❛❞♦ ❞❡ ♦✉tr❛ ❞✐s❝✐♣❧✐♥❛✱ ❛♣❡♥❛s ✒❛ q✉❛❧ s❡

❧✐♠✐t❛r❛♠ ✓❡ ✐♠♣♦rt❛♥t❡✱ ✓❡ ❝♦♠✉♠ ❞✐③❡r q✉❡ ♣♦rq✉❡ ♥⑦❛♦ s❡ ❢♦r♠❛r❛♠ ❡♠ ♠❛t❡♠✓❛t✐❝❛ ♣♦r

❡①❡♠♣❧♦✱ ♥❛❞❛ ❞❡ss❛ ❞✐s❝✐♣❧✐♥❛ ✓❡ ✐♠♣♦rt❛♥t❡✱ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ s❡ t❛❧✈❡③ ✉♠ ♣r♦❢❡ss♦r

❞❡ ♠❛t❡♠✓❛t✐❝❛ ❢♦ss❡ ✐♥❞❛❣❛❞♦ s♦❜r❡ ❛❧❣♦ ❞❡ ❣❡♦❣r❛☞❛ ♦✉ ✐♥❣❧❫❡s✳

❉❡ss❛ ❢♦r♠❛✱ ♥⑦❛♦ ✓❡ ❞❡ ❡s♣❡r❛r ♠✉✐t♦ ❞♦s ❛❧✉♥♦s q✉❡ s⑦❛♦ ❡♥s✐♥❛❞♦s ♣♦r ♣r♦❢❡ss♦r❡s

❝♦♠ ❡ss❛ ♣♦st✉r❛ ❝r✐❡♠ ✉♠ ❝✓✏r❝✉❧♦ ✈✐❝✐♦s♦ q✉❡ ❛♣❡♥❛s s✉❛ ♠❛t✓❡r✐❛✱ s✉❛ ❞✐s❝✐♣❧✐♥❛✱

q✉❡ ❝❤❡❣❛ ❛ s♦❛r q✉❛s❡ ❝♦♠♦ q✉❡ ♣❛t❡♥t❡❛❞♦✱ ♥⑦❛♦ s❡❥❛♠ ❡st✐♠✉❧❛❞♦s ❛ ❛♣r❡♥❞❡r ❡

❝♦♠♣r❡❡♥❞❡r q✉❡ t♦❞❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡ ✓❡ r❡♣❛ss❛❞♦ s❡❥❛ ❛rq✉✐✈❛❞♦ ❡ ✉t✐❧✐③❛❞♦ ❛♦

❧♦♥❣♦ ❞❛ ✈✐❞❛ ❝♦♠♦ ❛❧❣♦ q✉❡ r❡❛❧♠❡♥t❡ s❡❥❛ ✐♠♣♦rt❛♥t❡ ♥❛ ❢♦r♠❛✘❝⑦❛♦ ❞❡ ✉♠ ❝✐❞❛❞⑦❛♦✳

✓❊ ✐ss♦ q✉❡ s❡ ♣❛ss❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧ ♥❛s ❡s❝♦❧❛s ❡ ♥♦ ❡♥s✐♥♦✱ q✉❛♥❞♦ s❡ tr❛t❛ ❞❡

❡❞✉❝❛✘❝⑦❛♦✱ ❡♥t⑦❛♦ ♥⑦❛♦ ❞❡✈❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡ ❝♦❧♦❝❛r ❡st✐❣♠❛s ❡♠ ❞✐s❝✐♣❧✐♥❛s ♦✉ ❝♦♥t❡✓✉❞♦s

q✉❡ s❡❥❛♠ ♠❛✐s ❞✐❢✓✏❝❡✐s ♦✉ ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ q✉❡ ♦✉tr♦s✱ ❛ ❡❞✉❝❛✘❝⑦❛♦ ✈❛✐ ♠❛❧ ♣♦r

✐♥✓✉♠❡r♦s ♠♦t✐✈♦s✱ ♦ ❡♥s✐♥♦ ❛♣r❡s❡♥t❛ ♣r♦❜❧❡♠❛s ❡♠ t♦❞♦s ♦s ♥✓✏✈❡✐s ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✱

✈❛♠♦s tr❛t❛r ❡s♣❡❝✐☞❝❛♠❡♥t❡ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ♠❛s r❡ss❛❧t❛♥❞♦ q✉❡ ♥⑦❛♦ s❡r✓❛ ❛ ♠❛t❡♠✓❛t✐❝❛

q✉❡ t❡r✓❛ ❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡ ❞❡ ♠❡❧❤♦r❛r ❛ ❡❞✉❝❛✘❝⑦❛♦ ❡♠ ✉♠ ♣❛✓✏s✱ ♠❛s q✉❡ t❛♠♣♦✉❝♦

s❡♠ ❡❧❛ ♥⑦❛♦ ❤❛✈❡r✓❛ ♠❡❧❤♦r❛s✳

◗✉❛♥t♦ ❛♦ s❡✉ ❡♥s✐♥♦✱ ❛ ▼❛t❡♠✓❛t✐❝❛ ♥♦ ❫❛♠❜✐t♦ ♣❡❞❛❣✓♦❣✐❝♦ ❡st✓❛ s❡♠♣r❡ ❡♠ ♠❡✐♦s ✒❛s

❞✐s❝✉ss⑦♦❡s✱ q✉❡ ❢❛③❡♠ s✉r❣✐r ♥♦✈❛s t❡♦r✐❛s ❡ ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s q✉❡ ✈✐s❡♠ ✉♠❛ ♠❛✐♦r

❛ss✐♠✐❧❛✘❝⑦❛♦ ♣♦r ♣❛rt❡ ❞♦s ❡st✉❞❛♥t❡s✱ ❤✓❛ ❛q✉❡❧❡s q✉❡ ❛ ❞❡❢❡♥❞❡♠ ❝♦♠ ✉♠❛ ❢♦r✘❝❛ ❡♥♦r♠❡✱

❣❡r❛❧♠❡♥t❡✱ ♣r♦☞ss✐♦♥❛✐s ❞❛ ✓❛r❡❛✱ ❡ ❤✓❛ t❛♠❜✓❡♠ ♠✉✐t♦s q✉❡ ❛ ❝r✐t✐❝❛♠✱ q✉❡ ❞✐s❝✉t❡♠ ♦

s❡✉ ✈❛❧♦r ❡♠ ✉♠❛ s♦❝✐❡❞❛❞❡ ❡ ❛ ✐♠♣♦rt❫❛♥❝✐❛ q✉❡ s❡✉ ❡♥s✐♥♦ tr❛③ ❛ ✉♠❛ ♥❛✘❝⑦❛♦✳ ❱✓❛r✐❛s

❛✈❛❧✐❛✘❝⑦♦❡s ❡ ❡①❛♠❡s ✈❫❡❡♠ ♥❛ ♠❛t❡♠✓❛t✐❝❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❡①♣❧♦r❛r ♦ ♣♦t❡♥❝✐❛❧ ❞❛ ♠❡♥t❡

❤✉♠❛♥❛✱ ♦s ❝♦♥❝✉rs♦s ♣✓✉❜❧✐❝♦s ♣♦r s✉❛ ✈❡③ t❡♥t❛♠ ✉s❛r ♠⑦❛♦ ❞♦ r❛❝✐♦❝✓✏♥✐♦ ❧✓♦❣✐❝♦ ❝♦♠♦

✉♠❛ ❢♦r♠❛ ❞❡ ♣❡♥❡tr❛r ♥❛s ♦✉tr❛s ✓❛r❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❤✉♠❛♥♦✱ ♦♥❞❡ ♠✉✐t❛s ✈❡③❡s

❡ss❡ ❘❛❝✐♦❝✓✏♥✐♦ ▲✓♦❣✐❝♦ ✓❡ ❛♣❡♥❛s ✉♠ s❛❜❡r ♠❛t❡♠✓❛t✐❝♦✳

▼❛s✱ s❛✐♥❞♦ ❞❛ ♣❛rt❡ ❞✐t❛ ♣❡❞❛❣✓♦❣✐❝❛✱ ✉♠❛ ❢♦r♠❛ ❜❡♠ s✉t✐❧ ❡♠ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛



✶✻

❞❡✈❡ s❡r ♦r❣❛♥✐③❛❞❛ ✓❡ ❞✐t❛ ♣♦r ❊❧♦♥ ▲❛❣❡s ▲✐♠❛ ❡♠ s❡✉ ❧✐✈r♦✱ ▼❛t❡♠✓❛t✐❝❛ ❡ ❊♥s✐♥♦✱ ♣❛❣

✶✸✾✱ ❝❛♣ ✶✺✳

❉❡ ❞✐❞✓❛t✐❝❛ ♥⑦❛♦ tr❛t❛r❡♠♦s ❛q✉✐✳ ❊♠ ✈❡③ ❞✐ss♦✱ ❞✐r❡♠♦s ❝♦♠♦ ♦ ❡♥s✐♥♦

❞❛ ♠❛t❡♠✓❛t✐❝❛ ❞❡✈❡ s❡r ♦r❣❛♥✐③❛❞♦ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ♥❛t✉r❡③❛ ❞❡st❛

♠❛t✓❡r✐❛✱ ♦s ❛❧✉♥♦s ❛♦s q✉❛✐s ❡❧❛ s❡ ❞❡st✐♥❛ ❡ ♦s ♠♦t✐✈♦s ❞❡ s✉❛ ✐♥❝❧✉s⑦❛♦

♥♦ ❝✉rr✓✏❝✉❧♦✳✭✳✳✳✮ ♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ❞❡✈❡ ❛❜r❛♥❣❡r tr❫❡s ❝♦♠♣♦✲

♥❡♥t❡s ❢✉♥❞❛♠❡♥t❛✐s✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❈♦♥❝❡✐t✉❛✘❝⑦❛♦✱ ▼❛♥✐♣✉❧❛✘❝⑦❛♦ ❡

❆♣❧✐❝❛✘❝⑦❛♦✳

◆♦ q✉❡ ❝♦♥s✐st❡ ❡♠ ❈♦♥❝❡✐t✉❛✘❝⑦❛♦✱ s♦♠♦s ❞✐r❡❝✐♦♥❛❞♦s ❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❢♦r♠❛❧ ❡

♠✉✐t❛s ✈❡③❡s ♠❛❧ ✐♥t❡r♣r❡t❛❞❛ ❞♦s ❛❧✉♥♦s ❡ ♣♦rq✉❡ ♥⑦❛♦ ❞✐③❡r ❞❡ ❛❧❣✉♥s ♣r♦❢❡ss♦r❡s✱ ❡①✐st❡

❛q✉✐ ❛ ♥❡❝❡ss✐❞❛❞❡ ❡ ♦❜❥❡t✐✈✐❞❛❞❡ ❞❛s ♣r♦♣♦s✐✘❝⑦♦❡s ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ ❛s ❛☞r♠❛✘❝⑦♦❡s ❡

s✉❛s r❡❝✓✏♣r♦❝❛s✳

▼✉✐t♦s ♣r♦❢❡ss♦r❡s✱ t❛❧✈❡③ ♣♦r ✐♥❡①♣❡r✐❫❡♥❝✐❛✱ ♦✉ ♣♦r ❝♦♥s❡q✉❫❡♥❝✐❛ ❞♦ ♣r❡♣❛r♦ q✉❡

♦❜t✐✈❡r❛♠ ♥❛s ❢❛❝✉❧❞❛❞❡s✱ ❡♠♣r❡❣❛♠ ❛ ❝♦♥❝❡✐t✉❛✘❝⑦❛♦ ❛ ✉♠ ♥✓✏✈❡❧ ❜❡♠ s✉♣❡r✐♦r ❛♦ ❛♥♦

q✉❡ ❧❡❝✐♦♥❛♠✱ ❢❛③❡♥❞♦ ❛ss✐♠ ❝♦♠ q✉❡ ♦s ❛❧✉♥♦s ❝r✐❡♠ ✉♠❛ ❛♥t✐♣❛t✐❛ ♣♦r ❝♦♥❝❡✐t♦s✱

❞❡☞♥✐✘❝⑦♦❡s ❡ ❛①✐♦♠❛s✳ ❆ ❧♦♥❣♦ ♣r❛③♦ t❛❧ ❢♦r♠❛ ❞❡ tr❛♥s♠✐t✐r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❣❡r❛ ❛

✈✐s⑦❛♦ ❞❡ q✉❡ ♦ s❛❜❡r ♠❛t❡♠✓❛t✐❝♦ ❝♦♥s✐st❡ ❡♠ t❡r♠♦s ❡ ❛☞r♠❛✘❝⑦♦❡s q✉❡ ♥⑦❛♦ ♣♦ss✉❡♠ ✉♠❛

r❡❧❛✘❝⑦❛♦ ❞✐r❡t❛ ❝♦♠ ♦ ❞✐❛ ❛ ❞✐❛ ❞♦s ❡st✉❞❛♥t❡s✳

P♦r✓❡♠ ❛ ❝♦♥❝❡✐t✉❛✘❝⑦❛♦✱ ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✉♠❛ ✈✐s⑦❛♦ ❝✉✐❞❛❞♦s❛♠❡♥t❡ ♣❧❛♥❡❥❛❞❛ ♣❛r❛

♦ ♣✓✉❜❧✐❝♦ ❛ q✉❛❧ s❡ ❞❡st✐♥❛ ✓❡ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❝♦♥s❡❣✉✐r s✉❝❡ss♦ ♥❛s ❛♣❧✐❝❛✘❝⑦♦❡s ✈✐♥❞♦✉r❛s✳

❖ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ✈❡♠ s❡ r❡s✉♠✐♥❞♦ ❛♦ ❞❡ s❛❜❡r ❧✐❞❛r ❡ ♦♣❡r❛r

❛❧❣❡❜r✐❝❛♠❡♥t❡ ❝♦♠ s❡✉s s✓✏♠❜♦❧♦s✱ ❡ss❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ✓❡ ♥❡❝❡ss✓❛r✐❛ ❞❡s❞❡ ♦s ♣r✐♠❡✐r♦s

❛♥♦s ♥♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ s❛❜❡r ♦♣❡r❛r ❡ r❡❛❧✐③❛r ❝✓❛❧❝✉❧♦s✱ ❜❡♠ ❝♦♠♦ ✉t✐❧✐③❛r ❝♦♠

❡☞❝✓❛❝✐❛ ❛s r❡❣r❛s q✉❡ ♣❡r♠✐t❡♠ r❡s♦❧✈❡r ❝♦♠♣❧❡①❛s ❡q✉❛✘❝⑦♦❡s✱ ♣♦r✓❡♠ ❛ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦

♣♦❞❡ s❡ r❡s✉♠✐r ❛ ✐ss♦✳

◆❛s s❛❧❛s ❞❡ ❛✉❧❛ ❥✉❧❣❛♠✲s❡ ♦s q✉❡ ♥⑦❛♦ s❛❜❡♠ ♠❛t❡♠✓❛t✐❝❛ ♣❡❧♦ ♣♦❞❡r ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦

q✉❡ ❡ss❡s ❛❧✉♥♦s ♣♦ss✉❡♠✱ ❛♦s q✉❡ ♥⑦❛♦ ❝♦♥s❡❣✉✐r❛♠ ✐♥t❡r♥❛❧✐③❛r t❛✐s ❝♦♥❤❡❝✐♠❡♥t♦s✱ s⑦❛♦

❞✐t♦s ♥⑦❛♦ ❛♣t♦s ❛ ❝♦♥s❡❣✉✐r❡♠ s✉❝❡ss♦ ♥❡ss❛ ❞✐s❝✐♣❧✐♥❛✱ ♠✉✐t♦s ♣r♦❢❡ss♦r❡s s❡ ❧✐♠✐t❛♠ ❛

♣❛ss❛r s✐♠♣❧❡s ❢♦r♠❛s ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ q✉❡ ♦s ❡st✉❞❛♥t❡s ♣r❡❝✐s❛♠ ♠❡♠♦r✐③❛r ❡ ✉t✐❧✐③❛r

q✉❛♥❞♦ ✈❡r❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ss❡ t✐♣♦✳

❆ ♠❛t❡♠✓❛t✐❝❛ s❡ ❞✐❢❡r❡♥❝✐❛ ♠✉✐t♦ ❞❡ ❛❧❣✉♠❛s ♦✉tr❛s ❞✐s❝✐♣❧✐♥❛s ♥♦ q✉❡s✐t♦ ❞❡ ❜❛✲

❣❛❣❡♠✱ ✓❡ ♥❡❝❡ss✓❛r✐♦ s❛❜❡r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❡ ❛s ✈❡③❡s ❢✓♦r♠✉❧❛s ♣❛r❛ r❡s♦❧✈❡r

♦s ♠❛✐s ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✱ ♦ ❝❛r✓❛t❡r ❝✉♠✉❧❛t✐✈♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ✓❡ ♠✉✐t❛s ✈❡③❡s ♦ q✉❡

❛ ❢❛③ ❞✐❢✓✏❝✐❧ ❞❡ s❡r ❛ss✐♠✐❧❛❞❛ ♣❡❧❛ ♠❛✐♦r✐❛ ❞♦s ❛❧✉♥♦s✱ ♣♦rt❛♥t♦ ❝❛❜❡ ♠✉✐t❛s ✈❡③❡s ❛♦
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♣r♦❢❡ss♦r ❞❡ ♥⑦❛♦ t♦r♥❛r ❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ✉♠ ☞♠ ♣❛r❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠✓❛t✐❝♦ ❡ s✐♠

✉♠ ♠❡✐♦✳

◆⑦❛♦ r❡st❛♠ ❞✓✉✈✐❞❛s ❞❛ ✐♠♣♦rt❫❛♥❝✐❛ q✉❡ s❡ ❞❡✈❡ ❞❛r ❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ❞❡ ♥✓✉♠❡r♦s ❡

❡q✉❛✘❝⑦♦❡s✱ ♦s ❛❧✉♥♦s ✉♠❛ ✈❡③ q✉❡ ❞♦♠✐♥❛r❡♠ t❛❧ ❢❡rr❛♠❡♥t❛✱ ❡ ❛ss✐♠ ♣♦❞❡r✓✏❛♠♦s ❝❤❛♠❛r✱

s❡ s❡♥t✐r⑦❛♦ ♠❛✐s ❝♦♥❢♦rt✓❛✈❡✐s ❛ ❧✐❞❛r ❝♦♠ ♦s ❡①❡r❝✓✏❝✐♦s✳ ❋❛③❡r ❝♦♠ q✉❡ ❛ ❢♦r♠❛ ❞❡ ✉t✐❧✐③❛r

❡ss❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞♦ ❡♥s✐♥♦ ✓❡ ✉♠ ♣♦♥t♦ ❛ s❡r ❛❜♦r❞❛❞♦ ❝♦♠ ❝✉✐❞❛❞♦✱ ♣♦✐s

❡♠ ❝❛❞❛ ❡t❛♣❛ ❡s❝♦❧❛r✱ ❡♠ ❝❛❞❛ ❢❛✐①❛ ❡t✓❛r✐❛✱ t❡♠♦s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♣r✓❡✈✐♦s q✉❡ s⑦❛♦

♥❡❝❡ss✓❛r✐♦s ♣❛r❛ s❡ t❡r ✉♠ ❜♦♠ r❡s✉❧t❛❞♦ ❡ ✉♠ ❜♦♠ ❛♣r❡♥❞✐③❛❞♦✱ ✈❛❧❡ ❛✐♥❞❛ r❡ss❛❧t❛r

q✉❡ ♣❛r❛ q✉❡ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❛♣t✐❞⑦♦❡s s❡❥❛ ❞❡s❡♥✈♦❧✈✐❞♦ ✓❡ ♣r❡❝✐s♦ q✉❡ ♦ ♣r♦❢❡ss♦r ❡♠

s❛❧❛ ❞❡ ❛✉❧❛✱ ❡♠ ❝❛❞❛ ❛♥♦ ❡s❝♦❧❛r✱ t❡♥❤❛ t✐❞♦ ❛ ❢♦r♠❛✘❝⑦❛♦ ❡ ❛ ♦r✐❡♥t❛✘❝⑦❛♦ ♥❡❝❡ss✓❛r✐❛ ❞❡

❝♦♠♦ ❢❛③❡r ❡ ❜♦♥s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r✳

❖ q✉❡ ❛❝♦♥t❡❝❡ ♥❛ ♣r✓❛t✐❝❛ ✓❡ q✉❡ ♠✉✐t♦s ❞♦s ♣r♦❢❡ss♦r❡s q✉❡ ❛t✉❛♠ ♥♦s ♣r✐♠❡✐r♦s

❛♥♦s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ s⑦❛♦ ♣r♦❢❡ss♦r❡s ❞✐t♦s ♣♦❧✐✈❛❧❡♥t❡s✱ ♦✉ s❡❥❛✱ q✉❡ ♣♦ss✉❡♠

✉♠❛ ❢♦r♠❛✘❝⑦❛♦✱ ♥❡♠ s❡♠♣r❡ ❝♦♠ ♥✓✏✈❡❧ s✉♣❡r✐♦r✱ ♠❛s s⑦❛♦ ♦❜r✐❣❛❞♦s ❛ tr❛❜❛❧❤❛r t♦❞❛s

❛s ❞✐s❝✐♣❧✐♥❛s✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ❤❛✈❡r✓❛ ❛♦ ♠❡♥♦s ✉♠❛ ❞✐s❝✐♣❧✐♥❛ q✉❡ ♦ ♣r♦☞ss✐♦♥❛❧ ♥⑦❛♦

❞♦♠✐♥❛ ❡♠ s✉❛ t♦t❛❧✐❞❛❞❡✱ ❡♥t⑦❛♦ ❞❡ss❛ ❢♦r♠❛ ❝♦♠♦ ♣♦❞❡r✓❛ ❞❡♥tr♦ ❞❛s s✉❛s ❧✐♠✐t❛✘❝⑦♦❡s

❢❛③❡r ❝♦♠ q✉❡ ♦ ❛❧✉♥♦ ❞❡s❡♥✈♦❧✈❛ ❛s ❝♦♠♣❡t❫❡♥❝✐❛s ❡s♣❡r❛❞❛s ❞❡❧❡ ♥♦ ❛♥♦ ❡♠ q✉❡ ❡st✓❛❄

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♥❡♠ ♦ ♣r♦❢❡ss♦r ❡♠ s❛❧❛ ❛s ❝♦♥❤❡❝❡❄

❏✓❛ ♥♦ ❞❡❝♦rr❡r ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦s ♣r♦❢❡ss♦r❡s ❡♠ s✉❛ ♠❛✐♦r✐❛ ♣♦ss✉❡♠ ✉♠

♥✓✏✈❡❧ s✉♣❡r✐♦r ♥❛ ✓❛r❡❛ q✉❡ ❛t✉❛♠ ✱ ✐ss♦ ❛❥✉❞❛ ❡ ♠✉✐t♦ ♥❛ q✉❛❧✐❞❛❞❡ ❞♦ ❡♥s✐♥♦✱ ♠❛s

s❛❜❡♠♦s q✉❡ ❡♠ ♠❛t❡♠✓❛t✐❝❛✱ ♦s ❛ss✉♥t♦s q✉❡ s❡ ❡st✉❞❛♠ ♥❡ss❡s ❝✉rs♦s✱ ♥⑦❛♦ r❡✌❡t❡♠

♦ q✉❡ r❡❛❧♠❡♥t❡ ♦ ♣r♦❢❡ss♦r ❞❡✈❡r✓❛ ❡♥s✐♥❛r ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ ♥❛ ❢❛❝✉❧❞❛❞❡✱ ♦ ❢✉t✉r♦

♣r♦❢❡ss♦r ♥⑦❛♦ t✐r❛ s✉❛s ♣r✓♦♣r✐❛s ❞✓✉✈✐❞❛s ♥❛s s❛❧❛s ❞❡ ❛✉❧❛ ❞❛ ✉♥✐✈❡rs✐❞❛❞❡✱ ❡ q✉❛♥❞♦

s❡ ❞❡♣❛r❛ ❝♦♠ ♦ q✉❡ ❞❡✈❡ ❡♥s✐♥❛r✱ ❛♣❛r❡❝❡♠ ♥ ✐♥❞❛❣❛✘❝⑦♦❡s s♦❜r❡ ❝♦♠♦ ♣r♦❝❡❞❡r ❡ ♦♥❞❡

❜✉s❝❛r ❛♣♦✐♦✳

❊ss❛ ✓❡ ♣r❛t✐❝❛♠❡♥t❡ ❛ ♠❡s♠❛ r❡❛❧✐❞❛❞❡ ❞♦ ❡♥s✐♥♦ ♠✓❡❞✐♦✱ ♥♦s ✓✉❧t✐♠♦s tr❫❡s ❛♥♦s ❞❛

❡❞✉❝❛✘❝⑦❛♦ ❜✓❛s✐❝❛✱ ♥❡ss❡ ♣❡r✓✏♦❞♦ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ❞❡✈❡r✐❛ s❡r ❛ s♦❧✉✘❝⑦❛♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s

❞♦ ❝♦t✐❞✐❛♥♦ ❝♦♠ s✉❛s ❛♣❧✐❝❛✘❝⑦♦❡s✱ s♦♠♦s ♥♦✈❛♠❡♥t❡ ❛♣r❡s❡♥t❛❞♦s ❝♦♠ ♠✓❡t♦❞♦s ❡ ♠❛✐s

♠✓❡t♦❞♦s ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦♦❡s✳

◗✉❛♥❞♦ ♦s ✓♦r❣⑦❛♦s ♣✓✉❜❧✐❝♦s ❞❡❞✐❝❛r❡♠ ✉♠❛ ♠❛✐♦r ❛t❡♥✘❝⑦❛♦ ❛ ❡ss❡s ♣r♦❜❧❡♠❛s ✐♥✐❝✐❛✐s✱

t❡r❡♠♦s ❞❛❞♦ ✉♠ ❣r❛♥❞❡ ♣❛ss♦ ❛ ❢r❡♥t❡ ❡♠ ❜✉s❝❛ ❞❛ t⑦❛♦ ❛❧♠❡❥❛❞❛ q✉❛❧✐❞❛❞❡ ❞♦ ❡♥s✐♥♦

♥⑦❛♦ s✓♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ♠❛s ❞❡ t♦❞❛s ❛s ♦✉r❛s ❞✐s❝✐♣❧✐♥❛s✳

❯♠❛ ♣❡r❣✉♥t❛ q✉❡ ✓❡ q✉❛s❡ ❝♦♥st❛♥t❡ ❛ t♦❞♦ ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠✓❛t✐❝❛ ✓❡✿Pr♦❢❡ss♦r

♣❛r❛ q✉❡ s❡r✈❡ ✐ss♦❄ ❊ ❢r❡♥t❡ ❛ ❡ss❛ ❥✓❛ ❝♦♥❤❡❝✐❞❛ ♣❡r❣✉♥t❛ ❡ ♠✉✐t❛s ✈❡③❡s s❡♠ r❡s♣♦st❛✱



✶✽

♦ ❛❧✉♥♦ ❞❡✈❡ ❜✉s❝❛r ✐♥t❡r❡ss❡ ❡ ♠♦t✐✈❛✘❝⑦❛♦ ♣❛r❛ ❡st✉❞❛r ❡ ❛♣r❡♥❞❡r ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳

❙❛❜❡r ❛♣❧✐❝❛r ♦ q✉❡ s❡ ❛♣r❡♥❞❡ ✓❡ ✉♠❛ t❛r❡❢❡ ✓❛r❞✉❛✱ ❞♦s❛r ❛s ❛♣❧✐❝❛✘❝⑦♦❡s✱ ❡♠ ♠❡✐♦

❛♦ ❡♥s✐♥♦ ✓❡ ✉♠❛ s✉t✐❧ ❢♦r♠❛ ❞❡ ❢❛③❡r ❝♦♠ q✉❡ ♦ ❡st✉❞❛♥t❡ ♣❡r❝❡❜❛ ♦ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧

❞❡✈❡ s❡ ❡st✉❞❛r t❛❧ ❛ss✉♥t♦ ❡ ♠❛♥t❡r✲s❡ ♠♦t✐✈❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♠❛✐s ❡ ♠❛✐s r❡s♣♦st❛s✱

♦ ❛❧✉♥♦ ❡s♣❡r❛ q✉❡ t✉❞♦ q✉❡ s❡ ✈❡♥❤❛ ❡①♣❧✐❝❛r ♥❛ s❛❧❛ ❞❡ ❛✉❧❛ t❡♥❤❛ ❛❧✓❡♠ ❞❡ ✉♠ ❣✉✐❛

❞❡ ♣❛r❛ q✉❡ s❡r✈❡✱ ✈❡♥❤❛ ❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ❢✓♦r♠✉❧❛s ♠✓❛❣✐❝❛s q✉❡ r❡s♦❧✈❛♠ t✉❞♦ s❡♠

❡s❢♦r✘❝♦✳

❆ ❛♣❧✐❝❛✘❝⑦❛♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠✓❛t✐❝♦ ❝♦♥s✐st❡ ❡♠ s❛❜❡r ✉t✐❧✐③❛r ❛s t❡♦r✐❛s ❡

♥♦✘❝⑦♦❡s ✈✐st❛s ❡♠ ♣r♦❧ ❞❡ ♦❜t❡r r❡s✉❧t❛❞♦s✳ ❊♥❝♦♥tr❛r ❝♦♥❝❧✉s⑦♦❡s ❞❡ ♣r♦❜❧❡♠❛s ♥❛s ♠❛✐s

❞✐✈❡rs❛s ✓❛r❡❛s ❡ ❝♦♥s❡❣✉✐r ❛ss♦❝✐❛r ❛ t❡♦r✐❛ ✈✐st❛ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ ❝♦t✐❞✐❛♥♦✱ ❜❡♠

❝♦♠♦ r❡❝♦♥❤❡❝❡r ♥♦s ❛✈❛♥✘❝♦s t❡❝♥♦❧✓♦❣✐❝♦s ❛ ♣r❡s❡♥✘❝❛ ❞❛s ♠❛t✓❡r✐❛s ❡ ❝♦♥t❡✓✉❞♦s ✓❡ ✉♠

❞❡s❛☞♦✱ q✉❡ ❞❡✈❡ s❡r s❡♠♣r❡ ✐♥st✐❣❛❞♦ ♣♦r ♠❡✐♦ ❞❡ ❡①❡♠♣❧♦s ❡ ❡①♣❧♦r❛❞♦ ❞❡ ❢♦r♠❛ ❛

♠♦t✐✈❛r ♦ ✉s♦ ❞❛ ❝r✐❛t✐✈✐❞❛❞❡ ❞♦ s❡r ❤✉♠❛♥♦✳

❱❡♠♦s ✉♠❛ ❣r❛♥❞❡ ✉r❣❫❡♥❝✐❛ ♥♦ ♠♦❞♦ ❞❡ ❛♣❧✐❝❛r✱ ✉♥s ❞❡❢❡♥❞❡♠ ♦ ✉s♦ ❞❛s t❡❝♥♦❧♦❣✐❛s✱

♦✉tr♦s ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝♦♥❝r❡t❛ ❞❡ ❡♥s✐♥❛r✱ ✈❡♠♦s q✉❡ ♥❡♠ s❡♠♣r❡ t❡r ❡♠ ♠⑦❛♦ ❜♦♥s

r❡❝✉rs♦s t❡❝♥♦❧✓♦❣✐❝♦s s⑦❛♦ ❢♦r♠❛s ❞❡ ❝♦♥s❡❣✉✐r ✉♠ ♠❡❧❤♦r r❡s✉❧t❛❞♦ ♥♦ ❡♥s✐♥♦✳

❆ t❡❝♥♦❧♦❣✐❛ ❞❡✈❡ ✈✐r s❡♠♣r❡ ❛❝♦♠♣❛♥❤❛❞❛ ❞♦ r❡❝✉rs♦ ♣❡❞❛❣✓♦❣✐❝♦✱ t❛♥t♦ ♣❛r❛ ❡✈✐t❛r

♦ s❡✉ ♠❛✉ ✉s♦ ❝♦♠♦ ♣❛r❛ ❡✈✐t❛r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❤♦❥❡ ❝♦♠ ♠✉✐t♦s ♣r♦❢❡ss♦r❡s✱ ♦ ♠❡❞♦

t❡❝♥♦❧✓♦❣✐❝♦✱ ❛ s❡ ❛❝❤❛r ✉❧tr❛♣❛ss❛❞♦ ♦✉ q✉❡ ❡ss❛s t❡❝♥♦❧♦❣✐❛s ♥⑦❛♦ ♣♦❞❡♠ ❛♣r❡s❡♥t❛r

❛✈❛♥✘❝♦s✳

❖ ❢❛t♦ ✓❡ q✉❡ ❞❡✈❡♠♦s ✈❡r✐☞❝❛r ❡ ❛❞❡q✉❛r q✉❛❧ r❡❝✉rs♦ t❡❝♥♦❧✓♦❣✐❝♦ ♣♦❞❡ ♦✉ ♥⑦❛♦

❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s s❛t✐s❢❛t✓♦r✐♦s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ ✉♠ ❛❧✉♥♦ ♥♦s ♣r✐♠❡✐r♦s ❛♥♦s ❞♦

❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❞❡✈❡ ❛♥t❡s ❞❡ s❛❜❡r ♦♣❡r❛r ❝♦♠ ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ♣♦r ❡①❡♠♣❧♦✱

s❡r ❝❛♣❛③ ❞❡ r❡❛❧✐③❛r ♠❛♥✉❛❧♠❡♥t❡ ❡ss❡s ❝✓❛❧❝✉❧♦s✱ ❛ ☞♠ ❞❡ q✉❡ ❡♥t❡♥❞❛ q✉❡ ♦ r❡❝✉rs♦

t❡❝♥♦❧✓♦❣✐❝♦ ♠✉✐t❛s ✈❡③❡s ❞❡✈❡ s❡r ✉s❛❞♦ ♣❛r❛ s❡ r❡❛❧✐③❛r ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❡♠ ✉♠ t❡♠♣♦

♠❛✐s ❝✉rt♦✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♦ ✉s♦ ❞❡ s♦❢t✇❛r❡s ❡s♣❡❝✓✏☞❝♦s ❞❡ ❝❛❞❛ ❞✐s❝✐♣❧✐♥❛✳

❖ ♣r♦❢❡ss♦r q✉❡ ❝♦♥s❡❣✉✐r ✉t✐❧✐③❛r t❛♥t♦ ♦s r❡❝✉rs♦s t❡❝♥♦❧✓♦❣✐❝♦s ❝♦♠♦ ❛❞❡q✉❛r ❛s

❛♣❧✐❝❛✘❝⑦♦❡s ❛ t✉r♠❛✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ♣❛rt❡ t❡✓♦r✐❝❛ ❞❛ ❝♦♥❝❡✐t✉❛✘❝⑦❛♦

❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ♣❛r❛ t♦r♥❛r ♦ ❝✉rs♦ ❜❛❧❛♥❝❡❛❞♦ ❡ ❛♣♦✐❛❞♦ ❡♠ t♦❞♦s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦

s❛❜❡r✳

❊♥t⑦❛♦✱ t❡♠♦s ❝♦♠♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❧❡✈❛♥t❛r ❛ss✉♥t♦s ❞✐❣♥♦s ❞❡ r❡❧❡✈❫❛♥❝✐❛✱ q✉❡

s✐r✈❛♠ ❞❡ ♠✓❡t♦❞♦s ♣❛r❛ ❝♦♥q✉✐st❛r ✉♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱

♣❧❛♥❡❥❛r ❝♦♠ ❛♥t❡❝❡❞❫❡♥❝✐❛ q✉❛❧ ♦ ♠❡❧❤♦r ❝❛♠✐♥❤♦ ❛ s❡r ✉t✐❧✐③❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s
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♦❜st✓❛❝✉❧♦s s❡♠♣r❡ ❡①✐st✐r⑦❛♦✱ ♠❛s ❞✐❛♥t❡ ❞❡ ✉♠❛ ❜♦❛ ♣r❡♣❛r❛✘❝⑦❛♦ ❡ ❡♠♣❡♥❤♦ r❡s✉❧t❛r⑦❛♦

❡♠ ♣❡q✉❡♥♦s ❛✈❛♥✘❝♦s q✉❡ s♦♠❛❞♦s ❡ ❡♥❝♦r❛❥❛❞♦s ❛ ♠♦t✐✈❛r ♠❛✐s ✐♥t❡r✈❡♥✘❝⑦♦❡s ❛ ☞♠ ❞❡

♠❡❧❤♦r❛r ♦ ❡♥s✐♥♦ ❝♦♠♦ ✉♠ t♦❞♦✳

❘❡❛❧✐③❛r ✉♠❛ ❞✐s❝✉ss⑦❛♦ q✉❡ ❛❝❛rr❡t❡ ❡♠ ✉♠❛ ❢♦r♠❛ ❞❡ ♠♦t✐✈❛r ❡ ♣r❡♣❛r❛r ❛❧✉♥♦s

❡ ♣r♦❢❡ss♦r❡s ❞❡✈❡ s❡r ❛ ❜✉s❝❛ ✐♥❝❛♥s✓❛✈❡❧ ❞♦s ✓♦r❣⑦❛♦s q✉❡ r❡❣❡♠ ❛ ❡❞✉❝❛✘❝⑦❛♦ ❞♦ ♣❛✓✏s✱

♦❜s❡r✈❛♥❞♦ ♦ ♣✓✉❜❧✐❝♦✲❛❧✈♦ ❡♠ ❝❛❞❛ r❡❣✐⑦❛♦ ❡ r❡❛❧✐❞❛❞❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ❢♦r♠❛ ❝♦♠

q✉❡ s❡ tr❛❜❛❧❤❛ ❡♠ ❝❛❞❛ ❢❛✐①❛ ❡t✓❛r✐❛✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ✒❛ ♠❛t❡♠✓❛t✐❝❛✱ ✓❡ ❢✉♥❞❛♠❡♥t❛❧

q✉❡ ❡♠ ❝❛❞❛ ❡t❛♣❛ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡ ♦s ❛❧✉♥♦s ❛♣r❡♥❞❛♠ ♦s ♣r✓❡✲r❡q✉✐s✐t♦s ♥❡❝❡ss✓❛r✐♦s ❡

♣♦r s✉❛ ✈❡③ ♣♦❞❡♥❞♦ ❣❡r❛r ❛s ❞❡✈✐❞❛s ❝♦♠♣❡t❫❡♥❝✐❛s ♣❛r❛ ♣r♦ss❡❣✉✐r ♥♦s ❡st✉❞♦s✳

❆ ❞✐☞❝✉❧❞❛❞❡ ❡♥❢r❡♥t❛❞❛ ♣❡❧♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ✓❡ ♠✉✐t❛s ✈❡③❡s

❣❡r❛❞❛ ♣❡❧❛ ❢❛❧t❛ ❞❡ ❛❝✓✉♠✉❧♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ♣r✓❡✈✐♦s✱ ❢❛③❡♥❞♦ ♦s ❛❧✉♥♦s ♥⑦❛♦ t❡r❡♠

♦s ❝♦♥❝❡✐t♦s ❜✓❛s✐❝♦s ❡ ❣❡r❛♥❞♦ ❞❡s❝♦♥t❡♥t❛♠❡♥t♦ ❡ ❢❛❧t❛ ❞❡ ♠♦t✐✈❛✘❝⑦❛♦ ♣❡❧♦s ♠❡s♠♦s✳ ❖

✉s♦ ❞♦ ♠❛t❡r✐❛❧ t❛♠❜✓❡♠ ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞♦ ❝♦♠ ✉♠❛ ❛♥✓❛❧✐s❡ s❡♠♣r❡ s❡ ✈❡r✐☞❝❛♥❞♦ ❛

❝♦♥❝❡✐t✉❛✘❝⑦❛♦✱ ❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ❡①✐❣✐❞❛ ❡ t❛♠❜✓❡♠ ❛s ❛♣❧✐❝❛✘❝⑦♦❡s ✉s❛❞❛s ♣❡❧♦ ❛✉t♦r✱ ♦ ❛✉t♦r

q✉❡ ❝♦♥s❡❣✉✐r ♠❡s❝❧❛r ❝♦♥s❝✐❡♥t❡♠❡♥t❡ ❡ss❡s ✐♥❣r❡❞✐❡♥t❡s ♣♦❞❡r✓❛ s❡r✈✐r ❞❡ ❛♣♦✐♦ ♣❛r❛

♣r❡♣❛r❛r ✉♠ ❝✉rs♦ ♠❡❧❤♦r✳

◆♦ ❡♥t❛♥t♦✱ ♥⑦❛♦ ♣♦❞❡♠♦s ❢❛❧❛r q✉❡ ❛ ❞✐☞❝✉❧❞❛❞❡ ♥♦ ❛♣r❡♥❞✐③❛❞♦ ✓❡ ❝♦♥s❡q✉❫❡♥❝✐❛ ❞♦s

♣r♦❢❡ss♦r❡s ❡ ❞♦ ♠❛t❡r✐❛❧ ✉s❛❞♦✱ s❛❜❡♠♦s ❞❛ ✐♠♣♦rt❫❛♥❝✐❛ ❞♦ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❢❛♠✐❧✐❛r

❡♠ t♦❞♦ ❡♥s✐♥♦ ❡ ♣♦rq✉❡ ♥⑦❛♦ ❞✐③❡r ❞♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ♦s ♣❛✐s ❞❡✈❡♠ ❢❛③❡r ♣❛rt❡

❡ ❛❣✐r ❝♦♠♦ ♣❛r❝❡✐r♦s ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛s ❡s❝♦❧❛s✱ ✉♠❛ ✈❡③ q✉❡ ❡①✐st❡ ❡ss❛ ❛t❡♥✘❝⑦❛♦ ❞❛

❢❛♠✓✏❧✐❛✱ ♦ ❛❧✉♥♦ s❡♥t❡ q✉❡ ❛q✉✐❧♦ q✉❡ ❡st✓❛ ❡st✉❞❛♥❞♦ ✓❡ ✐♠♣♦rt❛♥t❡✱ ♥⑦❛♦ ❛♣❡♥❛s ♣♦rq✉❡

♦ ♣r♦❢❡ss♦r ❡♥s✐♥❛✱ ♠❛s s❡r✓❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ s✉❛ ❢♦r♠❛✘❝⑦❛♦ ❝♦♠♦ ♣❡ss♦❛ ❡ ❡st✉❞❛♥t❡✳

❚r❛❜❛❧❤❛r ❛ ❝♦♥s❝✐❫❡♥❝✐❛ ❞❡s❞❡ ♦s ♣r✐♠❡✐r♦s ❛♥♦s s❡r✈✐r✓❛ ♣❛r❛ ❢♦r♠❛r ♥♦s ❛❧✉♥♦s ✉♠

❝❛r✓❛t❡r ❡ ✉♠❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞❡ ❞✐❣♥❛s ❞❡ ✉♠ ❝✐❞❛❞⑦❛♦✳

❊♠ ✈✐rt✉❞❡ ❞❛ ❛t✉❛❧ s♦❝✐❡❞❛❞❡✱ ❡st✓❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❞✐❢✓✏❝✐❧ ❝♦♥s❡❣✉✐r q✉❡ ♦s ❥♦✈❡♥s

❧❡✈❡♠ ❛ ❡❞✉❝❛✘❝⑦❛♦ ❡ ♦ ❡♥s✐♥♦ ❛ s✓❡r✐♦✱ ❝♦♠ ♦ ❛❝❡ss♦ ❞❛ ✐♥t❡r♥❡t ❞✐❢✉♥❞✐❞♦ ❡♠ q✉❛s❡ q✉❡

s✉❛ t♦t❛❧✐❞❛❞❡✱ ❛ ♣♦❧✓✏t✐❝❛ ❞❡ ❢❛❝✐❧✐❞❛❞❡s t♦r♥❛♠ ❛✐♥❞❛ ♠❛✐s ✓❛r❞✉❛s ❛ t❛r❡❢❛ ❞♦ ♣r♦❢❡ss♦r

❞❡ ♠❛t❡♠✓❛t✐❝❛✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❡ss❛ ❞✐s❝✐♣❧✐♥❛ r❡q✉❡r ❡♠ ♠✉✐t❛s ♣❡ss♦❛s ✉♠❛ ♠❛✐♦r

❛t❡♥✘❝⑦❛♦ ❡ ❝♦♥❝❡♥tr❛✘❝⑦❛♦✱ ♦ q✉❡ ♥❛ s♦❝✐❡❞❛❞❡ ✐♠❡❞✐❛t✐st❛ ♥⑦❛♦ ✓❡ ♠❛✐s ✈✐st♦ ❝♦♠♦ ✉♠❛

t❡♥❞❫❡♥❝✐❛✱ ♦s ❡st✉❞❛♥t❡s ♣❛ss❛♠ ❛ ♣r✐♦r✐③❛r t✉❞♦ q✉❡ ✈❡♠ ❢✓❛❝✐❧ ❡ r✓❛♣✐❞♦✱ ❡ ♠❡♥♦s♣r❡③❛r

✒❛q✉✐❧♦ q✉❡ r❡q✉❡r ❞❡❞✐❝❛✘❝⑦❛♦ ❡ ❡♠♣❡♥❤♦✳

❖ ♣r♦❢❡ss♦r ☞❝❛ ❡♠ ✉♠ ✐♠♣❛ss❡ ❡♥tr❡ ♦ q✉❡ s❛❜❡ q✉❡ ✓❡ ♥❡❝❡ss✓❛r✐♦ ♣❛r❛ ❛ ❢♦r♠❛✘❝⑦❛♦

❞♦ ❛❧✉♥♦ ❡ ♦ ♠♦str❛❞♦ ❡ ❡♥s✐♥❛❞♦ ♣❡❧❛ s♦❝✐❡❞❛❞❡ ❡ ♠✓✏❞✐❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧✱ q✉❡♠

♥✉♥❝❛ ♣r❡s❡♥❝✐♦✉ ♥❛ t❡❧❡✈✐s⑦❛♦✱ ♣❡ss♦❛s ❢❛♠♦s❛s✱ ❛s ❞✐t❛s ❝❡❧❡❜r✐❞❛❞❡s✱ ❡rr❛r❡♠ s✐♠♣❧❡s
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♣❡r❣✉♥t❛s s♦❜r❡ ♠✉❧t✐♣❧✐❝❛✘❝⑦❛♦ ❡ ❛✐♥❞❛ s❡r❡♠ ❡st❡r❡✓♦t✐♣♦s ❞❡ s✉❝❡ss♦ ❡ ❡①❡♠♣❧♦s✱ ❢❛③❡♥❞♦

❝♦♠ q✉❡ ♦s ❥♦✈❡♥s ♣❡♥s❡♠✱ s❡ ❡❧❛ ♥⑦❛♦ s❛❜❡ ♥❡♠ ♠✉❧t✐♣❧✐❝❛r ❡ ✓❡ r✐❝❛ ❡ ❢❛♠♦s❛✱ ♣♦rq✉❡ ✈♦✉

♣r❡❝✐s❛r ♠❡ ❞❡❞✐❝❛r ❛♦s ❡st✉❞♦s✱ ✉♠❛ ✐♥✈❡rs⑦❛♦ ❞❡ ✈❛❧♦r❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ❡❞✉❝❛✘❝⑦❛♦✱

❛ ♠❡♥t❡ ❞♦ ❥♦✈❡♠ q✉❡ ❡st✓❛ ❡♠ ❢♦r♠❛✘❝⑦❛♦✱ ✓❡ ✐♥✌✉❡♥❝✐❛❞❛ ❛ t♦♠❛r ❝❛♠✐♥❤♦s ❞✐❢❡r❡♥t❡s ❡

♥⑦❛♦ ✈❛❧♦r✐③❛r ♦s ✈❛❧♦r❡s ❡ s❛❜❡r❡s ♣❛ss❛❞♦s ♣❡❧❛ ❡s❝♦❧❛✳

❈❛❜❡ ❛ss✐♠✱ ❛♦ tr✐♣✓❡✿ ❢❛♠✓✏❧✐❛✱ ❡s❝♦❧❛ ❡ s♦❝✐❡❞❛❞❡ ❛❣✐r❡♠ ❞❡ ♠♦❞♦ ❛ ✐♥❝❡♥t✐✈❛r ❛t♦s

q✉❡ r❡s❣✉❛r❞❡♠ ♦s ✈❛❧♦r❡s ❡ ♣r❡③❡♠ ♣❡❧❛ ❜♦❛ ❡❞✉❝❛✘❝⑦❛♦ ♣❛r❛ ♦s ♥♦ss♦s ❥♦✈❡♥s✱ t♦r♥❛♥❞♦✲

♦s ♣❡ss♦❛s q✉❡ ♣♦ss❛♠ ❛♥❛❧✐s❛r s✐t✉❛✘❝⑦♦❡s ❡ ❢♦r♠❛r❡♠ s✉❛s ♣r✓♦♣r✐❛s ♦♣✐♥✐⑦♦❡s ❝r✓✏t✐❝❛s ❞❡

♠✉♥❞♦✳

2.2 Matemática é um Problema?

P❛r❡❝❡♠ ❛t✓❡ s✐♥❫♦♥✐♠♦s✱ ❛s ♣❛❧❛✈r❛s Pr♦❜❧❡♠❛ ❡ ▼❛t❡♠✓❛t✐❝❛✱ s❡ ♥⑦❛♦ s⑦❛♦✱ ❛ s♦❝✐❡❞❛❞❡

q✉❛s❡ q✉❡ ❝♦♠♦ ✉♠ t♦❞♦ ❥✓❛ ❞❡❝❧❛r♦✉ ❡st❛ ❭✐❣✉❛❧❞❛❞❡✧✱ ♥♦ ✐♠❛❣✐♥✓❛r✐♦ ♣♦♣✉❧❛r ❛ ♣❛❧❛✈r❛

♣r♦❜❧❡♠❛ ❡st✓❛ ♠✉✐t♦ ♣r❡s❡♥t❡ ❡♠ ♥♦ss❛s ✈✐❞❛s✱ ❡♥t⑦❛♦ ♣♦r q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ❤❛✈❡r✐❛

❞❡ ❡st❛r❄ ▼✉✐t❛s ♣❡ss♦❛s ♣❛ss❛♠ ❛ ✈✐❞❛ s❡ q✉❡✐①❛♥❞♦ ❞♦s ♣r♦❜❧❡♠❛s q✉❡ ❡♥❢r❡♥t❛♠✱

❝♦♠♦ s❛✓✉❞❡✱ ❡♠♣r❡❣♦✱ ❡ ❝♦♠ ❛s ☞♥❛♥✘❝❛s✳ ❆ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ s❡r ✉♠

♣r♦❜❧❡♠❛ ❡ s❡ t♦r♥❛r ✉♠❛ ❢♦r♠❛ ❞❡ ❜✉s❝❛r s♦❧✉✘❝⑦♦❡s ♣❛r❛ ❡ss❡s ❡ ♦✉tr♦s ♣r♦❜❧❡♠❛s❄

❈♦♠ ♦ ❛t✉❛❧ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠✉♥❞♦✱ ❛ ♠❛t❡♠✓❛t✐❝❛✱ ❣❛♥❤❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❡s♣❛✘❝♦✱

❞✐❛♥t❡ ❞❛s ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s✱ ♦ ❝♦♠✓❡r❝✐♦ ❡ ❛t✓❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛✘❝⑦❛♦ q✉❡ r❡❝❡❜❡✲

♠♦s ❞✉r❛♥t❡ ♦ ❞✐❛✱ ❛ ❢♦r♠❛ ❞❡ s❡ ✈✐✈❡r t❡♠ s❡ ❛❞❛♣t❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛ ❤✐st✓♦r✐❛✱ ❡ s❡

♣❛r❛r♠♦s ♣❛r❛ ♣❡♥s❛r✱ ❞❡s❞❡ ♦ ❤♦♠❡♠ ❞❛ ❝❛✈❡r♥❛✱ ❝♦♠ s❡✉s ✐♥str✉♠❡♥t♦s ❛r❝❛✐❝♦s ❥✓❛

r❡❛❧✐③❛✈❛ ♠❛r❝❛✘❝⑦♦❡s ❡♠ ♣❡❞r❛s✱ ❡♠ t✓❛❜✉❛s ❞❡ ❛r❣✐❧❛ ❡ ❛✐♥❞❛ ❢❛③❡♥❞♦ ❝♦rr❡s♣♦♥❞❡r ♣❡❞r❛s

❛ ❛♥✐♠❛✐s✳

❍♦❥❡ t❡♠♦s ✉♠ ♠✉♥❞♦ q✉❡ ♥♦s ❛♣r❡s❡♥t❛ ♥♦✈❛s ♥❡❝❡ss✐❞❛❞❡s q✉❡ ♣♦❞❡♠ s❡r s❡♠❡✲

❧❤❛♥t❡s ♦✉ ♥⑦❛♦ ❛♦s ❝❛s♦s ❞❡ ♦✉tr♦r❛✱ ✉♠❛ ❝r✐❛♥✘❝❛ ♣♦❞❡ ♣❛ss❛r ♣♦r ♣r♦❜❧❡♠❛s ♠✉✐t♦

s✐♠✐❧❛r❡s ❛♦s ❞❡ ♥♦ss♦s ❛♥t❡♣❛ss❛❞♦s ❡ ❞❡s❡♥✈♦❧✈❡r ❢♦r♠❛s ❞❡ ♣❡♥s❛r ❡ r❛❝✐♦❝✐♥❛r ❜❡♠

s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❛ ❤✉♠❛♥✐❞❛❞❡ ❥✓❛ ♣❛ss♦✉✱ ✈❡♠♦s ❡ ❛❝♦♠♣❛♥❤❛♠♦s ❝♦♠♦ ✉♠❛ ❝r✐❛♥✘❝❛

❛♣r❡♥❞❡ ❡ ❞❡s❡♥✈♦❧✈❡ s✉❛ ❢♦r♠❛ ❞❡ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ♠✉♥❞♦ ❡ ❝♦♠ ♦s ♣r♦❜❧❡♠❛s q✉❡ ❧❤❡

s⑦❛♦ ❛♣r❡s❡♥t❛❞♦s✳

❆ ♠❡❞✐❞❛ q✉❡ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ✉♠ ❝✉rs♦ s♦♠♦s ❛♣r❡s❡♥t❛❞♦s ❛ ❞✐✈❡rs♦s s❛❜❡r❡s

q✉❡ ❢♦r❛♠ ❛❝✉♠✉❧❛❞♦s ❡ ♦r❣❛♥✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❡ss❡ s❛❜❡r ❢♦✐ ❞✐✈✐❞✐❞♦ ❡ ♠❡✐♦

q✉❡ ♠❛♣❡❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛s s❡♠❡❧❤❛♥✘❝❛s✱ ❞❡♣♦✐s ❡ss❡s s❛❜❡r❡s s⑦❛♦ r❡♣❛ss❛❞♦s ❡♠

✉♠❛ ❢♦r♠❛ ♠❡t♦❞♦❧✓♦❣✐❝❛ ♥♦ ❞❡❝♦rr❡r ❞❡ ♥♦ss❛s ✈✐❞❛s✳



✷✶

❈♦♠ ❛ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ s❡r ✐❣✉❛❧✱ ❞❡s❞❡ ♦ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❝♦♠

♦ ♠✉♥❞♦ s♦♠♦s ❛♣r❡s❡♥t❛❞♦s ❛ ❝♦♥❝❡✐t♦s ♠✉✐t❛s ✈❡③❡s ❛❜str❛t♦s ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛

✐❞❡✐❛ ❞❡ ♥✓✉♠❡r♦✱ ❡♥t⑦❛♦ ♥❡ss❡ ❡♠❛r❛♥❤❛❞♦ ❞❡ s❛❜❡r❡s✱ t❡♠♦s ✉♠❛ ♦r❞❡♠✱ q✉❡ ❞❡☞♥❡

❝♦♠♦ ❞❡✈❡♠♦s ❛♣r❡♥❞❡r ❡ ♦ q✉❡ ❞❡✈❡♠♦s ❡st✉❞❛r✱ q✉❛✐s ❝♦♥t❡✓✉❞♦s ♥❡❝❡ss✐t❛♠♦s ✈❡r ❡

❡♠ q✉❛❧ ♦r❞❡♠✳ ❊ss❡s ❝♦♥t❡✓✉❞♦s ❤♦❥❡ s❡ ❡♥❝♦♥tr❛♠ ❞✐str✐❜✉✓✏❞♦s ❡♠ ❧✐✈r♦s ❞❡ ❢♦r♠❛ q✉❡

t✉❞♦ ♦ q✉❡ ❞❡✈❡♠♦s s❛❜❡r ♣❛r❛ s❡❣✉✐r ❛❞✐❛♥t❡ ♥❛ ❛q✉✐s✐✘❝⑦❛♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❡st✓❛ ❡♠

t❡s❡ ♥♦ ❧✐✈r♦ ❛♥t❡r✐♦r✳

❆s ❞✐☞❝✉❧❞❛❞❡s ❝♦♠ ❛ ▼❛t❡♠✓❛t✐❝❛ ☞❝❛♠ ♠❛✐s ❡✈✐❞❡♥t❡s ✒❛ ♠❡❞✐❞❛ q✉❡

✈❛♠♦s ♣r♦❣r❡❞✐♥❞♦ ♥❛ ♥♦ss❛ ❡❞✉❝❛✘❝⑦❛♦ ❡s❝♦❧❛r ✐♥st✐t✉❝✐♦♥❛❧✳ ❖s ❛❧✉♥♦s

❞❛ ❊s❝♦❧❛ ❋✉♥❞❛♠❡♥t❛❧ ♥⑦❛♦ t❫❡♠ ❞✓✉✈✐❞❛s s♦❜r❡ ❛ ✉t✐❧✐❞❛❞❡ ✐♠❡❞✐❛t❛ ❞♦

q✉❡ ❡st⑦❛♦ ❡st✉❞❛♥❞♦✳ ◆❡ss❡ ♥✓✏✈❡❧✱ ❛ ▼❛t❡♠✓❛t✐❝❛ ✓❡ ♠❛✐s ❞♦ q✉❡ s✐♠♣❧❡s

❤❛❜✐❧✐❞❛❞❡✱ ❡❧❛ ✓❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❝✐❞❛❞❛♥✐❛✳ ◆✐♥❣✉✓❡♠ ♣♦❞❡ s❡ ❝♦♥s✐❞❡r❛r

✈❡r❞❛❞❡✐r❛♠❡♥t❡ ✐♥s❡r✐❞♦ ♥❛ s♦❝✐❡❞❛❞❡ s❡ ♥⑦❛♦ t✐✈❡r ❛❧❣✉♠❛ ❢❛♠✐❧✐❛r✐❞❛❞❡

❝♦♠ ❛s q✉❛tr♦ ♦♣❡r❛✘❝⑦♦❡s ❛r✐t♠✓❡t✐❝❛s✱ ❛s ❢r❛✘❝⑦♦❡s✱ ❛s ✉♥✐❞❛❞❡s ❞❡ ♠❡❞✐❞❛

❡ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❜✓❛s✐❝♦s ❞❡ ●❡♦♠❡tr✐❛✳ ❆♦ ♥♦s ❛♣r♦①✐♠❛r♠♦s ❞♦

❊♥s✐♥♦ ▼✓❡❞✐♦✱ ☞❝❛ ♠❛✐s ❞✐❢✓✏❝✐❧ ✐❞❡♥t✐☞❝❛r ❛ ✉t✐❧✐❞❛❞❡ ✐♠❡❞✐❛t❛ ❞❛ ▼❛✲

t❡♠✓❛t✐❝❛✳ ✭❆ ▼❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ✓❡ ✉♠ Pr♦❜❧❡♠❛✱ ❋♦❧❤❡t✐♠ ✵✻✱ ▼❛✐♦ ❞❡

✷✵✵✺✱ ❚❱ ❊s❝♦❧❛✱ ❙❛❧t♦ ♣❛r❛ ♦ ❋✉t✉r♦✳✮

❆ss✐♠✱ ☞❝❛ ❞❡s✐❣♥❛❞♦ ❛ t♦❞♦ ❡st✉❞❛♥t❡ ♦ q✉❡ ❞❡✈❡♠♦s ❡st✉❞❛r✱ ❡♠❜♦r❛ s❛❜❡♠♦s

q✉❡ ❝❛❞❛ s❡r ❤✉♠❛♥♦ ✓❡ ✓✉♥✐❝♦ ❡ t❡♠ s❡✉ t❡♠♣♦ ❞❡ ❛♠❛❞✉r❡❝✐♠❡♥t♦ ❡ ♣♦❞❡ ❡st❛r ❛♣t♦ ♦✉

♥⑦❛♦ ❛ s❡❣✉✐r ❛❞✐❛♥t❡ ♥♦s ❡st✉❞♦s✱ ✉♠❛ ✈❡③ ❡♠ q✉❡ ♦ ♠❡✐♦ ♦♥❞❡ ♦ ✐♥❞✐✈✓✏❞✉♦ ❡st✓❛ ✐♥s❡r✐❞♦

♣♦❞❡ ♦✉ ♥⑦❛♦ ❛❥✉❞❛r ♥❡ss❡s ❡st✉❞♦s✳ ❖❜s❡r✈❛r ❝✉✐❞❛❞♦s❛♠❡♥t❡ ♦ q✉❡ ❡st❛♠♦s ❞❡ ❢❛t♦

❡st✉❞❛♥❞♦ ❛❥✉❞❛ ❛ ❡✈✐t❛r ❞❡s❧✐③❡s ❡ ❝r✐❛r ♣r♦❜❧❡♠❛s s❡♠ ♥❡❝❡ss✐❞❛❞❡✱ ♣♦❞❡♥❞♦ t✐r❛r ♦

❢♦❝♦ ❞♦ q✉❡ r❡❛❧♠❡♥t❡ ❞❡✈❡♠♦s ❡st✉❞❛r ❡♠ ❝❛❞❛ ❢❛✐①❛ ❡t✓❛r✐❛✱ ♣♦✐s ✉♠❛ ✈❡③ q✉❡ ♦ q✉❡

s❡ ♣r❡❝✐s❡ ❡st✉❞❛r ♥⑦❛♦ s❡❥❛ ❛ ♣r✐♠❡✐r❛ ✈✐st❛ s✐❣♥✐☞❝❛t✐✈♦ ♣♦❞❡♠♦s ❝♦♠♣r♦♠❡t❡r ♦ q✉❡

❞❡✈❡♠♦s ❛♣r❡♥❞❡r✳

❖ ❢❛t♦ ❞❡ ♥❡❝❡ss✐t❛r♠♦s ❛❝✉♠✉❧❛r s❛❜❡r❡s ✐♥✌✉❡♥❝✐❛ ♠✉✐t❛s ✈❡③❡s ♦ q✉❡ s❡ ✓❡ ♣❛ss❛❞♦✱

❛❣♦r❛ ❝♦♠♦ s❛❜❡r s❡ ❝♦♥s❡❣✉✐♠♦s ❛♣r❡♥❞❡r t✉❞♦ ♦✉ t♦❞♦ ❛ss✉♥t♦ ❡st✉❞❛❞♦✱ s❛❜❡r s❡ ♦

❢❛t♦ ❞❡ t❡r ✈✐s✉❛❧✐③❛❞♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ✐♠♣❧✐❝❛ ♥❛ s✉❛ ❛♣r❡♥❞✐③❛❣❡♠✳ ❱❡♠♦s q✉❡ ♥❛

♣r✓❛t✐❝❛ ♦s ❛❧✉♥♦s ♥⑦❛♦ ❝♦♥s❡❣✉❡♠ ❛❝✉♠✉❧❛r ♦s ❛ss✉♥t♦s ❡♠ ❝❛❞❛ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❡ ❛ss✐♠

❝♦♠♣r♦♠❡t❡♠ ♦ ❡♥s✐♥♦ ❞♦s ❛♥♦s ♣♦st❡r✐♦r❡s✱ ♦ t♦❞♦ ✈✐st♦ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❛♥♦ ♥⑦❛♦

s❡ ❢❛③ ♣r❡s❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❛ ✈✐❞❛ ❞♦ ❡st✉❞❛♥t❡✳

◆❛ ♠❛t❡♠✓❛t✐❝❛ ♦♥❞❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❛ss✉♥t♦s ♥❡❝❡ss✐t❛ ❥✓❛ ❞❡ ✉♠ ❛♣♦✐♦ ❡♠ ❧✐✘❝⑦♦❡s

♣❛ss❛❞❛s ❡ss❡ ♣r♦❜❧❡♠❛ s❡ ❛❣r❛✈❛✱ s❡ ❛♦ ❧❛❞♦ ❞❡ ♦✉tr❛s ❞✐s❝✐♣❧✐♥❛s q✉❡ ♥❡♠ s❡♠♣r❡

♥❡❝❡ss✐t❛♠ ❞❡ss❡ ♣r✓❡✲r❡q✉✐s✐t♦ ❛ ♠❛t❡♠✓❛t✐❝❛ ♣♦❞❡ s❡ t♦r♥❛ ❛ ✈✐❧⑦❛ ❞❛s ♠❛t✓❡r✐❛s q✉❡ s❡
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❧❡❝✐♦♥❛♠✳

P♦rt❛♥t♦ ♦ q✉❡ s❡ r❡❛❧♠❡♥t❡ ❛♣r❡♥❞❡ ❡♠ ♠❛t❡♠✓❛t✐❝❛ ❞❡✈❡ s❡r s✉t✐❧♠❡♥t❡ ❛✈❛❧✐✲

❛❞♦✱ ✉♠ ♠❛❧ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ♣♦r ♣❛rt❡ ❞♦s ♣r♦❢❡ss♦r❡s ❡ ♣❛✐s ♣♦❞❡ tr❛③❡r ✐♥✓✉♠❡r♦s

♣r❡❥✉✓✏③♦s ❛♦ ❥♦✈❡♠ ❡st✉❞❛♥t❡✱ ♥♦✈❛♠❡♥t❡ ❢❛③❡♥❞♦ ❛ ♠❛t❡♠✓❛t✐❝❛ ❞❡✐①❛r ❞❡ s❡ t♦r♥❛r ❛tr❛✲

t✐✈❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡✈❡ s❡r ❝♦♥st❛♥t❡♠❡♥t❡ ❛♥❛❧✐s❛❞♦ ❡♥❢❛t✐③❛♥❞♦ ❛

♥❡❝❡ss✐❞❛❞❡ ❞♦ q✉❡ s❡ ❞❡✈❡ ❛♣r❡♥❞❡r ♣❛r❛ ❡✈✐t❛r ♠❛✐♦r❡s ♣r♦❜❧❡♠❛s ♥♦ ❢✉t✉r♦✳

❆♦ ❧❛❞♦ ❞❛ ❞✐s❝✉ss⑦❛♦ ❞♦ ❡st✉❞❛❞♦ ❡ ❛♣r❡♥❞✐❞♦✱ ❛ ❛t❡♥✘❝⑦❛♦ ❛♦ t❡♠❛ ❞❡ ❝♦♠♦ s❡ ❞❡✈❡

♦✉ ♥⑦❛♦ r❛❝✐♦❝✐♥❛r ♣♦❞❡ ❛❥✉❞❛r ❛ ❡ss❡ ♣r♦❝❡ss♦✱ ✉♠❛ s✐♠♣❧❡s ♣r✓❛t✐❝❛ ❞❡ ❝✓❛❧❝✉❧♦ ♣♦❞❡ t❡r

✉♠ s✐❣♥✐☞❝❛❞♦ ♦✉ ♥⑦❛♦ ♣❛r❛ ♦ ❛❧✉♥♦✳

❊♠ ❞✐✈❡rs❛s s✐t✉❛✘❝⑦♦❡s ♣r♦❜❧❡♠❛s ❛ ❢♦r♠❛ ❝♦♠ q✉❡ s❡ ❭❛t❛❝❛✧ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡

❞❡t❡r♠✐♥❛r ❛ ✈✐t✓♦r✐❛ ♦✉ ♦ ❢r❛❝❛ss♦✱ ✓❡ ♥❡ss❡ ♣♦♥t♦ ♦♥❞❡ ♦ q✉❡ s❡ ❡st✉❞♦✉ ❡ s❡ ❛♣r❡♥✲

❞❡✉ ♣♦❞❡ s❡r ✈❡r✐☞❝❛❞♦✱ ❛ ❢♦r♠❛ ❝♦♠♦ ♣❡♥s❛♠♦s ❛ r❡s♣❡✐t♦✱ ❝♦♠♦ ✐♥t❡r❛❣✐♠♦s ❝♦♠ ❛

s✐t✉❛✘❝⑦❛♦✳ ◆❛ ♠❛t❡♠✓❛t✐❝❛ ♥♦ ♠❡s♠♦ ❝♦♥t❡✓✉❞♦ ♣♦❞❡♠♦s t❡r ❞✐✈❡rs❛s ❢♦r♠❛s ❞❡ ♣❡♥s❛r✱

♦ ♠✓❡t♦❞♦ ❡♠♣r❡❣❛❞♦ q✉❛♥❞♦ ❞❡t❡r♠✐♥❛❞♦ ❛ss✉♥t♦ ❢♦✐ ❡st✉❞❛❞♦ ❡ ❡s♣❡r❛✲s❡ ❛♣r❡♥❞✐❞♦✱

♣♦❞❡ s✉rt✐r ❡❢❡✐t♦ ❡ ❞❡t❡r♠✐♥❛r ❛ s♦❧✉✘❝⑦❛♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♠❛s s❡ ♦ ❛❧✉♥♦ ♥⑦❛♦ ❛♣r❡♥❞❡✉

❝♦♠♦ s❡ r❛❝✐♦❝✐♥❛ ❞✐❛♥t❡ ❞❡ss❛ s✐t✉❛✘❝⑦❛♦✱ ✉♠❛ s✉t✐❧ ♠✉❞❛♥✘❝❛ ♥♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ ♣♦❞❡

❣❡r❛r ❛♥❣✓✉st✐❛ ♥♦ ❛❧✉♥♦ ❛❝❛rr❡t❛♥❞♦ ♥❛ ♥⑦❛♦ s♦❧✉✘❝⑦❛♦ ❞♦ ♠❡s♠♦✳

❆tr❛✈✓❡s ❞❡ ❞✐s❝✉ss⑦♦❡s ❡ ❛♥✓❛❧✐s❡ ❞♦s ❢❛t♦s ♣♦❞❡♠♦s ❣❡r❛r ❢♦r♠❛s ♠❛✐s ❡☞❝✐❡♥t❡s ❞❡

s❡ ❡♥s✐♥❛r ❛ r❛❝✐♦❝✐♥❛r ❡ ❝♦♥s❡❣✉✐r ✐♥t❡r♣r❡t❛r ♣r♦❜❧❡♠❛s ❞✐✈❡rs♦s✱ ♣♦✐s ❝❛❞❛ ❝❛s♦ t❡♠

s✉❛s ❢♦r♠❛s ♣❛rt✐❝✉❧❛r❡s ❞❡ s❡r ✈✐st♦ ❡ ❞✐s❝✉t✐❞♦✳

❆ s♦❝✐❡❞❛❞❡ ❝❛❞❛ ✈❡③ ♠❛✐s ✈❡♠ ❜✉s❝❛♥❞♦ ❛✈❛♥✘❝♦s ❡♠ t♦❞❛s ❛s ✓❛r❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦

❤✉♠❛♥♦✱ ❛ ♠❛t❡♠✓❛t✐❝❛ ✈❡♠ ❣❛♥❤❛♥❞♦ ♠❛✐s ❡s♣❛✘❝♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ❝❛♠♣♦s ❞❡ t❡❝✲

♥♦❧♦❣✐❛✱ ❛s ❞✐✈❡rs❛s ❡♥❣❡♥❤❛r✐❛s ✈❡♠ ❛ss✉♠✐♥❞♦ ♠❛✐♦r ❞❡st❛q✉❡ ♥♦ ❝♦t✐❞✐❛♥♦ ❤✉♠❛♥♦✱

❜✉s❝❛♥❞♦ ♥♦✈♦s ❛♣❡r❢❡✐✘❝♦❛♠❡♥t♦s ❡ ♠❡❧❤♦r❡s ❢♦r♠❛s ❞❡ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ❤♦♠❡♠✳

❆s ♥♦✈❛s ♥❡❝❡ss✐❞❛❞❡s ❞♦ ♠✉♥❞♦ ♠♦❧❞❛♠ ❛ ❢♦r♠❛ ❝♦♠ q✉❡ ❞❡✈❡♠♦s ✐♥t❡r❛❣✐r ❝♦♠

❡❧❡✱ ♦ ❡♥s✐♥♦ ✓❡ ♦ ♠♦❧❞❡ ❞♦ s❡r ❤✉♠❛♥♦ ♣❛r❛ ❛ ✈✐❞❛ ❡♠ s♦❝✐❡❞❛❞❡✱ ❧♦❣♦ ✓❡ ♥❛t✉r❛❧ ❡s✲

♣❡r❛r♠♦s q✉❡ ❡st❡ ♠❡s♠♦ ❡♥s✐♥♦ ♣♦ss❛ tr❛③❡r ❛s r❡s♣♦st❛s ♣❛r❛ ❛ ✈✐❞❛ ♠♦❞❡r♥❛ ❡ s❡r

✉s❛❞♦ ♣❛r❛ ❝♦♥t✐♥✉❛r♠♦s ♥♦ss♦ ❛✈❛♥✘❝♦ ❡♥q✉❛♥t♦ ♣♦✈♦✳ ◆♦ss❛s ♥❡❝❡ss✐❞❛❞❡s ❤♦❥❡ ♥⑦❛♦

s⑦❛♦ ❛s ♠❡s♠❛s ❞❡ ✉♠ ♠✉♥❞♦ ♦♥❞❡ ❛ ✐♥t❡r♥❡t ♣♦r ❡①❡♠♣❧♦ ♥⑦❛♦ ❡①✐st✐❛✱ ♥❡♠ ♠❡s♠♦ ♦s

♣r♦❜❧❡♠❛s ♣♦❞❡♠ s❡r ♦s ♠❡s♠♦s✱ ♥♦ ❡♥t❛♥t♦ ❛❧❣✉♠❛s ❢♦r♠❛s ❞❡ s❡ ❡♥s✐♥❛r ❡ ❛♣r❡♥❞❡r

❝♦♥t✐♥✉❛♠ ♣r❡s❛s ❛ ✉♠ ♠✉♥❞♦ q✉❡ ♥⑦❛♦ ❡①✐st❡ ♠❛✐s✱ s❡ ♥⑦❛♦ ♠✐❣r❛r♠♦s ♣❛r❛ ❡ss❡ ❭♥♦✈♦

♠✉♥❞♦✧ ♣♦❞❡♠♦s ♥⑦❛♦ ❡st❛r ♣r❡♣❛r❛❞♦s ♣❛r❛ ❛s ♣r✓♦①✐♠❛s ♠✉❞❛♥✘❝❛s✳

❘❡❝❡♥t❡♠❡♥t❡ ❝♦♠ ♦ s✉r❣✐♠❡♥t♦ ❞♦s ❝♦♠♣✉t❛❞♦r❡s ❡ ❛ ❛t✉❛❧ ❡r❛ ❞❛ ✐♥❢♦r♠❛✘❝⑦❛♦✱ ❛



✷✸

❞❡♠❛♥❞❛ ♣♦r ✉♠ ✐♥❞✐✈✓✏❞✉♦ ♠❡❧❤♦r ♣r❡♣❛r❛❞♦ ❡st✓❛ ❝❛❞❛ ✈❡③ ♠❛✐s ✐♥t❡♥s❛✱ ❡st✓❛ ❡♠ ❝♦♥s✲

t❛♥t❡ ❛♣❡r❢❡✐✘❝♦❛♠❡♥t♦ ✓❡ q✉❛s❡ q✉❡ ✉♠❛ ♦❜r✐❣❛✘❝⑦❛♦ ♣❛r❛ ♥⑦❛♦ s❡r ❞❡✐①❛❞♦ ♣❛r❛ tr✓❛s✳ ❖

♠❡r❝❛❞♦ ❡①✐❣❡ ♠✉✐t♦ ❡ s❡r✓❛ q✉❡ ❡ss❡ ♠❡s♠♦ ♠❡r❝❛❞♦ ❡ ❛ ❡s❝♦❧❛ ♣♦❞❡♠ ❞❛r ❛ ♣♦♣✉❧❛✘❝⑦❛♦

❡ss❡ ❛♣❡r❢❡✐✘❝♦❛♠❡♥t♦ ❝♦♥t✓✏♥✉♦❄ ❖s ♣r✓♦♣r✐♦s ♣r♦❢❡ss♦r❡s ❡st⑦❛♦ r❡❝❡❜❡♥❞♦ ❢♦r♠❛✘❝⑦♦❡s ❛❞❡✲

q✉❛❞❛s ♣❛r❛ ❧✐❞❛r ❝♦♠ ❡ss❛ r❡❛❧✐❞❛❞❡ ❞❡ ♠✉♥❞♦ ❛t✉❛❧❄

❆ s♦❝✐❡❞❛❞❡ ❜✉s❝❛ ✐♥❞✐✈✓✏❞✉♦s ❝❛♣❛③❡s ❞❡ tr❛❜❛❧❤❛r ❡♠ ❣r✉♣♦✱ ♠❛s q✉❡ ♣♦ss❛♠ ❛t✉❛r

❡♠ ❧✐❞❡r❛♥✘❝❛ ❝❛s♦ s❡❥❛ ♥❡❝❡ss✓❛r✐♦✱ ❛❧❣✉✓❡♠ q✉❡ ❧✐❞❡ ❝♦♠ ❞❡s❛☞♦s ❝♦♠ ♥❛t✉r❛❧✐❞❛❞❡ ❡ ♣♦ss❛

✐♥♦✈❛r ❡♠ ♠❡✐♦ ❛ t❡♠♣♦s ❞❡ ❝r✐s❡✱ q✉❡ ♣♦ss✉❛ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♠✉♥❞♦ s❡♠♣r❡

❛t✉❛❧✐③❛❞♦ ❡ q✉❡ ❝❛rr❡❣✉❡ ❞❡♥tr♦ ❞❡ s✐ s❛❜❡r❡s ❛♣r❡♥❞✐❞♦s ❞❡s❞❡ ♦ ♣❡r✓✏♦❞♦ ❡s❝♦❧❛r✳ P❛r❛

✉♠❛ ♣❡ss♦❛ s❡r ❝♦♥s✐❞❡r❛❞❛ ♣r❡♣❛r❛❞❛ ❞❡✈❡ ♣♦ss✉✐r ♥⑦❛♦ s✓♦ ❡ss❛s ❝❛r❛❝t❡r✓✏st✐❝❛s ♠❛s

♦✉tr❛s ♣❛rt✐❝✉❧❛r❡s ❡✱ ❛✐♥❞❛ ♥♦✈❛s q✉❡ s✉r❣❡♠ ❛ ❝❛❞❛ ❞✐❛✳

P♦r✓❡♠✱ ❡♠ s❡ tr❛t❛♥❞♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡s❝♦❧❛r ✓❡ s❡♠♣r❡ ✉♠ ♣r♦❜❧❡♠❛✱ s❛❜❡♠♦s

q✉❡ ♦ q✉❡ ❛♣r❡♥❞❡♠♦s ❞✉r❛♥t❡ ♦ ❡♥s✐♥♦ ❜✓❛s✐❝♦ ✓❡ r❡❛❧♠❡♥t❡ ❝♦♠♦ ♦ ♥♦♠❡ ❞✐③✱ ❜✓❛s✐❝♦✳

▼❛s ♥⑦❛♦ ✈❡♠♦s ✐ss♦ ♥♦ ♥♦ss♦ ♠❡✐♦✱ ♠✉✐t❛s ♣❡ss♦❛s ♥⑦❛♦ ❢❛③❡♠ ❛ ♠❡♥♦r ✐❞❡✐❛ ❞♦ q✉❡

✈✐r❛♠✱ ❡st✉❞❛r❛♠ ♦✉ ❛♣r❡♥❞❡r❛♠ ♥❛ ✓❡♣♦❝❛ ❞❛ ❡s❝♦❧❛✱ ❡♥t⑦❛♦ ✓❡ ❞✐❢✓✏❝✐❧ ❛❝r❡❞✐t❛r q✉❡ ❛

❡s❝♦❧❛ ❡st✓❛ ♣r❡♣❛r❛♥❞♦ ❜❡♠ ♦ ❢✉t✉r♦ ❝✐❞❛❞⑦❛♦✳

◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ♠❛t❡♠✓❛t✐❝❛✱ ♣♦✉❝❛s ♣❡ss♦❛s ❝♦♥s❡❣✉❡♠ tr❛❜❛❧❤❛r ❝♦♠ ❝♦♥❝❡✐✲

t♦s ❛❧❣✓❡❜r✐❝♦s ❡ ❣❡♦♠✓❡tr✐❝♦s✱ s❡ ✉♠❛ ♣❡ss♦❛ ❞❡✈❡ ♣♦ss✉✐r ♦ ❞✐s❝❡r♥✐♠❡♥t♦ ❡ ❛ ❝r✐t✐❝✐❞❛❞❡

❞❡ ✉♠ ♠✉♥❞♦ ❛t✉❛❧✱ ❡❧❛ ❞❡✈❡r✐❛ ❛♦ ♠❡♥♦s s❛❜❡r ❝♦♥❝❡✐t♦ s✐♠♣❧❡s ❡ s✉❛s ✐♠♣❧✐❝❫❛♥❝✐❛s✳

❙❡ ♥⑦❛♦ ♦s ♣♦ss✉✐✱ ❡s♣❡r❛r q✉❡ ❡ss❡ ❝✐❞❛❞⑦❛♦ ❧✐❞❡ ❝♦♠ ❛✉t♦r✐❞❛❞❡ s♦❜r❡ ♦s ♠❛✐s ❞✐✈❡rs♦s

❛ss✉♥t♦s ♣♦❞❡ ❡①✐❣✐r ✉♠ ♥✓✏✈❡❧ ❞❡ r❛❝✐♦❝✓✏♥✐♦ q✉❡ ❡st❡ ♥⑦❛♦ ❛❞q✉✐r✐✉ ♦✉ s❡q✉❡r ✈❛✐ ❛❞q✉✐r✐r✳

❯♠❛ ♣❡ss♦❛ q✉❡ ♥⑦❛♦ ♣❡r❝❡❜❡ ❡♠ s✐t✉❛✘❝⑦♦❡s ❝♦♠✉♥s ❛ ✐❞❡✐❛ ❞❡ ❝♦♥❥✉♥t♦s✱ ♦✉ ♠❡s♠♦

♣♦t❫❡♥❝✐❛s ❡ ❢r❛✘❝⑦♦❡s✱ ♣♦❞❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s✐t✉❛✘❝⑦❛♦ ❛ t♦♠❛r ♠✓❛s ❞❡❝✐s⑦♦❡s✱ ✉♠ s✐♠♣❧❡s

♣r♦❜❧❡♠❛ ❞❡ r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛✘❝⑦♦❡s ❝♦♠ ❞✉❛s ♦✉ ♠❛✐s ✐♥❝✓♦❣♥✐t❛s ♣♦❞❡ ❧❡✈❛r

❡ss❛ ♣❡ss♦❛ ❛ ♣❛ss❛r ❛ ✈✐❞❛ t❡♥t❛♥❞♦ r❡s♦❧✈❫❡✲❧♦ s❡♠ s❛❜❡r s❡ ❛♦ ♠❡♥♦s ❛ s♦❧✉✘❝⑦❛♦ ❡①✐st❡✱

♦✉ ❡♥t⑦❛♦ ❞✐✈✐❞✐r ✉♠ ♥✓✉♠❡r♦ ❡♠ ♣❛rt❡s ❞✐r❡t❛♠❡♥t❡ ♦✉ ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛✐s✱ t❛✐s

❝♦♥❝❡✐t♦s s⑦❛♦ ❜✓❛s✐❝♦s ✉♠❛ ✈❡③ q✉❡ s❡✉s ❡st✉❞♦s s❡ ❢❛③❡♠ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ♥♦ ❡♥s✐♥♦

❢✉♥❞❛♠❡♥t❛❧✱ ♠❛s ❡♠ ❞✐✈❡rs❛s ✈❡③❡s ♦s ♣r✓♦♣r✐♦s ❛❧✉♥♦s ❛❝❛❜❛♠ ♣❛ss❛♥❞♦ ❞❡ ❛♥♦ s❡♠

❛♣r❡♥❞❡r ❝♦♠♦ ❡ss❡s ❛ss✉♥t♦s ♣❛ss❛❞♦s s❡♠ ✉♠❛ ❝♦♥t❡①t✉❛❧✐③❛✘❝⑦❛♦ ❛♣r♦♣r✐❛❞❛ ♣♦❞❡♠

s❡r ✓✉t❡✐s✳

◆⑦❛♦ r❛r♦ ✈❡r ❝♦♥❝✉rs♦ ♣✓✉❜❧✐❝♦s q✉❡ ✉s❛♠ ❛♣❡♥❛s ♦ ❝♦♥t❡✓✉❞♦ ❞❡ ♠❛t❡♠✓❛t✐❝❛ ✈✐st♦

❛♣❡♥❛s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠❡s♠♦ ❛ss✐♠ ♦s ❝❛♥❞✐❞❛t♦s s❡ ❛ss✉st❛♠ ♣♦r ♥⑦❛♦ t❡r❡♠

❛ ♠❡♥♦r ✐❞❡✐❛ ❞❡ ❝♦♠♦ ✉s❛r ❛ss✉♥t♦s ✈✐st♦s ❛ ♠✉✐t♦ t❡♠♣♦ ♥❛ ❡s❝♦❧❛✱ ❛✓✏ ♦♥❞❡ ♣r♦❝✉r❛♠

♦ ❛♣♦✐♦ ❞♦s ❝✉rs♦s ♣r❡♣❛r❛t✓♦r✐♦s ❡ ❡ss❡s ❝❛♥❞✐❞❛t♦s ✈⑦❛♦ ♣❛❣❛r ♣❛r❛ r❡✈❡r ❡ ❡st✉❞❛r ♦s
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❝♦♥t❡✓✉❞♦s q✉❡ ❛ s♦❝✐❡❞❛❞❡ ❥✓❛ ❡s♣❡r❛✈❛ q✉❡ s♦✉❜❡ss❡♠✳

❈❛❜❡ ✉♠❛ r❡✌❡①⑦❛♦✱ s♦❜r❡ ❡ss❡s t❡♠❛s✱ ♦ ❝♦♥t❡✓✉❞♦ q✉❡ ❢♦✐ tr❛♥s♠✐t✐❞♦ ❡♠ ❞❡t❡r✲

♠✐♥❛❞❛ ✓❡♣♦❝❛ ❝♦♥s✐st✐❛ ❞❡ ♥❡❝❡ss✐❞❛❞❡ ♣❛r❛ ♦ ❥♦✈❡♠ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛❄ ❙❡ ♦ ♣r♦❢❡ss♦r

❢♦r ♠♦t✐✈❛r ✉♠ ❛❧✉♥♦ ❞♦ s✓❡t✐♠♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❛ r❡s♣❡✐t♦ ❞❛ ♥❡❝❡ss✐❞❛❞❡

❞❡ ❛♣r❡♥❞❡r s♦❜r❡ ♣♦r ❡①❡♠♣❧♦ ❛ ❞✐✈✐s⑦❛♦ ❞❡ ♥✓✉♠❡r♦ ❡♠ ♣❛rt❡s ❞✐r❡t❛♠❡♥t❡ ♦✉ ✐♥✈❡r✲

s❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛✐s ❛ ♦✉tr♦s ♥✓✉♠❡r♦s✱ ❞✐③❡♥❞♦ q✉❡✱ q✉❛♥❞♦ ♦ ❥♦✈❡♠ ❢♦r ♣r❡st❛r ✉♠

❝♦♥❝✉rs♦ ❛q✉❡❧❡ s❛❜❡r s❡r✓❛ ✐♠♣♦rt❛♥t❡✱ ✈❛✐ r❡❛❧♠❡♥t❡ s✉rt✐r ❡❢❡✐t♦❄ ▼✉✐t❛s ♣r♦♣♦st❛s ❡

♣♦♥t♦s ❞❡ ✈✐st❛ ❝❛❜❡♠ ❛ ❡ss❡ r❡s♣❡✐t♦✱ ♣♦r✓❡♠ ❛❞❡q✉❛r ❛s ♥❡❝❡ss✐❞❛❞❡s ❛t✉❛✐s ❞♦ ❛❧✉♥♦ ♦

❝♦♥t❡✓✉❞♦ q✉❡ s❡ ❞❡s❡❥❛ q✉❡ ❡❧❡ ❛♣r❡♥❞❛ ♣♦❞❡ ❛❥✉❞❛r ♥❛ ❛q✉✐s✐✘❝⑦❛♦ ❞❡ss❡ ❝♦♥❤❡❝✐♠❡♥t♦✱

♣❛r❛ ♥♦ ❢✉t✉r♦ ❢❛③❡♥❞♦ ❡❧❡ ✉♠❛ ❛♥❛❧♦❣✐❛ ✒❛ s✉❛ ♥❡❝❡ss✐❞❛❞❡ ❛♥t❡r✐♦r ❡♥❝♦♥tr❡ ❡ ♣♦ss✉❛

✉s❛r ♥♦✈❛♠❡♥t❡ ♦ ❛ss✉♥t♦ ♦✉ ♠❛t✓❡r✐❛ ❥✓❛ ❛♣r❡♥❞✐❞♦✳

❯♠ ❛✉①✓✏❧✐♦ ♣❛r❛ ♦s ♣r♦❢❡ss♦r❡s ♥❛ ❤♦r❛ ❞❡ ❞❡❝✐❞✐r❡♠ ♦ q✉❡ ❞❡✈❡ s❡r ❞❡st❛q✉❡ ♥❛ ❤♦r❛

❞❡ s❡r ❧❡❝✐♦♥❛❞♦✱ ♦✉ ❛✐♥❞❛ ❝♦♠♦ ❞❡✈❡ s❡r ❧❡❝✐♦♥❛❞♦ ✓❡ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s P❛r❫❛♠❡tr♦s

❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✱ q✉❡ ♥♦rt❡✐❛ ♦ ❡♥s✐♥♦ ❞❡ ♠♦❞♦ ❛ ❡st❛❜❡❧❡❝❡r ❢♦r♠❛s ♣❛r❛ ♦ ♣r♦❢❡s✲

s♦r ♥⑦❛♦ ✈❡♥❤❛ ❛ ♣❡r❞❡r ♦ s❡♥t✐❞♦ ❞♦ ❝♦♥t❡✓✉❞♦ q✉❡ ❧❡❝✐♦♥❛✳ ❉❡☞♥✐❞♦ ❛ss✐♠ ♦ ♦❜❥❡t✐✈♦✱ ❡

♣♦❞❡♥❞♦ ❛ ♣❛rt✐r ❞❡❧❡ tr❛✘❝❛r ♠❡❧❤♦r❡s ❢♦r♠❛s ❞❡ ❝♦♥s❡❣✉✐r ♦ ❛♣r❡♥❞✐③❛❞♦ ❞♦s ❡st✉❞❛♥t❡s✳

❖s ♣❛r❫❛♠❡tr♦s ❝✐t❛ ♦ s❡❣✉✐♥t❡ ♦❜❥❡t✐✈♦ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠✓❛t✐❝❛✿

❖❜❥❡t✐✈♦ ●❡r❛❧ ❞♦ ❊♥s✐♥♦ ❞❛ ▼❛t❡♠✓❛t✐❝❛✿ ❆♥❛❧✐s❛r ✐♥❢♦r♠❛✘❝⑦♦❡s r❡❧❡✲

✈❛♥t❡s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❡st❛❜❡❧❡❝❡r ♦ ♠❛✐♦r ♥✓✉♠❡r♦

❞❡ r❡❧❛✘❝⑦❛♦ ❡♥tr❡ ❡❧❛s✱ ❢❛③❡♥❞♦ ✉s♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠✓❛t✐❝♦ ♣❛r❛

✐♥t❡r♣r❡t✓❛✲❧❛s ❡ ❛✈❛❧✐✓❛✲❧❛s ❝r✐t✐❝❛♠❡♥t❡✳✭P❛r❫❛♠❡tr♦s ❝✉rr✐❝✉❧❛r❡s ♥❛❝✐♦✲

♥❛✐s ✿ ■♥tr♦❞✉✘❝⑦❛♦ ❛♦s ♣❛r❫❛♠❡tr♦s ❝✉rr✐❝✉❧❛r❡s ♥❛❝✐♦♥❛✐s ✴ ❙❡❝r❡t❛r✐❛ ❞❡

❊❞✉❝❛✘❝⑦❛♦ ❋✉♥❞❛♠❡♥t❛❧✳ ✲ ❇r❛s✓✏❧✐❛ ✿ ▼❊❈✴❙❊❋✱ ✶✾✾✼✳♣❛❣ ✹✽✳✮

❆ss✐♠✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛✐s ❛ss✉♥t♦s ♦ ♣r♦❢❡ss♦r ❡st❡❥❛ tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♦s ❛❧✉♥♦s✱

♥❛ s✉❛ ♠❡♥t❡ ❞❡✈❡ ♣❡r♠❛♥❡❝❡r ❝❧❛r♦ ♦ ♦❜❥❡t✐✈♦ ❣❡r❛❧ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ♣❛r❛ ❛ ♣❛rt✐r ❞❛✓✏✱

s✐♠ ✈✐r❡♠ ♦s ♦❜❥❡t✐✈♦s ❡s♣❡❝✓✏☞❝♦s ❞❡ ❝❛❞❛ ❛ss✉♥t♦✱ ❞❡ss❛ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ r❡❣✐⑦❛♦

♦♥❞❡ ✉♠ ❛❧✉♥♦ ❡st✐✈❡r ♦ ❡✐①♦ s❡r✓❛ ♠❛✐s ❢✓❛❝✐❧ ❞❡ s❡r ♠❛♥t✐❞♦✱ ☞❝❛♥❞♦ ❡♠ ♠❡♥t❡ q✉❡ ❛

❡s❝♦❧❛ ❡ s❡✉s ♣r♦❢❡ss♦r❡s s❡❣✉❡♠ ❛s ♠❡s♠❛s r❡❢❡r❫❡♥❝✐❛s ♥❛ ❤♦r❛ ❞❡ ❡❧❛❜♦r❛r ✉♠ ❝✉rs♦✱

♦ ❛❧✉♥♦ s❡r✓❛ ❛ss✐♠ ❜❡♥❡☞❝✐❛❞♦ ♥❛ s✉❛ ✈✐❞❛ ❛❝❛❞❫❡♠✐❝❛✱ ❛❥✉❞❛♥❞♦ ❛ s❡r ✉♠ ❝✐❞❛❞⑦❛♦ q✉❡

♣♦ss✉✐ ✉♠ s❡♥s♦ ❝r✓✏t✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❛♦ ❧♦♥❣♦ ❞❛ s✉❛ ❥♦r♥❛❞❛ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳

❖s ♣r♦❢❡ss♦r❡s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ✐♠♣♦rt❛♥t❡✱ s❡ ♥⑦❛♦ ♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞♦s ♣❛♣✓❡✐s✱

♣♦✐s ❡st⑦❛♦ ❝♦t✐❞✐❛♥❛♠❡♥t❡ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛ ❞✐s♣♦♥❞♦ ❞❡ ✉♠ t❡♠♣♦ ♥❛ ✈✐❞❛ ❞❡ss❡ ❡s✲

t✉❞❛♥t❡ q✉❡ ♣♦❞❡ ❛❝❛rr❡t❛r ❡♠ ✉♠❛ ❣r❛♥❞❡ ✐♥✌✉❡♥❝✐❛ ❡♠ s✉❛s ✈✐❞❛s✱ ✓❡ ♥❡❝❡ss✓❛r✐♦ ❛s✲

s✐♠✱ s❡♠♣r❡ ✉♠❛ ♠❡❧❤♦r ❢♦r♠❛✘❝⑦❛♦ ♣❛r❛ ❡ss❡s ♣r♦☞ss✐♦♥❛✐s ❡ t❛♠❜✓❡♠ ❝♦♥st❛♥t❡s ❛♣❡r✲

❢❡✐✘❝♦❛♠❡♥t♦s ❡♠ s✉❛s ❞✐s❝✐♣❧✐♥❛s ❝♦♠♦ ♥❛s ♦✉tr❛s ✓❛r❡❛s✱ ❥✓❛ q✉❡ ❝♦♠♦ ♣r♦☞ss✐♦♥❛✐s ❞❛
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❡❞✉❝❛✘❝⑦❛♦ ♥❡❝❡ss✐t❛♠ ❞❡ ✐♥❢♦r♠❛✘❝⑦❛♦ ❛ r❡s♣❡✐t♦ ❞❛s ❝♦♥st❛♥t❡s ♠✉❞❛♥✘❝❛s q✉❡ ♦❝♦rr❡♠ ♥♦

♠✉♥❞♦ ❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛❞❡q✉❛r s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ✒❛ ❞✐s❝✐♣❧✐♥❛

q✉❡ ❧❡❝✐♦♥❛♠✱ ❡✈✐t❛♥❞♦ ❛ss✐♠ q✉❡ ❝❛✐❛♠ ❡♠ ❞❡s✉s♦ ❞❡✈✐❞♦ ✒❛ ❛♣❧✐❝❛✘❝⑦♦❡s ❥✓❛ ❞❡❢❛s❛❞❛s ❡

❞❡s❛t✉❛❧✐③❛❞❛s✳ ❖ ♣r♦❢❡ss♦r ❛ss✐♠✱ ♣r❡❝✐s❛ ❡st❛r ❝✐❡♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❛ ❞✐s❝✐♣❧✐♥❛ q✉❡

❧❡❝✐♦♥❡✱ ❡ss❛ ❞✐s❝✐♣❧✐♥❛ ✐♥t❡r❛❣❡ ❝♦♠ ♦ ♠✉♥❞♦ ❡ ❝♦♠ ♦s ❝✐❞❛❞⑦❛♦s ❞❡ ✉♠❛ ❢♦r♠❛ ❞✐r❡t❛

♦✉ ♦r❛ s✉t✐❧✳ ◆❡❣❛r ✐ss♦✱ t♦r♥❛r✓❛ s❡♠ ❛tr❛t✐✈♦s ♦ ❝♦♥t❡✓✉❞♦ q✉❡ ❡①♣❧✐❝❛✱ ❡ ❛ss✐♠ ♥⑦❛♦

❝✉♠♣r✐r✓❛ ❝♦♠ ♦s ♦❜❥❡t✐✈♦s ❣❡r❛✐s ❞❡ ❡♥s✐♥♦✳

◆♦ ❝❛s♦ ❞♦ ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠✓❛t✐❝❛✱ ♠✉✐t❛s ✈❡③❡s s❡ ❡♥s✐♥❛♠ ❛ss✉♥t♦s q✉❡ ♣♦ss✉❡♠

s✓❡❝✉❧♦s ♦✉ ❛t✓❡ ♠❡s♠♦ ♠✐❧❫❡♥✐♦s✱ ♥⑦❛♦ ✓❡ s✉r♣r❡s❛ q✉❡ s❡♥❞♦ ❛ss✐♠✱ ❛ ♠❛t❡♠✓❛t✐❝❛ s❡❥❛

✈✐st❛ ❞❡ ❢♦r♠❛ ❡rr❫♦♥❡❛ ♣❡❧♦s ❡st✉❞❛♥t❡s✱ ❧❡✈❛♥❞♦ ❛ ❛❝r❡❞✐t❛r q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ♥⑦❛♦

❡st✓❛ ♣r❡s❡♥t❡ ♥♦ ♠✉♥❞♦ ♠♦❞❡r♥♦✳ ❆s ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s q✉❡ ✉s❛♠ ♠❛✐s ❞✐r❡t❛♠❡♥t❡

❢❡rr❛♠❡♥t❛s ♠❛t❡♠✓❛t✐❝❛s ❞❡✈❡♠ s❡r s❡♠♣r❡ ✉s❛❞❛s ❝♦♠♦ ❡①❡♠♣❧♦s ❛ ☞♠ ❞❡ ❡str❡✐t❛r ❛s

❞✐st❫❛♥❝✐❛s q✉❡ ♣♦❞❡♠ s✉r❣✐r ❡♥tr❡ ♦s ❛❧✉♥♦s ❡ ❛ ♠❛t❡♠✓❛t✐❝❛✳ ❖ ♣r♦☞ss✐♦♥❛❧ ❜❡♠ ❝♦♠♦

♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞❛❞♦ ❛ ❡❧❡ ❞❡✈❡♠ s❡r ♣❛❧❝♦ ❞❡ ❝♦♥st❛♥t❡s ❞✐s❝✉ss⑦♦❡s ♥❛s s❡❝r❡t❛r✐❛s ❞❡

❡♥s✐♥♦✱ ♣❛r❛ ❞❡ss❡ ♠♦❞♦ ♣♦❞❡r❡♠ ❝♦♠❜❛t❡r ♦s ♣r♦❜❧❡♠❛s ❡ ❛s ❞✐☞❝✉❧❞❛❞❡s q✉❡ ♣❡r♠❡✐❛♠

❛ ✈✐❞❛ ❞♦s ❡st✉❞❛♥t❡s✳

❆ ▼❛t❡♠✓❛t✐❝❛ ✓❡ ✉♠❛ ❞❛s ❝❤❛✈❡s ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛t✉❛❧ ❡ ❢✉t✉r♦ ❞❛

♥♦ss❛ s♦❝✐❡❞❛❞❡✳ ❯♠❛ ♣r✓❛t✐❝❛ ❝♦♥s❝✐❡♥t❡ ❞♦s ♣r♦❢❡ss♦r❡s ❡ ❞❡ t♦❞❛s

♦✉tr❛s ✐♥st❫❛♥❝✐❛s ❡♥✈♦❧✈✐❞❛s ✓❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ r❡s♣♦♥❞❡r ❛♦s ❛♥s❡✐♦s

❞❡st❛ s♦❝✐❡❞❛❞❡ ❞❛ q✉❛❧ ♥♦ss♦s ❛❧✉♥♦s ❢❛③❡♠ ♣❛rt❡ ❡ ♥❛ q✉❛❧ ❞❡✈❡♠

t❛♠❜✓❡♠ s❡r ❝❛♣❛③❡s ❞❡ ❛t✉❛r ❝♦♠ ❝♦♥s❝✐❫❡♥❝✐❛ ❡ ❝♦♠♣❡t❫❡♥❝✐❛✳ ✭♣❛❣ ✺✳ ❆

▼❛t❡♠✓❛t✐❝❛ ♥⑦❛♦ ✓❡ ✉♠ Pr♦❜❧❡♠❛✱ ❋♦❧❤❡t✐♠ ✵✻✱ ▼❛✐♦ ❞❡ ✷✵✵✺✱ ❚❱ ❊s❝♦❧❛✱

❙❛❧t♦ ♣❛r❛ ♦ ❋✉t✉r♦✳✮

❉❡✈❡ ♣❛rt✐r ❞❡ t♦❞♦s ♦ ❞❡s❡❥♦ ❞❡ ♠✉❞❛♥✘❝❛ ❡♠ ❜✉s❝❛ ❞❡ ❢♦r♠❛s ❞❡ ✉s❛r ♦s ❛✈❛♥✘❝♦s

t❡❝♥♦❧✓♦❣✐❝♦s ❡♠ ♣r♦❧ ❞❛s ❞✐s❝✐♣❧✐♥❛s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ♠❛t❡♠✓❛t✐❝❛ t❡♠ ♠✉✐t♦ ❛ s❡ ❢❛③❡r

♣r❡s❡♥t❡✱ ♣♦✐s ❡❧❛ ❛♣❛r❡❝❡ ❝♦♠ ❢r❡q✉❫❡♥❝✐❛ ❡ ❛t✓❡ ❞❡st❛q✉❡ ❡♠ ❞✐✈❡rs♦s ❝✉rs♦s ❞❡ ♥✓✏✈❡❧

s✉♣❡r✐♦r ❡ ❝✉rs♦s t✓❡❝♥✐❝♦s✱ ❡❧❡✈❛♥❞♦ ❛ss✐♠ ♦ s❡✉ ♣r❡st✓✏❣✐♦✱ ❝❛❜❡ ❛✓✏ ❛♦s ❝✉rs♦s ❞❡ ❧✐❝❡♥✲

❝✐❛t✉r❛ ❡♠ ♠❛t❡♠✓❛t✐❝❛ ❡①♣❧♦r❛r❡♠ ❡ss❡ ❢❛t♦ ❛ s❡✉ ❢❛✈♦r ❡ ♠♦❧❞❛r❡♠ s❡✉s ❝✉rs♦s ♣❛r❛

♣r❡♣❛r❛r ♠❡❧❤♦r ❛ ♠❛t❡♠✓❛t✐❝❛ ✉s❛❞❛ ♥♦ ❡♥s✐♥♦ ❜✓❛s✐❝♦✳ Pr♦❢❡ss♦r❡s ❜❡♠ ❢♦r♠❛❞♦s ❡

✐♥❢♦r♠❛❞♦s✱ ❝♦♠ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❢❛③❡r ❛ ♠❛t❡♠✓❛t✐❝❛ ✉♠❛ ♣❡✘❝❛ ♣r❡s❡♥t❡ ❡ ✉s❛❞❛ ♣❡❧♦s

❥♦✈❡♥s t❛♥t♦ ♥❛s ❡s❝♦❧❛s ❝♦♠♦ ♥❛ ✈✐❞❛✳



✷✻

2.3 A resolução de problemas

◆⑦❛♦ ❤✓❛ ❝♦♠♦ ♥❡❣❛r ♦ ❢❛s❝✓✏♥✐♦ q✉❡ ♦ ❞❡s❝♦♥❤❡❝✐❞♦ ❡①❡r❝❡ ♥❛ ♠❡♥t❡ ❤✉♠❛♥❛✳ ❊ss❡

s❡♥t✐♠❡♥t♦ ❞❡ ❞❡s❝♦❜❡rt❛ q✉❡ ♣❡r♠❡✐❛ ❛ ♠❡♥t❡ ❞❛s ♣❡ss♦❛s ❡ q✉❡ ❛s ❢❛③ ❜✉s❝❛r ♥♦✈❛s

✐❞❡✐❛s ❡ ♥⑦❛♦ s❡ s❡♥t✐r❡♠ ♥✉♥❝❛ s❛❝✐❛❞❛s q✉❛♥❞♦ ❛♣❛r❡❝❡ ❞✐❛♥t❡ ❞❡ s✐ ✉♠❛ s✐t✉❛✘❝⑦❛♦

✐♥❡s♣❡r❛❞❛✱ ✉♠❛ ♥♦✈✐❞❛❞❡✱ ❛❧❣♦ ❛✐♥❞❛ ♥⑦❛♦ ❡①♣❧✐❝❛❞♦✱ ♦✉ s❡❥❛✱ ✉♠ ♣r♦❜❧❡♠❛✳

◗✉❛♥t❛s ❞❡s❝♦❜❡rt❛s ❛ ❡s♣✓❡❝✐❡ ❤✉♠❛♥❛ ❥✓❛ ♥⑦❛♦ r❡❛❧✐③♦✉✱ ♠♦✈✐❞❛ ♣♦r ✉♠❛ ❢♦r✘❝❛ ♠✐st❡✲

r✐♦s❛ q✉❡ ❢❛③ ❛♣❛r❡❝❡r❡♠ ✐♥❞❛❣❛✘❝⑦♦❡s q✉❛♥❞♦ ♦❧❤❛♠♦s ♦ ♠✉♥❞♦ q✉❡ ♥♦s ❝❡r❝❛✱ ✐♥✓✉♠❡r❛s

s✐t✉❛✘❝⑦♦❡s q✉❡ ❛ ♠❡♥t❡ tr❛♥s❢♦r♠❛ ❡♠ ♣r♦❜❧❡♠❛s ❡ ❛ ♣❛rt✐r ❞❡ss❛ ♣r❡♠✐ss❛✱ ✉♠ ♠✉♥❞♦

❞❡ ❞❡s❝♦❜❡rt❛s ❡ ♣❡sq✉✐s❛s ✈❡♠ ✒❛ t♦♥❛✳ ❉❡s❞❡ ♦ t❡♠♣♦ ♠❛✐s r❡♠♦t♦✱ ♦ s❡r ❤✉♠❛♥♦

✈❡♠ ❞❡s❡❥❛♥❞♦ ✈❡r ❛t✓❡ ♦♥❞❡ ♣♦❞❡ ❝❤❡❣❛r✱ q✉❡r s❡❥❛ ❛♦s ❝✓❡✉s ❡ ❡s♣❛✘❝♦✱ ♦✉ ❛♦ ♠❛r ♠❛✐s

♣r♦❢✉♥❞♦✱ q✉❡r ❞♦♠✐♥❛r ❛ ❡❧❡tr✐❝✐❞❛❞❡ ♦✉ ♦ ❢♦❣♦✳ ❈♦♠♦❄ ❉❡ q✉❡ ❢♦r♠❛❄ ❊♥tr❡ t❛♥t❛s

♦✉tr❛s ✐♥❞❛❣❛✘❝⑦♦❡s s❡r✈❡♠ ♣❛r❛ ♠♦✈❡r ❛ ❝❡♥t❡❧❤❛ ❞❛ ❞❡s❝♦❜❡rt❛ q✉❡ ♣❛r❡❝❡ s❡r ❛❧❣♦ ✐♥✲

t❡r✐♦r✱ q✉❡ ✓❡ ❝❛♣❛③ ❞❡ ♠♦✈❡r ❛s ♣❡ss♦❛s ❡ s✉❛s ❛t✐t✉❞❡s ❡ r❡❛❧✐③❛r ♦ q✉❡ ❛t✓❡ ❡♥t⑦❛♦ ❡r❛

❝♦♥s✐❞❡r❛❞♦ ✐♠♣♦ss✓✏✈❡❧✳

❆ s❡❞❡ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ✈❡♠ ❥✉♥t♦✱ ✉♠❛ ✈❡③ q✉❡ ❝r✐❛❞❛ ❡ ❛♥❛❧✐s❛❞❛ ✉♠❛ s✐✲

t✉❛✘❝⑦❛♦ q✉❛❧q✉❡r✱ ❞❡s❡❥❛♠♦s ❝♦♠ t♦❞❛s ❛ ♥♦ss❛s ❢♦r✘❝❛s s❛❜❡r ❝♦♠♦ t❛❧ ❢❛t♦ ✓❡ ♣♦ss✓✏✈❡❧✱ ♦✉

s❡ ♥⑦❛♦ ❝♦♠♦ ♣♦❞❡ s❡r ✐♠♣♦ss✓✏✈❡❧✳ P❛r❡❝❡ q✉❡ q✉❛♥❞♦ ❥♦✈❡♥s ❞❡s❡❥❛♠♦s ❝♦♠ ♠❛✐s ❝♦♥✲

✈✐❝✘❝⑦♦❡s s❛❜❡r ♦ ♣♦rq✉❫❡ ❞❛s ❝♦✐s❛s ❡ ❛ ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦ ✈❛✐ ♣❛ss❛♥❞♦ ♠✉✐t❛s ♣❡ss♦❛s

❞❡✐①❛♠ ❡ss❛ ✈♦♥t❛❞❡ ✐r ❞❡s❛♣❛r❡❝❡♥❞♦✳ ◗✉❡♠ ♥✉♥❝❛ s❡ ✈✐✉ ✐♥tr✐❣❛❞♦s ❝♦♠ ❛❞✐✈✐♥❤❛

❡ ❡♥✐❣♠❛s✱ ♠✉✐t❛s ❝✉❧t✉r❛s t❡♠ ♣❛ss❛❞♦ ♣r♦❜❧❡♠❛s ❞❡ ❣❡r❛✘❝⑦❛♦ ❡♠ ❣❡r❛✘❝⑦❛♦✱ s❡♠♣r❡ ❢❛✲

③❡♥❞♦ ❝♦♠ q✉❡ ❛ ♣❡ss♦❛ ♣❡r❣✉♥t❛❞❛ ☞q✉❡ ❡♠ ❜✉s❝❛ ❞❡ ❡♥❝♦♥tr❛r ❛ t❛❧ s♦❧✉✘❝⑦❛♦✱ ♥❡ss❡

❝♦♥t❡①t♦ ❛ ✐♠❛❣✐♥❛✘❝⑦❛♦ ❣❛♥❤❛ ❢♦r✘❝❛ ♥❛ t❡♥t❛t✐✈❛ ❞❡s❡s♣❡r❛❞❛ ❞❡ ❝♦♥s❡❣✉✐r ✉❧tr❛♣❛ss❛r

❡ss❡ ♦❜st✓❛❝✉❧♦ q✉❡ ✓❡ ♦ ♣r♦❜❧❡♠❛✳ ◆❡♠ s❡♠♣r❡ s❡ ❝♦♥s❡❣✉❡ ❛ r❡s♣♦st❛ ♣r♦❝✉r❛❞❛✱ ♠❛s ♦

s✐♠♣❧❡s ❢❛t♦ ❞❡ ❛❝❡✐t❛r ♦ ❞❡s❛☞♦ ♣r♦♣♦st♦ ❥✓❛ ❤❛❥❡ ♥❛ ♠❡♥t❡ ❞❡ ❢♦r♠❛ ❛ ❡①♣❛♥❞✐✲❧❛ ❛❧✓❡♠

❞♦ ♥⑦❛♦ ✐♠❛❣✐♥❛❞♦✳

◆❛ ✈✐❞❛ ❡s❝♦❧❛r✱ ♦ ♣r❛③❡r ♣❡❧♦ ♥♦✈♦ ❛❝♦♠♣❛♥❤❛ ❛s ❝r✐❛♥✘❝❛s ❡ ♦s ❥♦✈❡♥s✱ s♦❜r❡ ♦

q✉❡ t❡r⑦❛♦ ❞❡ ♥♦✈✐❞❛❞❡s✱ ♦ q✉❡ ❛♣r❡♥❞❡r⑦❛♦✳ ❯♠❛ ♥♦✈❛ ❡s❝♦❧❛✱ ♥♦✈♦s ♣r♦❢❡ss♦r❡s✱ ✉♠

♥♦✈♦ ❝✐❝❧♦✱ t✉❞♦ s❡r✈❡ ♣❛r❛ ♠♦t✐✈❛r ♦s ❛❧✉♥♦s ❛ ❝❛❞❛ ♥♦✈♦ ♣❛ss♦✳ ▼❛s ♥❡♠ s❡♠♣r❡

❡ss❛ s❡❞❡ ❞❡ ♥♦✈✐❞❛❞❡s ✓❡ ✐♥st✐❣❛❞❛ ♣♦r ❡ss❡ ♥♦✈♦ ❛♠❜✐❡♥t❡✱ ♦s ❥♦✈❡♥s ♥⑦❛♦ ❡♥❝♦♥tr❛♠

❛q✉✐❧♦ q✉❡ ❛❧♠❡❥❛✈❛♠ ❡ ♠✉✐t❛s ✈❡③❡s ❛♣r❡❝❡ ♦ ♦♣♦st♦✱ ✉♠❛ ❛✈❡rs⑦❛♦ ❛ t♦❞❛ ♥♦✈✐❞❛❞❡

q✉❡ ❛ ✈✐❞❛ ❡s❝♦❧❛r ♣♦❞❡r✓❛ ✈✐r ❛ tr❛③❡r✳ ❈♦♠♦ ❧✐❞❛r ❝♦♠ ❡ss❡ ♣r♦❜❧❡♠❛ ✓❡ ✉♠ ❢❛t♦r

❝r✉❝✐❛❧ ❡ q✉❡ ✐♥✌✉❡♥❝✐❛r✓❛ t♦❞❛ ❛ ✈✐❞❛ ❡st✉❞❛♥t✐❧ ❞♦ ❛❧✉♥♦✳ ❚❛❧✈❡③ ♦s ♣r♦❜❧❡♠❛s ♥⑦❛♦

s✐r✈❛♠ ♣❛r❛ ♠♦t✐✈❛r ❡ss❛ ♦✉ q✉❛❧q✉❡r ♦✉tr❛ ❥✉✈❡♥t✉❞❡✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❛ ❢♦r♠❛ ❝♦♠

q✉❡ ❡st⑦❛♦ ❛♣r❡s❡♥t❛❞♦s ♥⑦❛♦ s❡❥❛ s✉☞❝✐❡♥t❡ ♣❛r❛ ♠❛♥t❡r ✈✐✈♦ ♦ ♣r❛③❡r ♣❡❧❛ ❞❡s❝♦❜❡rt❛ ❡
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❛ss✐♠ ❛❢❛st❡♠ ♦ s❛❜❡r ❞♦s ❡st✉❞❛♥t❡s ❡♠ ✈❡③ ❞❡ ❝♦♥q✉✐st✓❛✲❧♦s✳

◆♦ ❝♦♥t❡①t♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛✱ ♦s ♣r♦❜❧❡♠❛s ❡♥❝♦♥tr❛♠✲s❡ ♣r❡s❡♥t❡s ❞❡s❞❡ ♠✉✐t♦ ❝❡❞♦

♥❛ ✈✐❞❛ ❛❝❛❞❫❡♠✐❝❛ ❡ ❤⑦❛♦ ❞❡ ❛❝♦♠♣❛♥❤❛r ♦s ❡st✉❞❛♥t❡s ♣♦r t♦❞♦ ♦ ❡♥s✐♥♦ ❜✓❛s✐❝♦✱ ❡

❡♠ ♠✉✐t♦s ❝❛s♦ ♥♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✳ ❊ss❡s ♣r♦❜❧❡♠❛s ✈❛r✐❛♠ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♥✓✏✈❡❧ ❞❡

✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❡ ❣r❛✉ ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ❞❡s❡❥❛❞♦ ♣❛r❛ s✉❛ s♦❧✉✘❝⑦❛♦✳ ▼❛s ✓❡ ❡ss❡♥❝✐❛❧ q✉❡ ❝❛❞❛

♣r♦❜❧❡♠❛ ✈❡♥❤❛ ❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ✉♠ ❝♦♥t❡①t♦ ♣❛r❛ q✉❡ ❡①✐st❛ ❛ ♣r❡♦❝✉♣❛✘❝⑦❛♦ ❝♦♠ ❛ s✉❛

s♦❧✉✘❝⑦❛♦✱ q✉❡♠ ✐r✓❛ s❡ ✐♠♣♦rt❛r ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ♥⑦❛♦ ❧❤❡ ❛tr❛✐ ♦✉ ♣❛r❡✘❝❛ ✐♠♣♦rt❛♥t❡

♥❛q✉❡❧❡ ❞❡t❡r♠✐♥❛❞♦ ♠♦♠❡♥t♦❄ ❈♦♠♦ q✉❡r❡r ❜✉s❝❛r ✉♠❛ s♦❧✉✘❝⑦❛♦ q✉❡ ❛ ♣r✐♦r✐ ♥⑦❛♦

♠✉❞❛r✓❛ ❡♠ ♥❛❞❛ ❛ ✈✐❞❛ ❞♦ ❡st✉❞❛♥t❡❄ ❊ss❛ s✐♠♣❧❡s ♣r❡♦❝✉♣❛✘❝⑦❛♦ ♣♦❞❡ ❞❡t❡r♠✐♥❛r s❡ ♦

q✉❡ ❡st✓❛ s❡♥❞♦ ❡st✉❞❛❞♦ s❡r✓❛ r❡❛❧♠❡♥t❡ ❛♣r❡♥❞✐❞♦ ♣❡❧♦ ❡st✉❞❛♥t❡✱ ♦✉ s❡❥❛✱ ♣♦❞❡r✓❛ s❡r

✉t✐❧✐③❛❞♦ ♥♦✈❛♠❡♥t❡ ❡♠ ✉♠❛ ♦✉tr❛ s✐t✉❛✘❝⑦❛♦✲♣r♦❜❧❡♠❛ s❡♠❡❧❤❛♥t❡✳

❉❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ ❞❡✈❡♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛ ❢♦r♠❛ ❞❡ ❡str✉t✉r❛r ♥♦ss♦ ♣❡♥s❛♠❡♥t♦

❡ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦♠♦ ❛r❣✉♠❡♥t❛r ❡♠ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❡♥❝♦♥tr❛❞♦✳ ❙❛❜❡♠♦s t❛♠❜✓❡♠ q✉❡

♦ ❛❧✉♥♦ ♥⑦❛♦ ♣♦ss✉✐ ❛✐♥❞❛ ✉♠ ❝❡rt♦ ❛❝✓✉♠✉❧♦ ❞❡ s❛❜❡r❡s ♠❛t❡♠✓❛t✐❝♦s ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s

q✉❡ ♦ ❞❡✐①❡♠ ❝♦♥❢♦rt✓❛✈❡❧ ❞✐❛♥t❡ ❞❛ ♠❛✐♦r✐❛ ❞♦s ❞❡s❛☞♦ q✉❡ ❛ ♠❛t❡♠✓❛t✐❝❛ ❧❤❡ ♣r♦♣⑦♦❡♠✱

❡♥t⑦❛♦ ♦ ♣r♦❢❡ss♦r ❞❡✈❡ ❡st❛r ♣r❡♣❛r❛❞♦ ♣❛r❛ ❛❣✐r ❞❡ ❢♦r♠❛ ❛ ✐♥❝✉t✐r ♥♦ ❛❧✉♥♦ ♦ ❞❡s❡❥♦

♣♦r ❛❧❝❛♥✘❝❛r ❛ r❡s♣♦st❛ ❜❡♠ ❝♦♠♦ ♦ s❡♥t✐♠❡♥t♦ q✉❡ ✓❡ ❝❛♣❛③✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦✱ ❡s❢♦r✘❝♦

❡ s❡❣✉✐r ❛s ♦r✐❡♥t❛✘❝⑦♦❡s ❞♦ ♣r♦❢❡ss♦r✱ ❞❡ ✉♠ ❧✐✈r♦ ❞✐❞✓❛t✐❝♦✱ ❡ ♠✉✐t♦ ♠❛✐s ❛❞✐❛♥t❡✱ s❡✉s

✐♥st✐♥t♦s q✉❡ ♣r♦♣✐❝✐❛r⑦❛♦ ❢♦r♠❛s ❡ ♠✓❡t♦❞♦s ♣❛r❛ ❜✉s❝❛r ❛ s♦❧✉✘❝⑦❛♦✳ ❯♠ ♣❛ss♦ ✐♠♣♦rt❛♥t❡

✓❡ ❝♦♥str✉✐r ✉♠ ❝❛♠✐♥❤♦✱ ♦ ♠❛✐s s✐♠♣❧❡s ♣♦ss✓✏✈❡❧ ❡ q✉❡ s✐r✈❛ ❞❡ ❛♠♣❛r♦ ❛♦s ❛❧✉♥♦s✱ t❛♥t♦

✒❛q✉❡❧❡s ❝♦♠ ♠❛✐♦r ❞♦♠✓✏♥✐♦ ❞❛s ❞❡☞♥✐✘❝⑦♦❡s ❡ ♠❛♥✐♣✉❧❛✘❝⑦♦❡s ❝♦♠♦ ❞♦s ❞❡♠❛✐s q✉❡ ♣♦ss✉❛♠

❛✐♥❞❛ ❝❡rt❛s ❞✐☞❝✉❧❞❛❞❡s✳ ❆ ♣❛rt✐r ❞❛✓✏✱ s✐♠✱ r❡s♦❧✈❡r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ♣♦ss❛♠

s❡r✈✐r ❞❡ ❜❛s❡ ♣❛r❛ ♣r♦❜❧❡♠❛s ♠❛✐s ❝♦♠♣❧❡①♦s ❡ q✉❡ ♥♦ ❢✉t✉r♦✱ ♦ ❛❧✉♥♦ t❡♥❤❛ ♣❡r❝❡❜✐❞♦

♦ s❡✉ ♣r♦❣r❡ss♦✱ ❡ ♣♦rq✉❡ ♥⑦❛♦ ❞✐③❡r ♦ ♣r♦❢❡ss♦r t❛♠❜✓❡♠✳

❆ r❡s♦❧✉✘❝⑦❛♦ ❞❡ ♣r♦❜❧❡♠❛s ✓❡ ✉♠❛ ❤❛❜✐❧✐t❛✘❝⑦❛♦ ♣r✓❛t✐❝❛ ❝♦♠♦✱ ❞✐❣❛♠♦s✱ ♦ ✓❡

❛ ♥❛t❛✘❝⑦❛♦✳❆❞q✉✐r✐♠♦s q✉❛❧q✉❡r ❤❛❜✐❧✐t❛✘❝⑦❛♦ ♣♦r ✐♠✐t❛✘❝⑦❛♦ ❡ ♣r✓❛t✐❝❛✳ ❆♦

t❡♥t❛r♠♦s ♥❛❞❛r✱ ✐♠✐t❛♠♦s ♦ q✉❡ ♦s ♦✉tr♦s ❢❛③❡♠ ❝♦♠ ❛s ♠⑦❛♦ ❡ ❝♦♠ ♦s

♣✓❡s ♣❛r❛ ♠❛♥t❡r❡♠ s✉❛s ❝❛❜❡✘❝❛s ❢♦r❛ ❞❛ ✓❛❣✉❛ ❡✱ ❛☞♥❛❧✱ ❛♣r❡♥❞❡♠♦s ❛

♥❛❞❛r ♣❡❧❛ ♣r✓❛t✐❝❛ ❞❛ ♥❛t❛✘❝⑦❛♦✳ ❆♦ t❡♥t❛r♠♦s r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✱ t❡♠♦s

❞❡ ♦❜s❡r✈❛r ❡ ✐♠✐t❛r ♦ q✉❡ ❢❛③❡♠ ♦✉tr❛s ♣❡ss♦❛s q✉❛♥❞♦ r❡s♦❧✈❡♠ ♦s

s❡✉s ❡✱ ♣♦r ☞♠✱ ❛♣r❡♥❞❡♠♦s ❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳✭❆ ❆rt❡ ❞❡ ❘❡s♦❧✈❡r

Pr♦❜❧❡♠❛s✱ ❯♠ ◆♦✈♦ ❆s♣❡❝t♦ ❞♦ ▼✓❡t♦❞♦ ♠❛t❡♠✓❛t✐❝♦✱ ● P♦❧②❛✱ ♣❛❣ ✸✳✮

❋❛③❡r ❝♦♠ q✉❡ ♦ ❛❧✉♥♦ ❝♦♥❤❡✘❝❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦♠❡✘❝❛r ❛ ❛♥❛❧✐s❛r ♦ ♣r♦❜❧❡♠❛ ❡ ♥⑦❛♦

♦ ❞❡✐①❛r s❡♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ✓❡ ✐♠♣r❡s❝✐♥❞✓✏✈❡❧ ♣❛r❛ q✉❡ ♦ ♠❡s♠♦ ♥⑦❛♦ ❞❡s✐st❛ ❞✐❛♥t❡

❞❛s ♣r✐♠❡✐r❛s ❞✐☞❝✉❧❞❛❞❡s✱ ✓❡ ♥❡❝❡ss✓❛r✐♦ ❛ ❝✉rt♦ ❡ ❧♦♥❣♦ ♣r❛③♦ ❧❡♠❜r❛r ❞❡ss❛s s✉t✐❧❡③❛s
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q✉❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ♣♦ss✉✐✳ ❖ ❛❧✉♥♦ ♥⑦❛♦ ♣♦❞❡ t❛♠❜✓❡♠ s❡r ❡♥❣❛♥❛❞♦ q✉❡ s❛❜❡♥❞♦ ❞❡

❛❧❣✉♥s ❝❛♠✐♥❤♦s ♣♦❞❡r✓❛ r❡s♦❧✈❡r q✉❛❧q✉❡r ♣r♦❜❧❡♠❛ ❞❡ ✉♠ ❛ss✉♥t♦ ❡s♣❡❝✓✏☞❝♦✳ ❯s❛r ♦

♣r♦❝❡ss♦ ❞❡ ✐♠✐t❛✘❝⑦❛♦ ❡ ♣r✓❛t✐❝❛✱ ♦ ❧❡✈❛r✓❛ ❛ ❧❡♠❜r❛r ❞❡ ❝♦♥❝❡✐t♦s ❜✓❛s✐❝♦s ❡ s❛❜❡r ❝♦♠♦

❛♣❧✐❝❛r ❜❡♠ ❛ t❡♦r✐❛ ❡♠ ❝❛❞❛ ❝❛s♦✳ ▼❛s ✉♠❛ ✈❡③ q✉❡ ♥⑦❛♦ ❢♦r ♣♦ss✓✏✈❡❧ ❛ s♦❧✉✘❝⑦❛♦ ❞♦

♣r♦❜❧❡♠❛✱ t❛♠❜✓❡♠ ❞❡✈❡♠♦s ♦r✐❡♥t✓❛✲❧♦ s♦❜r❡ ❝♦♠♦ ❞❡✈❡r✓❛ ♣r♦❝❡❞❡r ❡ ♥⑦❛♦ s✐♠♣❧❡s♠❡♥t❡

❞❡✐①✓❛✲❧♦ s❡ s❡♥t✐r ❞❡❝❡♣❝✐♦♥❛❞♦ ♣♦r ♥⑦❛♦ ❝♦♥s❡❣✉✐ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✱ ♠❡s♠♦ ❞❡♣♦✐s ❞❡

❥✓❛ t❡r ♣r❛t✐❝❛❞♦ ❛♥t❡s ❡ ❧❡♠❜r❛ ❞❡ ♠✓❡t♦❞♦s ❡ ❢✓♦r♠✉❧❛s✳

P❛r❛ ❛✉①✐❧✐❛r ✉♠ ❡st✉❞❛♥t❡ ❡♠ ❜✉s❝❛ ❞❛ s♦❧✉✘❝⑦❛♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛✱ ❛❧❣✉♥s ♣♦♥t♦s

♠❡r❡❝❡♠ ❞❡st❛q✉❡✱ ♣♦♥t♦s ❡ss❡ ❥✓❛ ✉t✐❧✐③❛❞♦s ♣♦r ●✳ P♦❧②❛✱ ❡♠ s❡✉ ❧✐✈r♦✿ ❆ ❆rt❡ ❞❡

❘❡s♦❧✈❡r Pr♦❜❧❡♠❛s✱ ❡♠ s❡✉ ❧✐✈r♦ P♦❧②❛✱ ♣r♦♣⑦♦❡♠ ✉♠❛ ❧✐st❛ ❞❡ ♣❡r❣✉♥t❛s q✉❡ ❞❡✈❡♠

s❡r ✉t✐❧✐③❛❞❛s ❡♠ ❞❡t❡r♠✐♥❛❞❛ ♦r❞❡♠✱ ♣❛r❛ ♦r✐❡♥t❛r ♦ ♣r♦❢❡ss♦r ❝♦♠♦ ♣r♦❝❡❞❡r ❝♦♠ ♦

❛❧✉♥♦ ❡ ♣❛r❛ ♦ ❛❧✉♥♦ ❞❡t❡❝t❛r ♣♦ss✓✏✈❡✐s ❢❛❧❤❛s q✉❡ ♣♦ss❛ ❝♦♠❡t❡r ♦✉ ❢❛t♦s q✉❡ ♣♦❞❡r✓❛

❞❡✐①❛r ♣❛ss❛r ❞❡s♣❡r❝❡❜✐❞♦✳ ✭ ❱■❉❊ ❛♥❡①♦ ✶✮✳

P♦❧②❛ ❞✐✈✐❞❡ s✉❛ ❧✐st❛ ❞❡ ♣❡r❣✉♥t❛s ❡♠ q✉❛tr♦ ❢❛s❡s✱ ❡ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❛♣r❡s❡♥t❛

❞❡t❡r♠✐♥❛❞❛s ♣❡r❣✉♥t❛s q✉❡ ♣❡r♠✐t✐r⑦❛♦ ❛♦ ❛❧✉♥♦ t❡r ✉♠ ❡♠❜❛s❛♠❡♥t♦ ❞❡ ❝♦♠♦ ❞❡✈❡r✓❛

✈❡r ♦ ♣r♦❜❧❡♠❛✱ ❜❡♠ ❝♦♠♦ ❛♥❛❧✐s❛r ♦s ❞❛❞♦s✱ ❝r✐❛r ✉♠ ♣❧❛♥♦✱ ❡①❡❝✉t✓❛✲❧♦ ❡ ❡♥☞♠ ✈❡r✐☞❝❛r

❛ s♦❧✉✘❝⑦❛♦ ❡♥❝♦♥tr❛❞❛ ❛tr❛✈✓❡s ❞❡ ✉♠ r❡tr♦s♣❡❝t♦✳ ◆❡ss❛ ❧✐st❛ ❛s ♣❡r❣✉♥t❛s s⑦❛♦ ❢♦r♠✉❧❛❞❛s

❞❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s ♣♦ss✓✏✈❡❧ ♣❛r❛ q✉❡ ❡st❡❥❛ ❛❝❡ss✓✏✈❡❧ ❛♦s ❛❧✉♥♦s ❡♠ q✉❛❧q✉❡r ♥✓✏✈❡❧

❞❡ ❡t❛♣❛ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✱ ❛ ✐❞❡✐❛ ✓❡ ❥✉st❛♠❡♥t❡ ❛❣✐r ❞❡ ❢♦r♠❛ s✐♠♣❧❡s ♣♦r✓❡♠ ❝♦♥❝✐s❛ ❡♠

q✉❛❧q✉❡r ♣r♦❜❧❡♠❛ ❡♥❝♦♥tr❛❞♦✳

❆ ♣r✐♠❡✐r❛ ❢❛s❡ ❝♦♥s✐st❡ ♥❛ ❝♦♠♣r❡❡♥s⑦❛♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♥❡ss❡ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ❛❧❣✉♥s

❢❛t♦s s⑦❛♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❞♦ t❡①t♦✳ ❉❡✈❡✲s❡ r❡❝♦♥❤❡❝❡r ❛ ✐♥❝✓♦❣♥✐t❛

❛q✉✐✱ ♦✉ s❛❜❡r q✉❛❧ ❞❛❞♦ ❞❡✈❡r✓❛ s❡r ❡♥❝♦♥tr❛❞♦✱ s❛❜❡♥❞♦ ♦ q✉❡ s❡ ♣r♦❝✉r❛✱ ❛❥✉❞❛r✓❛ ❛

r❡❝♦♥❤❡❝❡r ♦s ❞❛❞♦s ❞♦ ♣r♦❜❧❡♠❛✱ q✉❛✐s s⑦❛♦ ❛s ✐♥❢♦r♠❛✘❝⑦♦❡s ♥♦ ❡♥✉♥❝✐❛❞♦✱ ❜❡♠ ❝♦♠♦

q✉❛✐s ❞❡❧❛s s⑦❛♦ ♥❡❝❡ss✓❛r✐❛s✱ ♣♦❞❡✲s❡ ✈❡r✐☞❝❛r s❡ ❛s ♠❡s♠❛s s⑦❛♦ s✉☞❝✐❡♥t❡s✱ s❡ s❡r⑦❛♦

✉t✐❧✐③❛❞❛s ❛ ♣r✐♥❝✓✏♣✐♦ ♦✉ ♥⑦❛♦✳ P❛r❛ ♣r♦ss❡❣✉✐r ✓❡ ✐♥❞✐s♣❡♥s✓❛✈❡❧ ♥⑦❛♦ ❤❛✈❡r ❞✓✉✈✐❞❛s r❡❧❛t✐✈❛s

❛ q✉❡♠ ✓❡ ❛ ✐♥❝✓♦❣♥✐t❛ ❡ q✉❛✐s s⑦❛♦ ♦s ❞❛❞♦s✳ ❆✐♥❞❛ ♥❡ss❡ ♣♦♥t♦✱ ✉t✐❧✐③❛r ☞❣✉r❛s ♣❛r❛ ❛❥✉❞❛r

♥❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ t❛♠❜✓❡♠ ✓❡ ✉♠❛ ❡str❛t✓❡❣✐❛ ✈✓❛❧✐❞❛✱ q✉❛♥❞♦ ♦ ❛❧✉♥♦ ❢❛③ ♦ s❡✉ ❡s❜♦✘❝♦✱ ❡ ♥❡❧❡

♠❛r❝❛ ❛♥♦t❛✘❝⑦♦❡s ❢r✉t♦s ❞❡ s✉❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦✱ ♦ ❡st✉❞❛♥t❡ ♣❛ss❛ ❛ ❝♦♥❤❡❝❡r ♦ ♣r♦❜❧❡♠❛

❡ ♣♦❞❡ ✈✐s✉❛❧✐③✓❛✲❧♦ ❞❡ ❞✐✈❡rs♦s ❫❛♥❣✉❧♦s✱ t✉❞♦ ❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ✉♠❛ ♥♦t❛✘❝⑦❛♦ ❝♦♥❞✐③❡♥t❡

❝♦♠ ❛ ♠❛t✉r✐❞❛❞❡ ❞♦ ❡st✉❛♥t❡✳

◆❛ s❡❣✉♥❞❛ ❢❛s❡✱ ✉s❛✲s❡ t✉❞♦ ♣r♦❞✉③✐❞♦ ♥❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ♣❛r❛ ❝r✐❛r ✉♠ ♣❧❛♥♦✱

❡ss❡ ♣❧❛♥♦ s❡r✓❛ ❜❡♠ s✉❝❡❞✐❞♦ s❡ ❢♦r❡♠ t♦♠❛❞❛s ❛❧❣✉♥s ❝✉✐❞❛❞♦s✳ ❖ ♣r✐♠❡✐r♦ ♣♦♥t♦

❛ ❝♦♥s✐❞❡r❛r ✓❡ ♦ q✉❛♥t♦ ❢❛♠✐❧✐❛r ✓❡ ♦ ♣r♦❜❧❡♠❛✱ ♦ ❛❧✉♥♦ ♣♦ss✉✐ ❛❧❣✉♠❛ ❧❡♠❜r❛♥✘❝❛ ❞❡



✷✾

♣r♦❜❧❡♠❛s ❛♥t❡r✐♦r❡s q✉❡ r❡♠❡t❛♠ ❛♦ ❛t✉❛❧❄ ❙❡ ✐ss♦ ❛❝♦♥t❡❝❡r✱ ♦ ♠✓❡t♦❞♦ ❡♠♣r❡❣❛❞♦

❛♥t❡r✐♦r♠❡♥t❡ ♣♦❞❡r✓❛ s❡r r❡✉t✐❧✐③❛❞♦ ♣❛r❛ ❜✉s❝❛r ❛ s♦❧✉✘❝⑦❛♦✳ ▼❛s s❡ ♦ ♣r♦❜❧❡♠❛ ♥⑦❛♦ ❢♦r

❞❡ ✐♥t❡✐r♦ ❛♥✓❛❧♦❣♦✱ ❛❧❣✉♠❛ ♣❛rt❡ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ❛ s✐t✉❛✘❝⑦❛♦ ❥✓❛

❝♦♥❤❡❝✐❞❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ✉s❛r ❛s ❞❡☞♥✐✘❝⑦♦❡s ❡ t❡r ♦ ❝✉✐❞❛❞♦ s❡ ❡st✓❛ ✉t✐❧✐③❛♥❞♦

t♦❞❛s ♦s ❞❛❞♦s ❛❥✉❞❛r⑦❛♦ ♥❛ s♦❧✉✘❝⑦❛♦ ❞♦ ♣r♦❜❧❡♠❛✳

❆✐♥❞❛ ♥❛ ❝r✐❛✘❝⑦❛♦ ❞♦ ♣❧❛♥♦✱ ❞❡✈❡ ☞❝❛r ❝❧❛r♦ ❛ ❜✉s❝❛ ♣♦r ✉♠ ♠✓❡t♦❞♦ ♣❛r❛ ❛❥✉❞❛r ❛

r❡s♦❧✈❡r ❛ s✐t✉❛✘❝⑦❛♦✱ ♦ ♣r♦❢❡ss♦r ❞❡✈❡ ❛❥✉❞❛r ❝♦♠ ♠✉✐t❛ ❝❛✉t❡❧❛ ♥❛ ❝♦♥str✉✘❝⑦❛♦ ❞♦ ♣❧❛♥♦✱

♥❡♠ ❞❡♠❛✐s ♣❛r❛ q✉❡ ♥⑦❛♦ s♦❜r❡ ♥❛❞❛ ♣❛r❛ ♦ ❛❧✉♥♦ ❢❛③❡r✱ ♥❡♠ ❞❡ ♠❡♥♦s ❞❡✐①❛♥❞♦ ♦

❛❧✉♥♦ ✒❛ ❞❡r✐✈❛✱ ♣❡r❞✐❞♦ ❞✐❛♥t❡ ❞♦ ❡♥✉♥❝✐❛❞♦✳ ❊♥❝♦♥tr❛r ❡ss❡ ♠❡✐♦ t❡r♠♦ ✓❡ ❛❧❣♦ q✉❡

❝❛❞❛ ♣r♦❢❡ss♦r ❞❡✈❡r✓❛ s❡♠♣r❡ ♣r♦❝✉r❛r✱ ♣♦✐s ❝❛❞❛ ❛❧✉♥♦ ♣♦ss✉✐ s✉❛ ❢♦r♠❛ ✓✉♥✐❝❛ ❞❡

❛♣r❡♥❞❡r✱ r❡st❛ ❛♦ ♣r♦❢❡ss♦r ✉s❛r ❞❡ s✉❛ ❡①♣❡r✐❫❡♥❝✐❛ ♣❛r❛ s❡ ❛❞❡q✉❛r ❛ ❝❛❞❛ ❛❧✉♥♦✳

✭✳✳✳✮ ❘❡❛❧♠❡♥t❡✱ ♦ ♣r✐♥❝✐♣❛❧ ❢❡✐t♦ ♥❛ r❡s♦❧✉✘❝⑦❛♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ✓❡ ❛ ❝♦♥✲

❝❡♣✘❝⑦❛♦ ❞❛ ✐❞❡✐❛ ❞❡ ✉♠ ♣❧❛♥♦✳ ❊st❛ ✐❞❡✐❛ ♣♦❞❡ s✉r❣✐r ❣r❛❞✉❛❧♠❡♥t❡ ♦✉✱

❡♥t⑦❛♦✱ ❛♣✓♦s t❡♥t❛t✐✈❛s ✐♥❢r✉t✓✏❢❡r❛s ❡ ✉♠ ♣❡r✓✏♦❞♦ ❞❡ ❤❡s✐t❛✘❝⑦❛♦✱ ❛♣❛r❡❝❡r

r❡♣❡♥t✐♥❛♠❡♥t❡✱ ♥✉♠ ❧❛♠♣❡❥♦✱ ❝♦♠♦ ✉♠❛ ❭✐❞❡✐❛ ❜r✐❧❤❛♥t❡✧✳ ❆ ♠❡❧❤♦r

❝♦✐s❛ q✉❡ ✉♠ ♣r♦❢❡ss♦r ♣♦❞❡ ❢❛③❡r ♣♦r s❡✉ ❛❧✉♥♦ ✓❡ ♣r♦♣✐❝✐❛r✲❧❤❡✱ ❞✐s❝r❡✲

t❛♠❡♥t❡✱ ✉♠❛ ✐❞❡✐❛ ❧✉♠✐♥♦s❛✳ ❆s ✐♥❞❛❣❛✘❝⑦♦❡s ❡ s✉❣❡st⑦♦❡s q✉❡ ♣❛ss❛♠♦s

t❡♥❞❡♠ ❛ ♣r♦✈♦❝❛r ❛ t❛❧ ✐❞❡✐❛✳ ✭❆ ❆rt❡ ❞❡ ❘❡s♦❧✈❡r Pr♦❜❧❡♠❛s✱ ❯♠ ◆♦✈♦

❆s♣❡❝t♦ ❞♦ ▼✓❡t♦❞♦ ♠❛t❡♠✓❛t✐❝♦✱ ● P♦❧②❛✱ ♣❛❣ ✺✳✮

❊♥❝♦♥tr❛r ❛ ❭✐❞❡✐❛✧ ♦✉ ❢♦r✘❝❛r ♦ ❛❧✉♥♦ ❛ ❜✉s❝✓❛✲❧❛✱ s❡r✓❛ ♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❢❡ss♦r ❞❡

♠❛t❡♠✓❛t✐❝❛ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✳ ❈♦♥q✉✐st❛r ♦s ❡st✉❞❛♥t❡s ♣♦r ♠❡✐♦ ❞♦ q✉❡ ❛ ♠❛✲

t❡♠✓❛t✐❝❛ t❡♠ ❛ s❡✉ ❢❛✈♦r✱ ❛ ❜❡❧❡③❛ ❞♦ r❛❝✐♦❝✓✏♥✐♦ ❞❡❞✉t✐✈♦ ❡ ❡♥❝❛❞❡❛♠❡♥t♦s ❧✓♦❣✐❝♦s✳ ❯♠❛

✈❡③ q✉❡ ♦s ❛❧✉♥♦s ❞❡s❝✉❜r❛♠ ♦ ♣r❛③❡r q✉❡ ❡①✐st❡ ♥❡ss❡ ♣r♦❝❡ss♦✱ ❛♣r❡♥❞❡r s❡ t♦r♥❛r✓❛

❛❧❣♦ ♠✉✐t♦ ♠❛✐s ❞✐✈❡rt✐❞♦ ❡ ❞❡s❛☞❛❞♦r✳ P❛r❛❜❡♥✐③❛r ♦ ❛❧✉♥♦ ♣♦r s✉❛s t❡♥t❛t✐✈❛s✱ ❛❝❡rt♦s

❡ ♣♦rq✉❡ ♥⑦❛♦ ❞✐③❡r ❢r❛❝❛ss♦✱ ❥✓❛ q✉❡ ❛♣r❡♥❞❡♠♦s t❛♠❜✓❡♠ ❝♦♠ ♦s ✐♥s✉❝❡ss♦s ❞❛ ✈✐❞❛✳ P♦✲

❞❡r t✐r❛r ❛❧❣♦ ❞❡ ♣r♦✈❡✐t♦s♦ ❡♠ ❝❛❞❛ s✐t✉❛✘❝⑦❛♦✱ ✉s❛r ❛ ♠❡♥t❡ ❝♦♠♦ ❢❡rr❛♠❡♥t❡ ♣r✐♥❝✐♣❛❧

♥❛ r❡s♦❧✉✘❝⑦❛♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❡♥☞♠ ✈❛❧♦r✐③❛r ♦ s❡r ❡ ♥⑦❛♦ ♦ t❡r✳

❆ ❢♦r♠❛ q✉❡ ❞❡✈❡r⑦❛♦ s✉r❣✐r ♦s ❝❛♠✐♥❤♦s✱ ❡ ❝♦♠♦ ❛✈❛❧✐❛r ❛s ❤✐♣✓♦t❡s❡s✱ ❞❡✈❡ s❡r s❡♠♣r❡

✈❛❧♦r✐③❛❞❛ ❛♦ ♠✓❛①✐♠♦ ♣❡❧♦ ♣r♦❢❡ss♦r ❡ ♣❡❧❛ t✉r♠❛✳ ❆♥♦t❛r t✉❞♦ q✉❡ ❢♦r ❛♣❛r❡❝❡♥❞♦

r❡❧❛t✐✈♦ ❛♦ ♣r♦❜❧❡♠❛✱ ♣❛r❛ ✉♠❛ ✈❡③ q✉❡ ❡s❣♦t❛r❡♠ ❛s ❡s♣❡❝✉❧❛✘❝⑦♦❡s✱ ♣♦❞❡r ❝♦♥str✉✐r ♦

♣❧❛♥♦ ❡♠ ❜✉s❝❛ ❞❛ s♦❧✉✘❝⑦❛♦✳ ◆❡ss❡ ♣❛ss♦ ❛ ♣❡sq✉✐s❛ ♣❡❧♦s ♠✓❡t♦❞♦s ❞❡✈❡ s❡r ❡♥❢❛t✐③❛❞❛✱

✉♠❛ ✈❡③ q✉❡ ♦ ❛❧✉♥♦ ❝♦♥q✉✐st❛ ❛ ❛✉t♦♥♦♠✐❛ ❝♦♠♦ ❢♦r♠❛ ❞❡ ❜✉s❝❛r ❛s r❡s♣♦st❛s✱ ♥❡ss❡

❝❛♠✐♥❤♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❛❞q✉✐r✐❞♦ ♣♦❞❡ s❡r ❜❡♠ ♠❛✐♦r ❞♦ q✉❡ ❛q✉❡❧❡ ♣❛ss❛❞♦ ♣❡❧♦

♣r♦❢❡ss♦r✳ ❖ ✐♥✐♠✐❣♦ ❛q✉✐ s❡r✓❛ ❛ ♣r❡ss❛ ❡♠ t❡r ❛ r❡s♣♦st❛ ✐♠❡❞✐❛t❛✱ ♠♦str❛r ❛♦ ❛❧✉♥♦

q✉❡ ❡①✐st❡♠ ♣r♦❜❧❡♠❛s q✉❡ ♣❡r❞✉r❛♠ ♣♦r s✓❡❝✉❧♦ ❡ ♣r♦❜❧❡♠❛s q✉❡ ❛✐♥❞❛ ♥⑦❛♦ s❡ s❛❜❡♠
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❛✐♥❞❛ ❝♦♠♦ r❡s♦❧✈❡r ❡ ♥❡♠ s❡ ♣♦ss✉❡♠ ❛ r❡s♣♦st❛✱ ♣♦❞❡ ❥✉st✐☞❝❛r q✉❡ ❛ ♣r❡ss❛ ♥⑦❛♦ ✓❡ ♦

♠❡❧❤♦r ❝❛♠✐♥❤♦ ♥❛ r❡s♦❧✉✘❝⑦❛♦ ❞❡ ♣r♦❜❧❡♠❛s✳

❏✓❛ ♥❛ t❡r❝❡✐r❛ ❢❛s❡✱ ♦ ♣♦❞❡r ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ♠❡r❡❝❡ ❞❡st❛q✉❡✱ ❛q✉✐ s❡r✓❛ ❢❡✐t❛ ❛

❡①❡❝✉✘❝⑦❛♦ ❞♦ ♣❧❛♥♦✱ ♥❡ss❡ ❡st✓❛❣✐♦ ♣❫♦r ❡♠ ♣r✓❛t✐❝❛ ♦ q✉❡ ❥✓❛ s❡ t❡♠ ❝♦♠♦ ✈❡r❞❛❞❡ ❞❡ ❢♦r♠❛

❛ ❛❣✐r ❝♦♠ ❜❛st❛♥t❡ ❝✉✐❞❛❞♦ ♥❛ ❛♣❧✐❝❛✘❝⑦❛♦ ❞❡ ❝❛❞❛ ♣❛ss♦✳ ❆ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ♣♦❞❡ s❡r ✉♠❛

❞✐☞❝✉❧❞❛❞❡ ❛ ♠❛✐s ♥♦ ♣r♦❜❧❡♠❛ ❝❛s♦ ♦ ♣r♦❢❡ss♦r ♥⑦❛♦ ❝♦♥❤❡✘❝❛ ❛s ❤❛❜✐❧✐❞❛❞❡s ❞♦ ❛❧✉♥♦✳

❈❛❞❛ ♣❛ss♦ ❞❛ s♦❧✉✘❝⑦❛♦ ♣♦❞❡ ❝♦♥t❡r ❞✐❢❡r❡♥t❡s ♥✓✏✈❡✐s ❞❡ ❞✐☞❝✉❧❞❛❞❡✱ ♦ ♣r♦❢❡ss♦r ♣♦❞❡

♠♦str❛r ❛ ♠❡❧❤♦r ❢♦r♠❛ ❞❡ ❡①❡❝✉✘❝⑦❛♦ ♠❛s s❡♠♣r❡ ✐♥❝❡♥t✐✈❛♥❞♦ ♦ ❛❧✉♥♦ ❛ ♣❛rt✐r ❞♦ q✉❡

s❡ ♣♦ss✉✐✱ ❡ ❝♦♠ ❜❛s❡ ♥❛s ❞❡☞♥✐✘❝⑦♦❡s✱ ❛♣❧✐❝❛r ❝❛❞❛ ♣❛ss♦✳ ▼✉✐t♦ ✐♠♣♦rt❛♥t❡ q✉❡ ❛♣✓♦s

❝❛❞❛ ♣❛ss♦✱ ✉♠❛ r❡✌❡①⑦❛♦ ❡ ❛♥✓❛❧✐s❡ s❡❥❛ ❢❡✐r❛✱ ❛ ☞♠ ❞❡ ✐♥✐❜✐r ❡rr♦s ♥❛s ❡t❛♣❛s ✐♥✐❝✐❛✐s ❡

♣r❡❥✉❞✐❝❛r t♦❞♦ ❛s ❡t❛♣❛s s❡❣✉✐♥t❡s✱ ♠✉✐t♦ ❝♦♠✉♠ ♦ ❛❧✉♥♦ ❝♦♠❡t❡r ✉♠ ❡rr♦ ❧♦❣♦ ♥♦s

♣r✐♠❡✐r♦s ♣❛ss♦s✱ ❡ ♥♦ ☞♥❛❧ ❝❤❡❣❛r ❛ ✉♠❛ r❡s♣♦st❛ ❡rr❛❞❛✱ ❡ q✉❛♥❞♦ ♦ ♣r♦❢❡ss♦r ♦r✐❡♥t❛ ❡

❡①♣❧✐❝❛ q✉❡ ♦ ❡rr♦ ❡st✓❛ ❧♦❣♦ ♥♦s ♣r✐♠❡✐r♦s ♣❛ss♦ ❢♦r✘❝❛♥❞♦ ♦ ❛❧✉♥♦ ❛ r❡❢❛③❡r t✉❞♦✱ ❢❛③❡♥❞♦

❛♣❛r❡❝❡r ✉♠ ❞❡s❫❛♥✐♠♦ q✉❡ ♣♦❞❡r✓❛ r❡♣❡r❝✉t✐r ♥♦ ❛❜❛♥❞♦ ❞♦ ♣r♦❜❧❡♠❛✳ P♦rt❛♥t♦✱ ♥❡ss❛

❡t❛♣❛✱ ✉♠ ♦❧❤❛r ❝❛✉t❡❧♦s♦ s♦❜r❡ ♦s ♣❛ss♦s ❡ ❝♦♠♦ ❝❛❞❛ ♣❛ss♦ ✐♥✌✉❡♥❝✐❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠♦

✉♠ t♦❞♦✱ ♣♦ss✐❜✐❧✐t❛ ❛t✓❡ ✉♠❛ ❝♦rr❡✘❝⑦❛♦ ♠❡♥♦s tr❛❜❛❧❤♦s❛✳

❆ ✓✉❧t✐♠❛ ❢❛s❡ ❛ s❡r tr❛❜❛❧❤❛❞❛ ✓❡ ❛ ❞❛ ✈❡r✐☞❝❛✘❝⑦❛♦ ❞♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦✱ ❛♥t❡s ❞❡ s❛❜❡r

s❡ ❡st✓❛ ❝❡rt♦ ♦✉ ❡rr❛❞♦✱ ♣♦❞❡✲s❡ q✉❡st✐♦♥❛r ❛ ❝♦❡r❫❡♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦✱ s❡ ♣♦r

❡①❡♠♣❧♦ ♦ r❡s✉❧t❛❞♦ ❢♦r ✉♠ ♥✓✉♠❡r♦ ♥❡❣❛t✐✈♦✱ ❡ss❛ r❡s♣♦st❛ ♣♦❞❡r✐❛ ❛❝♦♥t❡❝❡r✱ ❡①✐st❡

❡ss❛ ❝♦♥❞✐✘❝⑦❛♦ ♥♦ ❝❛s♦ ❡♠ q✉❡st⑦❛♦✱ ❜❡♠ ❝♦♠♦ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ♥✓✉♠❡r♦s✱ r❛❝✐♦♥❛✐s ♦✉

❛t✓❡ ✐rr❛❝✐♦♥❛✐s✳ ❉❡♣♦✐s ❞❡ ✈❡r✐☞❝❛❞❛ ❛ ❝♦❡r❫❡♥❝✐❛ ❞❛ s♦❧✉✘❝⑦❛♦ ♦❜t✐❞❛✱ ♦ r❡s✉❧t❛❞♦ ❝♦♠♦

✉♠ t♦❞♦ ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞♦✳ ❙❡♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛❧❝❛♥✘❝❛❞♦ s❛t✐s❢❛t✓♦r✐♦✱ r❡❛❧✐③❛r ✉♠

r❡tr♦s♣❡❝t♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❛s ❞❡☞♥✐✘❝⑦♦❡s ✉s❛❞❛s✱ ♠✓❡t♦❞♦s ❡ ❢✓♦r♠✉❧❛s q✉❡ ❛♣❛r❡❝❡r❛♠ ♥❛

s♦❧✉✘❝⑦❛♦✳

✭✳✳✳✮ ❯♠ ❜♦♠ ♣r♦❢❡ss♦r ♣r❡❝✐s❛ ❝♦♠♣r❡❡♥❞❡r ❡ tr❛♥s♠✐t✐r ❛ s❡✉s ❛❧✉♥♦s

♦ ❝♦♥❝❡✐t♦ ❞❡ q✉❡ ♣r♦❜❧❡♠❛ ❛❧❣✉♠ ☞❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡s❣♦t❛❞♦✳ ❘❡st❛

s❡♠♣r❡ ❛❧❣✉♠❛ ❝♦✐s❛ ❛ ❢❛③❡r✳ ❈♦♠ ❡st✉❞♦ ❡ ❛♣r♦❢✉♥❞❛♠❡♥t♦✱ ♣♦❞❡♠♦s

♠❡❧❤♦r❛r q✉❛❧q✉❡r s♦❧✉✘❝⑦❛♦ ❡✱ s❡❥❛ ❝♦♠♦ ❢♦r✱ ✓❡ s❡♠♣r❡ ♣♦ss✓✏✈❡❧ ❛♣❡r❢❡✐✘❝♦❛r

❛ ♥♦ss❛ ❝♦♠♣r❡❡♥s⑦❛♦ ❞❛ r❡s♦❧✉✘❝⑦❛♦✳✭❆ ❆rt❡ ❞❡ ❘❡s♦❧✈❡r Pr♦❜❧❡♠❛s✱ ❯♠

◆♦✈♦ ❆s♣❡❝t♦ ❞♦ ▼✓❡t♦❞♦ ♠❛t❡♠✓❛t✐❝♦✱ ● P♦❧②❛✱ ♣❛❣ ✶✵✳✮

❖ ♣r♦❢❡ss♦r ♣♦❞❡ ❞❛r ❛✐♥❞❛ ♠❛✐s ✐♠♣♦rt❫❛♥❝✐❛ ❛♦ ♣r♦❜❧❡♠❛ ❛♥❛❧✐s❛❞♦✱ ❢❛③❡♥❞♦ ❝♦♥✲

❥❡❝t✉r❛s s♦❜r❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛❧❣✉♠ ♠✓❡t♦❞♦ tr❛❜❛❧❤❛❞♦ ♥♦ ♣r♦❜❧❡♠❛ ✈❡♥❤❛ ❛ s❡r

✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦✉tr♦s ♣r♦❜❧❡♠❛s✱ ♦✉ ❛✐♥❞❛ q✉❡ ♦ s❡✉ r❡s✉❧t❛❞♦ s❡❥❛ ✈✓❛❧✐❞♦ ♣❛r❛ ♦✉tr♦s

❝❛s♦s ❡ s✐t✉❛✘❝⑦♦❡s✳ ❆ss✐♠✱ ♦ ❛❧✉♥♦ ♣♦❞❡r✓❛ ✈❛❧♦r✐③❛r ❛✐♥❞❛ ♠❛✐s ♦ ❢❡✐t♦ q✉❡ ❢♦✐ ❡♥❝♦♥✲

tr❛r ❛ s♦❧✉✘❝⑦❛♦✳ ▲❡✈❛r ❝♦♥s✐❣♦ ♦ r❡s✉❧t❛❞♦ ♦✉ ❡♥t⑦❛♦ ❛ ✐❞❡✐❛ ❥✓❛ ❞✐s❝✉t✐❞❛ ❝♦♠♦ ✉♠❛ ♥♦✈❛
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❢❡rr❛♠❡♥t❛ q✉❡ ♣♦❞❡r✓❛ t♦r♥❛r ❢✉t✉r♦s ♣r♦❜❧❡♠❛s ♠❛✐s s✐♠♣❧❡s✳

◗✉❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ s❡ ♠♦str❛r ✈❛❧♦r♦s♦ ♥⑦❛♦ s✓♦ ♣❡❧❛ s✉❛ r❡s♣♦st❛ ❝♦♠♦ ♣❡❧♦ ♠✓❡t♦❞♦

♥❡❝❡ss✓❛r✐♦ ❡♠ s✉❛ r❡s♦❧✉✘❝⑦❛♦✱ ❡ss❡ ❝♦♥❤❡❝✐♠❡♥t♦ s❡ t♦r♥❛r✓❛ ❛ss✐♠ ♣❛rt❡ ❞❛ ♣❡ss♦❛ q✉❡

♦ ✉s♦✉✳ ❊ss❛ ✓❡ ✉♠❛ ❢♦r♠❛ ❞❡ ✉s❛r ❛ s♦❧✉✘❝⑦❛♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ♠❡t❛ ♥❛ ♣r❡♣❛r❛✘❝⑦❛♦

❞❡ ✉♠ ❝✉rs♦✱ ❡str✉t✉r❛r ❞❡ss❛ ❢♦r♠❛ t♦r♥❛r✓❛ ♦ ❝✉rs♦ ♠❛✐s r❡❧❡✈❛♥t❡ ♥❛ ❢♦r♠❛✘❝⑦❛♦ ❞♦s

❡st✉❞❛♥t❡s✱ ❡ ❛♦ ♣r♦❢❡ss♦r ❝❛❜❡r✓❛ ♦ s❡♥t✐♠❡♥t♦ ❞❡ tr❛♥s❢♦r♠❛✘❝⑦❛♦✱ ❞❛❞♦ q✉❡ ❛ ♠❡t♦❞♦❧♦❣✐❛

❢♦✐ ✐♠♣♦rt❛♥t❡ ❛♦ ❧❛❞♦ ❞❛ t❡♦r✐❛✳ ❙❛❜❡r q✉❡ ❛s ❢❡rr❛♠❡♥t❛s ✉s❛❞❛s r❡s✉❧t❛r⑦❛♦ ♥♦ ❛✈❛♥✘❝♦

❞♦ ❡st✉❞❛♥t❡ ❡ ❛ss✐♠✱ ✉♠ ♥✓✏✈❡❧ ❞❡ ♠❛t✉r✐❞❛❞❡ ♠❛✐♦r s❡r✓❛ ❛❧❝❛♥✘❝❛❞♦✳
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3 A MATEMÁTICA POR TRÁS DOS

TRUQUES, ADIVINHAÇÕES E ENÍGMAS

3.1 Expressões algébricas e polinômios

3.1.1 O uso de letras para representar o desconhecido.

P❛r❛ tr❛t❛r ❞❡ ✉♠ ♥♦✈♦ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❛s ❡q✉❛✘❝⑦♦❡s✱

✉♠❛ ❛❜♦r❞❛❣❡♠ ♥♦✈❛ s✉r❣❡✿ ❛ r❡♣r❡s❡♥t❛✘❝⑦❛♦ ❞❡ ❧❡tr❛s ♣❛r❛ s✐♠❜♦❧✐③❛r ❛ ♣❛rt❡ q✉❡ ❢❛❧t❛✱

❡ss❛ ♣❛rt❡ q✉❡ s❡ ♣r♦❝✉r❛ ❝♦st✉♠❛ ❝❛✉s❛r ❛❧❣✉♠❛s ❞✐☞❝✉❧❞❛❞❡s ♥❛ ❤♦r❛ ❞❡ ✐♥t❡r♣r❡t❛r

❡ r❡s♦❧✈❡r ❡ss❡s ♥♦✈♦s ❞❡s❛☞♦s✳

❆ ✓❆❧❣❡❜r❛✱ ❝♦♠♦ ✓❡ ❝❤❛♠❛❞❛✱ ✓❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ♠❛t❡♠✓❛t✐❝❛✳ P♦✐s ❛

♣❛rt✐r ❞❡❧❛✱ ❢♦✐ ♣♦ss✓✏✈❡❧ ❛ ✐♥tr♦❞✉✘❝⑦❛♦ ❞❡ s✓✏♠❜♦❧♦s ♠❛✐s ♣r❡❝✐s♦s ♣❛r❛ ♦♣❡r❛r ❝♦♠ ♥✓✉♠❡r♦s

❡ r❡♣r❡s❡♥t❛r s✐t✉❛✘❝⑦♦❡s ❣❡♥✓❡r✐❝❛s✳

❖❜s❡r✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ❞❡ ✉♠ ❧✐✈r♦ ❞♦ ✼➸ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✿

❭❉✐ss❡ ❛♦ ♣r♦❢❡ss♦r✿

❵P❡❣✉❡✐ ❛ ✐❞❛❞❡ q✉❡ t✐♥❤❛ q✉❛♥❞♦ ♠❡ ❝❛s❡✐✱ s✉❜tr❛✓✏ ✸✱ ❞✐✈✐❞✐ ♦ r❡s✉❧t❛❞♦ ♣♦r ✻✱ s♦♠❡✐

❝♦♠
✶

✸
❞❡ss❛ ✐❞❛❞❡ ❡ ♦❜t✐✈❡ ✶✵ ❝♦♠ r❡s✉❧t❛❞♦ ☞♥❛❧✳✬

◗✉❛♥t♦s ❛♥♦s t✐♥❤❛ ♠✐♥❤❛ ♣r♦❢❡ss♦r❛ q✉❛♥❞♦ s❡ ❝❛s♦✉❄✧

Pr♦♣♦♥❞♦ ✉♠ ❡♥✐❣♠❛✱ ♥♦ ✐♥✓✏❝✐♦ ❞❛ s❡✘❝⑦❛♦ ♣❛r❛ ❛♣r❡s❡♥t❛r ✉♠❛ s✐t✉❛✘❝⑦❛♦ ♠♦t✐✈❛♥t❡

❛♦s ❛❧✉♥♦s✱ ♣❛r❛ ❞❡♣♦✐s ❡♠♣r❡❣❛r ♠✓❡t♦❞♦s ❡ t✓❡❝♥✐❝❛s ♣❛r❛ ❥✉st✐☞❝❛r ♦ ❡st✉❞♦ ❞❛ ✓❛❧❣❡❜r❛✳

❚❛✐s s✐t✉❛✘❝⑦♦❡s s❡r⑦❛♦ ❝♦♠✉♥s ❛♣✓♦s ❡ss❡ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ s❡♥❞♦ ♠✉✐t♦ ✐♠♣♦r✲

t❛♥t❡ q✉❡ ♦s ♣r✐♠❡✐r♦s ❝♦♥❝❡✐t♦s t❡✓♦r✐❝♦s r❡❧❛t✐✈♦s ❛ ♣❛rt❡ ✐♥✐❝✐❛❧ ❞❡ ✓❛❧❣❡❜r❛ s❡❥❛♠ ❜❡♠

❝♦♠♣r❡❡♥❞✐❞♦s✳
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3.1.2 O uso de expressões contendo letras

P❛r❛ ❧✐❞❛r ❝♦♠ ♦s ♥♦✈♦s ♣r♦❜❧❡♠❛s ❞❡ ❝❛r✓❛t❡r ❛❧❣✓❡❜r✐❝♦ ❡ ♣♦❞❡r ✉s❛r t♦❞❛s ❛s t✓❡❝♥✐❝❛s

❞❡ss❡ ❝✓❛❧❝✉❧♦✱ ❞❡✈❡♠♦s ❝♦♥❤❡❝❡r ✉♠❛ ❧✐♥❣✉❛❣❡♠ ♥♦✈❛✱ s❛❜❡r tr❛❞✉③✐r ❞❛ ❧✐♥❣✉❛❣❡♠

❝♦rr❡♥t❡ ♣❛r❛ ❛ ❧✐♥❣✉❛❣❡♠ ♠❛t❡♠✓❛t✐❝❛✳

❱❡❥❛♠♦s ❛ s❡❣✉✐♥t❡ s✐t✉❛✘❝⑦❛♦✿

❊♠ ✉♠ ♣❛rq✉❡ ❞❡ ❞✐✈❡rs⑦♦❡s ❛ ❡♥tr❛❞❛ ❝✉st❛ ❘✩ ✶✵✱✵✵✱ ♣❛r❛ ❜r✐♥❝❛r ✉♠❛ ✈❡③ ❡♠

❝❛❞❛ ❜r✐♥q✉❡❞♦ ♦ ❝✉st♦ ✓❡ ❞❡ ❘✩ ✺✱✵✵ ♣♦r ♣❡ss♦❛✳ ❙❡ ✉♠❛ ♣❡ss♦❛ ❡♥tr❛r ♥❡ss❡ ♣❛rq✉❡✱

q✉❛❧ s❡r✓❛ s❡✉ ❣❛st♦ s❡ ✉s❛r ✶ ❜r✐♥q✉❡❞♦ ✉♠❛ ✈❡③❄ ❊ s❡ ✉s❛r ✹ ❜r✐♥q✉❡❞♦s ✉♠❛ ✈❡③ ❝❛❞❛❄

❊①✐st❡ ✉♠ ❢♦r♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ♣❛❣♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♥✓✉♠❡r♦ ❞❡ ❜r✐♥q✉❡❞♦s q✉❡

✉s❛r❄

❋❛③❡♥❞♦ ❛❧❣✉♠❛s ❛♥♦t❛✘❝⑦♦❡s✿

Anotações

◆➸ ❞❡ ❜r✐♥q✉❡❞♦s ✉s❛❞♦s ●❛st♦ ✭❘✩✮

✶ ✶✵+✺ ⋅✶ = ✶✺
✹ ✶✵+✺ ⋅✹ = ✸✵
① ✶✵+✺ ⋅①

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ❣❛st♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ●❛st♦ = ✶✵+✺ ⋅
♥✓✉♠❡r♦ ❞❡ ❜r✐♥q✉❡❞♦s

❯♠❛ ✈❡③ q✉❡ ✉s❛♠♦s ❛ ❧❡tr❛ ① ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠ ♥✓✉♠❡r♦ ❞❡ ❜r✐♥q✉❡❞♦s✱ ❡st❛♠♦s

❡s❝r❡✈❡♥❞♦ ✉♠❛ ❡①♣r❡ss⑦❛♦ ❡♠ ❧✐♥❣✉❛❣❡♠ ♠❛t❡♠✓❛t✐❝❛✳

❆ss✐♠✱ t❡♠♦s✿

✶✵+✺ ⋅① ♦✉ ✶✵+✺①

P♦❞❡♠♦s ❛ ♣❛rt✐r ❞❛ ❧✐♥❣✉❛❣❡♠ ❢❛❧❛❞❛✱ ♦✉ ❧✐♥❣✉❛❣❡♠ ❝♦rr❡♥t❡ ❡s❝r❡✈❡r ✉♠❛ ❡①✲

♣r❡ss⑦❛♦ ❡♠ ❧✐♥❣✉❛❣❡♠ ♠❛t❡♠✓❛t✐❝❛

Em linguagem corrente Em linguagem matemática

❖ ❞♦❜r♦ ❞❡ ✺ ✷ ⋅✺

❆ q✉✐♥t❛ ♣❛rt❡ ❞❡ −✸✵ −✸✵ ⋅ ✶
✺

❖ tr✐♣❧♦ ❞❡ −✾ ✸ ⋅ (−✾)
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❆❣♦r❛✱ ✉s❛♥❞♦ s✓✏♠❜♦❧♦s ✈❛♠♦s ❡s❝r❡✈❡r ❭♦ ❞♦❜r♦ ❞❡ ✉♠ ♥✓✉♠❡r♦✧✳

❊ss❡ ❭♥✓✉♠❡r♦✧✱ q✉❡ ❛ ♣r✐♦r✐ ♥⑦❛♦ s❛❜❡♠♦s ♦ q✉❡ s✐❣♥✐☞❝❛✱ s❡r✓❛ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛

❧❡tr❛ ❞♦ ♥♦ss♦ ❛❧❢❛❜❡t♦ ♣♦r ❡①❡♠♣❧♦ ❛✱ ❜✱ ❝✱ ①✱ ②✱ ❡t❝✳

❆ss✐♠ t❡r❡♠♦s s✐♠❜♦❧✐❝❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ❧❡tr❛ ①✿

✷ ⋅①

♦✉ ❛♣❡♥❛s✿

✷①

❖♠✐t✐♥❞♦✲s❡ ♦ s✐♥❛❧ ❞❛ ♠✉❧t✐♣❧✐❝❛✘❝⑦❛♦✳

◆❡ss❡ ❝❛s♦ ❛ ❧❡tr❛ ① r❡♣r❡s❡♥t❛ ✉♠ ♥✓✉♠❡r♦ q✉❛❧q✉❡r✱ ① ✓❡ ❝❤❛♠❛❞♦ ❞❡ ✈❛r✐✓❛✈❡❧✳

❊ss❛ ❢♦r♠❛ ❞❡ r❡♣r❡s❡♥t❛r ❡①♣r❡ss⑦♦❡s ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❛ ❞✐✈❡rs♦s ❝❛s♦s✱ ✈❡❥❛♠♦s ♦

q✉❛❞r♦ ❛❜❛✐①♦✿

Em linguagem corrente Em Linguagem matemática

❆ ❞✐❢❡r❡♥✘❝❛ ❡♥tr❡ ❞♦✐s ♥✓✉♠❡r♦s ❛✲❜

❖ q✉✓✏♥t✉♣❧♦ ✺ ⋅❝

❆ ♠❡t❛❞❡ ❞❡ ✉♠ ♥✓✉♠❡r♦
✶

✷
⋅♠

❆ s♦♠❛ ❞❡ ✺ ❝♦♠ ✉♠ ♥✓✉♠❡r♦ ✺+②

❖ q✉♦❝✐❡♥t❡ ❡♥tr❡ ❞♦✐s ♥✓✉♠❡r♦s
♣

q

❊ss❛s ❡①♣r❡ss⑦♦❡s ❡♠ ❧✐♥❣✉❛❣❡♠ ♠❛t❡♠✓❛t✐❝❛ s⑦❛♦ ❝❤❛♠❛❞❛s ❞❡ ❡①♣r❡ss⑦♦❡s ❛❧❣✓❡❜r✐❝❛s✳

❋♦r♠❛❞❛s ❝♦♠ ❧❡tr❛s✱ ♥✓✉♠❡r♦s ❡ s✐♥❛✐s ❞❡ ♦♣❡r❛✘❝⑦♦❡s✳

3.1.3 Valor numérico de uma expressão algébrica

❖ ❛t♦ ❞❡ s✉❜st✐t✉✐r ❝❛❞❛ ❧❡tr❛✱ ❛ ✈❛r✐✓❛✈❡❧ ❡♠ q✉❡st⑦❛♦ ♣♦r ✉♠ ✈❛❧♦r ❡ ❡❢❡t✉❛♥❞♦ ❛s

♦♣❡r❛✘❝⑦♦❡s ✐♥❞✐❝❛❞❛s✱ ❝❤❛♠❛✲s❡ ❝✓❛❧❝✉❧♦ ❞♦ ✈❛❧♦r ♥✉♠✓❡r✐❝♦ ❞❛ ❡①♣r❡ss⑦❛♦✳
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❖❜s❡r✈❡♠♦s ♦s ❡①❡♠♣❧♦s✿

❼ ❖ ✈❛❧♦r ♥✉♠✓❡r✐❝♦ ❞❛ ❡①♣r❡ss⑦❛♦ ✺+② ♣❛r❛ ② = −✹ ✓❡✿ ✺+(−✹) = ✺−✹ = ✶✿
❼ ❖ ✈❛❧♦r ♥✉♠✓❡r✐❝♦ ❞❛ ❡①♣r❡ss⑦❛♦

✶

✷
⋅♠ ♣❛r❛ ♠ = ✽ ✓❡✿

✶

✷
⋅✽ = ✽

✷
= ✹✿

❼ ❖ ✈❛❧♦r ♥✉♠✓❡r✐❝♦ ❞❛ ❡①♣r❡ss⑦❛♦ ♠+♥ ♣❛r❛ ♠ = −✶ ❡ ♥ = ✼ ✓❡✿ −✶+✼ = ✻✿

❯s❛r ❧❡tr❛s ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ❞❡s❝♦♥❤❡❝✐❞♦✱ ✓❡ ✉♠ ❢♦r♠❛ ♠✉✐t❛ ❛♥t✐❣❛ q✉❡ ❛ ❤✉♠❛✲

♥✐❞❛❞❡ ✉s❛ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ❆ ♣❛❧❛✈r❛ ✓❆❧❣❡❜r❛✱ t❡♠ s✉❛ ♣♦ss✓✏✈❡❧ ♦r✐❣❡♠ ♥❛

♣❛❧❛✈r❛ ✓❛r❛❜❡ ❛❧✲❥❛❜r✱ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❧✐✈r♦ ❤✐s❛❜ ❛❧ ✲❥❛❜r ✇✓❛❧✲♠✉q❛❜❛❧❛❤✱ q✉❡ ❞❛t❛ ❞❡

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞♦ ❛♥♦ ❞❡ ✽✷✺ ❡ t❡♠ s❡✉ ❛✉t♦r ♦ ♠❛t❡♠✓❛t✐❝♦ ❆❧✓❑❤♦✇❛r✐③♠✐✳ ❯♠❛

tr❛❞✉✘❝⑦❛♦ ❞❡ss❡ ❧✐✈r♦ ♣♦❞❡ s❡r✿ ❆ ❈✐❫❡♥❝✐❛ ❞❛s ❊q✉❛✘❝⑦♦❡s✳

❯♠ ❞♦s ❞♦❝✉♠❡♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❛t❡♠✓❛t✐❝❛ ❛♥t✐❣❛✱ ✓❡ ♦ P❛♣✐r♦ ❞❡ ❘❤✐♥❞✱

❡❧❡ ❢♦✐ ❡s❝r✐t♦ ♣♦r ✈♦❧t❛ ❞♦ ❛♥♦ ✶✻✺✵ ❛✳❈✳ ❡ r❡❧❛t❛ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❝♦♠ q✉❛♥t✐❞❛❞❡s

❞❡s❝♦♥❤❡❝✐❞❛s✳ P❛r❛ tr❛t❛r ❞❡ss❛s q✉❛♥t✐❞❛❞❡s✱ ❛s ✐♥❝✓♦❣♥✐t❛s ❝♦♠♦ ❝❤❛♠❛♠♦s ❛t✉❛❧✲

♠❡♥t❡✱ ❡①✐st✐❛ ✉♠ ❤✐❡r✓♦❣❧✐❢♦ ❤❛✉ ♦✉ ❛❤❛✱ q✉❡ s✐❣♥✐☞❝❛✈❛❭♠♦♥t⑦❛♦✧✱ ❊ss❡ ♣❛♣✐r♦ t❛♠❜✓❡♠

✓❡ ❝❤❛♠❛❞♦ ❞❡ P❛♣✐r♦ ❞❡ ❆❤❛✳

❆t✉❛❧♠❡♥t❡✱ ♦ P❛♣✐r♦ ❞❡ ❘❤✐♥❞ ❡st✓❛ ♥♦ ▼✉s❡✉ ❇r✐t❫❛♥✐❝♦ ❡♠ ▲♦♥❞r❡s✱ ❡ ♣♦ss✉✐ ❡ss❡

♥♦♠❡ ♣♦rq✉❡ ❢♦✐ ❛❞q✉✐r✐❞♦ ♣❡❧♦ ❜❛♥q✉❡✐r♦ ❡ ❛♥t✐q✉✓❛r✐♦ ❍❡♥r② ❘❤✐♥❞ ❡♠ ✶✽✺✽✱ ♥❛ ❝✐❞❛❞❡

❞❡ ▲✉①♦r✱ ♥♦ ❊❣✐t♦✳ ❊ss❡ ♣❛♣✐r♦ ❢♦✐ ❡s❝r✐t♦ ♣❡❧♦ ❡s❝r✐❜❛ ❆❤♠❡s✱ s❡♥❞♦ ❛ss✐♠ t❛♠❜✓❡♠

❝♦♥❤❡❝✐❞♦✳

3.1.4 Monômios

❖❜s❡r✈❡ ❛s s❡❣✉✐♥t❡s ❡①♣r❡ss⑦♦❡s ❛❧❣✓❡❜r✐❝❛s✿

✶

✷
⋅♠ ✺ ⋅①② −✷

✸
⋅♠✹♥✷ ❛

❖ q✉❡ t♦❞❛s ❡❧❛s t❡♠ ❡♠ ❝♦♠✉♠❄ ❚♦❞❛s r❡♣r❡s❡♥t❛♠ ♣r♦❞✉t♦s✳ ◆❡♥❤✉♠❛ ♣♦ss✉❡♠

s♦♠❛s ♦✉ ❞✐❢❡r❡♥✘❝❛s✱ ♥❡♠ ❞✐✈✐s⑦❛♦ ♣♦r ✈❛r✐✓❛✈❡❧✳

Definição:

❊①♣r❡ss⑦♦❡s ♠❛t❡♠✓❛t✐❝❛s ❡♥✈♦❧✈❡♥❞♦ ♥✓✉♠❡r♦ ❡✴♦✉ ❧❡tr❛s ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ❛ ♦♣❡r❛✘❝⑦❛♦

❞❡ ♣r♦❞✉t♦ s⑦❛♦ ❝❤❛♠❛❞❛s ♠♦♥❫♦♠✐♦s✳

❊♠ ♠♦♥❫♦♠✐♦s t❡♠♦s ❞✉❛s ♣❛rt❡s✿
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❋✐❣✉r❛ ✸✳✶✿ ❙❡❣♠❡♥t♦s

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r

❋✐❣✉r❛ ✸✳✷✿ ◗✉❛❞r❛❞♦

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r

❼ ❛ ❝♦♥st❛♥t❡ ✭♣❛rt❡ ♥✉♠✓❡r✐❝❛✮❀

❼ ❛ ✈❛r✐✓❛✈❡❧ ✭♣❛rt❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❧❡tr❛s ♦✉ ♣❛rt❡ ❧✐t❡r❛❧✮✳

Definição:

❖ ●r❛✉ ❞❡ ✉♠ ♠♦♥❫♦♠✐♦ s❡r✓❛ ❛ s♦♠❛ ❞♦s ❡①♣♦❡♥t❡s ❞❛ ♣❛rt❡ ❧✐t❡r❛❧ ❞♦ ♠♦♥❫♦♠✐♦✳

P♦r ❡①❡♠♣❧♦ ♦ ♠♦♥❫♦♠✐♦ ✷①✸ ✓❡ ❞♦ ❣r❛✉ ✸✱ ❡ ♦ ♠♦♥❫♦♠✐♦ ♠✹♥✱ t❡♠ ❣r❛✉ ✹+✶ = ✺✳
◆❛ t❛❜❡❧❛ ❛ s❡❣✉✐r✱ ♠♦str❛♠♦s ❛❧❣✉♥s t❡r♠♦s ❛❧❣✓❡❜r✐❝♦s ❡ ❞❡st❛❝❛♠♦s ❡♠ ❝❛❞❛ ✉♠

♦ ❝♦❡☞❝✐❡♥t❡ ❡ ❛ ♣❛rt❡ ❧✐t❡r❛❧ ❞❡❧❡s✳

3.1.5 Termos Semelhantes

❆ ♠❡❞✐❞❛ ❞♦ s❡❣♠❡♥t♦ ❞❛ ☞❣✉r❛ ✸✳✶ ✓❡ r❡♣r❡s❡♥t❛❞❛ ♣♦r ✷①✳

❖ ♣❡r✓✏♠❡tr♦ ❞❛ ☞❣✉r❛ ✸✳✸ ✓❡ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✹①✿

❖s t❡r♠♦s ❛❧❣✓❡❜r✐❝♦s ✷① ❡ ✹① t❫❡♠ ❛ ♠❡s♠❛ ♣❛rt❡ ❧✐t❡r❛❧✱ ❞✐③❡♠♦s q✉❡ ❡❧❡s s⑦❛♦ termos

semelhantes✳

❱❡❥❛ ♦✉tr♦s ❡①❡♠♣❧♦s✳
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❛✮ −✸❛❜ ❡ ✺❛❜ s⑦❛♦ t❡r♠♦s s❡♠❡❧❤❛♥t❡s✱ ♣♦rq✉❡ ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ♣❛rt❡ ❧✐t❡r❛❧✳

❜✮ ✻①✷② ❡ ✾①②✷ ♥⑦❛♦ s⑦❛♦ t❡r♠♦s s❡♠❡❧❤❛♥t❡s✱ ♣♦rq✉❡ ❛s ♣❛rt❡s ❧✐t❡r❛✐s s⑦❛♦ ❞✐❢❡r❡♥t❡s

(①✷② ≠ ①②✷)✱ ❛♣❡s❛r ❞❡ ❛s ✈❛r✐✓❛✈❡✐s ① ❡ ② s❡r❡♠ ❛s ♠❡s♠❛s✳

3.1.6 Soma algébrica de termos semelhantes

❉❛❞♦s ♠♦♥❫♦♠✐♦s s❡♠❡❧❤❛♥t❡s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞✐str✐❜✉t✐✈❛ ❞❛ ♠✉❧✲

t✐♣❧✐❝❛✘❝⑦❛♦ ❡♠ r❡❧❛✘❝⑦❛♦ ✒❛ ❛❞✐✘❝⑦❛♦ ❡ ❛❞✐❝✐♦♥❛r ♦s t❡r♠♦s ❝♦♠ ❛ ♠❡s♠❛ ♣❛rt❡ ❧✐t❡r❛❧✳

❖❜s❡r✈❡ ♦s ❡①❡♠♣❧♦s✿

❛✳ ✷①+✾① = (✷+✾)① = ✶✶①
❜✳ ✸♠−✼♠ = (✸−✼)♠ = −✹♠
❝✳ ✹❛❜+ ✷

✸
❛❜ = (✹+ ✷

✸
)❛❜ = ✶✹

✸
❛❜

P❛r❛ ❛❞✐❝✐♦♥❛r t❡r♠♦s s❡♠❡❧❤❛♥t❡s✱ s♦♠❛♠♦s ♦s ❝♦❡☞❝✐❡♥t❡s ❡ ❝♦♥s❡r✈❛♠♦s ❛ ♣❛rt❡

❧✐t❡r❛❧✳

3.1.7 Polinômios

❖❜s❡r✈❡ ❛s ❡①♣r❡ss⑦♦❡s ❛❧❣✓❡❜r✐❝❛s ❛ s❡❣✉✐r✿

❼ ✸①✳ ▼♦♥❫♦♠✐♦s

❼ ✺①+✷②✳ ❊st❛s ❡①♣r❡ss⑦♦❡s s⑦❛♦ s♦♠❛s ❞❡ ♠♦♥❫♦♠✐♦s

❼ ✷①✷+✸①−✹

Definição:

❆s ❡①♣r❡ss⑦♦❡s ♠❛t❡♠✓❛t✐❝❛s q✉❡ r❡♣r❡s❡♥t❛♠ s♦♠❛s ❛❧❣✓❡❜r✐❝❛s ❞❡ ♠♦♥❫♦♠✐♦s s⑦❛♦ ❝❤❛✲

♠❛❞❛s ❞❡ ♣♦❧✐♥❫♦♠✐♦s✳

❖ ❣r❛✉ ❞❡ ✉♠ ♣♦❧✐♥❫♦♠✐♦ ✓❡ ❞❛❞♦ ♣❡❧♦ ♠❛✐♦r ❣r❛✉ ❞♦ ♠♦♥❫♦♠✐♦ q✉❡ ❡❧❡ ♣♦ss✉✐✳

❖s ♣♦❧✐♥❫♦♠✐♦s ❢♦r♠❛❞♦s ♣♦r ❛t✓❡ tr❫❡s t❡r♠♦s r❡❝❡❜❡♠ ♥♦♠❡s ❡s♣❡❝✐❛✐s✿

1 termo: ▼♦♥❫♦♠✐♦
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2 termos: ❇✐♥❫♦♠✐♦

3 termos: ❚r✐♥❫♦♠✐♦

4 termos ou mais: P♦❧✐♥❫♦♠✐♦s

Exermplo:

❆s ❡①♣r❡ss⑦♦❡s ❛ s❡❣✉✐r ♣♦ss✉❡♠ ♥♦♠❡s q✉❡ ❛s ❞✐❢❡r❡♥❝✐❛♠✿

❛✳ −✶✷①+✸✿ ❜✐♥❫♦♠✐♦

❜✳ ✷①✷+✸①−✶✿ tr✐♥❫♦♠✐♦

❝✳ ❛+❜+❝+❞✿ ♣♦❧✐♥❫♦♠✐♦s

❯♠❛ ♦❜s❡r✈❛✘❝⑦❛♦ q✉❡ ❞❡✈❡ s❡r ❢❡✐t❛ ✓❡ ❝♦♠ r❡❧❛✘❝⑦❛♦ ❛♦ ✉s♦ ❞❛ ♣r❡s❡♥✘❝❛ ❞♦s t❡r♠♦s

❝♦♠✉♠❡♥t❡ ❛ss♦❝✐❛❞♦s ❛♦ s❡✉ ❡st✉❞♦ ♥♦ ♣♦rt✉❣✉❫❡s✱ s✉❥❡✐t♦ ❡ ♣r❡❞✐❝❛❞♦✱ ♥❛ ♠❛t❡♠✓❛t✐❝❛✳

❙❡♥t❡♥✘❝❛s s⑦❛♦ ♦r❛✘❝⑦♦❡s ♦♥❞❡ ❛♣❛r❡❝❡ ♦ s✉❥❡✐t♦✱ ♦ t❡r♠♦ s♦❜r❡ ♦ q✉❛❧ s❡ ❞❡❝❧❛r❛ ❛❧❣♦✱

❡ ♦ ♣r❡❞✐❝❛❞♦✱ ♦ q✉❡ s❡ ❞❡❝❧❛r❛ s♦❜r❡ ♦ s✉❥❡✐t♦✳

❆ss✐♠✱ ♥♦s ❝❛s♦s ❛❜❛✐①♦✿

❼ ❚r❫❡s ♠❡♥♦s ✉♠ ✓❡ ✐❣✉❛❧ ❛ ❞♦✐s❀

❼ ❖ ❞♦❜r♦ ❞❡ ✉♠ ♥✓✉♠❡r♦ ✓❡ ✐❣✉❛❧ ❛ s❡t❡♥t❛ ❡ s❡✐s✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ tr❫❡s ♠❡♥♦s ✉♠ ✓❡ ♦ s✉❥❡✐t♦✱ ❥✓❛ ✓❡ ✐❣✉❛❧ ❛ ❞♦✐s✱ ✓❡ ♦ ♣r❡❞✐❝❛❞♦✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♦ s✉❥❡✐t♦ ✓❡ ♦ ❞♦❜r♦ ❞❡ ✉♠ ♥✓✉♠❡r♦✱ ❡♥q✉❛♥t♦ ♦ ♣r❡❞✐❝❛❞♦ ✓❡ ♦ t❡r♠♦✿

✓❡ ✐❣✉❛❧ ❛ s❡t❡♥t❛ ❡ s❡✐s✳

3.2 Equações

❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s q✉❡ ❛ ▼❛t❡♠✓❛t✐❝❛ ♣♦ss✉✐ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s

s⑦❛♦ ❛s ❡q✉❛✘❝⑦♦❡s✳ ❯♠❛ ❧✐♥❣✉❛❣❡♠ q✉❡ ♣❡r♠✐t❡ ❡s❝r❡✈❡r ♣r♦❜❧❡♠❛s ❞❡ s✐t✉❛✘❝⑦♦❡s ❝♦♥❝r❡t❛s

❡♠ ❧✐♥❣✉❛❣❡♠ s✐♠❜✓♦❧✐❝❛✱ ❡ ❛ ♣❛rt✐r ❞❛✓✏ ✉s❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ t✓❡❝♥✐❝❛s ❡ ♠✓❡t♦❞♦s ♣❛r❛ s❡

r❡s♦❧✈❡r ❡ss❡s ♣r♦❜❧❡♠❛s✳

❱❛♠♦s ❛♥❛❧✐s❛r ❛ s❡❣✉✐♥t❡ s✐t✉❛✘❝⑦❛♦✿
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Exemplo:

❖ q✉✓✏♥t✉♣❧♦ ❞❡ ✉♠ ♥✓✉♠❡r♦ s✉❜tr❛✓✏❞♦ ❞❡ ✼ r❡s✉❧t❛ ♥♦ ♣r✓♦♣r✐♦ ♥✓✉♠❡r♦ ❛❝r❡s❝✐❞♦ ❞❡

✶✳ ◗✉❛❧ ✓❡ ❡ss❡ ♥✓✉♠❡r♦❄

Solução:

P♦❞❡♠♦s ✉s❛r ✉♠❛ ❧❡tr❛ q✉❛❧q✉❡r ♣❛r❛ r❡♣r❡s❡♥t❛r ❡ss❛ q✉❛♥t✐❛ ❞❡s❝♦♥❤❡❝✐❞❛✳ P♦r

❡①❡♠♣❧♦ ①✳ ❆ss✐♠✱ ♦ q✉✓✏♥t✉♣❧♦ ❞❡ ✉♠ ♥✓✉♠❡r♦ s❡r✓❛ ✺①✳ ❉❡ss❛ ❢♦r♠❛ t❡♠♦s✿

✺①−✼ = ①+✶

♦✉ ❛✐♥❞❛✱

✺①−① = ✼+✶
q✉❡ r❡s✉❧t❛ ❡♠✿

✹① = ✽

♦✉ s❡❥❛✱

① = ✷

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡✱ t♦❞♦s ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❛♣❧✐❝❛❞♦s ❡st⑦❛♦ ❧✐❣❛❞♦s ❛♦ ✈❛❧♦r

❞❡s❝♦♥❤❡❝✐❞♦✱ ♥❡ss❛ s✐t✉❛✘❝⑦❛♦ t❡♠♦s ✉♠❛ equação polinomial de 1➸ grau com uma

variável✳

❱❡❥❛♠♦s ❛ s❡❣✉✐♥t❡ ❞❡☞♥✐✘❝⑦❛♦✿

Definição:

❈❤❛♠❛♠♦s ❞❡ equação polinomial do 1➸ grau na variável x✱ ✉♠❛ s❡♥t❡♥✘❝❛ ❞❛

❢♦r♠❛✿

❛①+❜ = ✵
♦♥❞❡ ❛❀❜ ∈R❀❛ ≠ ✵ ❡ ① ✓❡ ✉♠ ♥✓✉♠❡r♦ r❡❛❧ ❝❤❛♠❛❞♦ ❞❡ ✐♥❝✓♦❣♥✐t❛✳

❆ss✐♠✱ t♦❞❛ s❡♥t❡♥✘❝❛ ♠❛t❡♠✓❛t✐❝❛ q✉❡ ♣♦ss✉✐ ✉♠❛ ✐❣✉❛❧❞❛❞❡ ❡ ♥✓✉♠❡r♦s ❞❡s❝♦♥❤❡❝✐✲

❞♦s ❢♦r♠❛❞♦s ♣♦r ❧❡tr❛s ✓❡ ❞✐t❛ ✉♠❛ ❡q✉❛✘❝⑦❛♦✳
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3.2.1 Propriedades

❯♠❛ ❛♥❛❧♦❣✐❛ ❢❡✐t❛ ❛♦ ✐♥✐❝✐❛r ♦s tr❛❜❛❧❤♦s ❝♦♠ ❡q✉❛✘❝⑦♦❡s ❝♦♥s✐st❡ ❡♠ ✈❡r ❛ s✐t✉❛✘❝⑦❛♦

❝♦♠♦ ✉♠❛ ❜❛❧❛♥✘❝❛ ❞❡ ❞♦✐s ♣r❛t♦s ❡♠ ❡q✉✐❧✓✏❜r✐♦ ❡ ❛ ♠❡❞✐❞❛ q✉❡ ❛❝r❡s❝❡♥t❛♠♦s ❛❧❣♦

❡♠ ✉♠ ♣r❛t♦ ❞❡✈❡♠♦s r❡t✐r❛r ❡♠ ✐❣✉❛❧ q✉❛♥t✐❞❛❞❡ ♣❛r❛ ♥⑦❛♦ ♣❡r❞❡r ♦ ❡q✉✐❧✓✏❜r✐♦✳ ❊ss❛

❛♥❛❧♦❣✐❛ ❝♦♥s✐st❡ ♥❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Propriedade 1. ❉♦✐s ♥✓✉♠❡r♦s ✐❣✉❛✐s ♣❡r♠❛♥❡❝❡♠ ✐❣✉❛✐s ❛♦ s❡r❡♠ ❛♠❜♦s ❛❞✐❝✐♦♥❛❞♦s

❞❛ ♠❡s♠❛ q✉❛♥t✐❛✱ ♦✉ s❡❥❛✱

❛ = ❜⇒ ❛+❝ = ❜+❝✿

❊ss❡ ♥✓✉♠❡r♦ ❝✱ ♣♦❞❡ s❡r t❛♥t♦ ♣♦s✐t✐✈♦ q✉❛♥t♦ ♥❡❣❛t✐✈♦✱ ❛ss✐♠ ♣♦r ❡①❡♠♣❧♦ s❡

❝♦♥s✐❞❡r❛r♠♦s ❛ ❡q✉❛✘❝⑦❛♦✿

✷①+✺ = ✶
P♦❞❡♠♦s ❛❞✐❝✐♦♥❛r −✺ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛✘❝⑦❛♦✱ ♦❜t❡♥❞♦✿

(✷①+✺)−✺ = ✶−✺❀♦✉ s❡❥❛❀ ✷① = −✹✿

Propriedade 2. ❉♦✐s ♥✓✉♠❡r♦s ✐❣✉❛✐s ♣❡r♠❛♥❡❝❡♠ ✐❣✉❛✐s ❛♦ s❡r❡♠ ❛♠❜♦s ♠✉❧t✐♣❧✐❝❛❞♦s

♣❡❧❛ ♠❡s♠❛ q✉❛♥t✐❛✱ ♦✉ s❡❥❛✱

❛ = ❜⇒ ❛ ⋅❝ = ❛ ⋅❝✿

❆ss✐♠✱ s❡♥❞♦ ✷① = −✹✱ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ♦s ❞♦✐s ❧❛❞♦s ❞❛ ❡q✉❛✘❝⑦❛♦ ♣♦r
✶

✷
✳ ❖❜✲

t❡♥❞♦✿

✷① ⋅ (✶
✷
) = −✹ ⋅ ✶

✷
❀♦✉ s❡❥❛❀ ① = −✷✿

❱♦❧t❛♥❞♦ ❛ ❡q✉❛✘❝⑦❛♦ ❛①+ ❜ = ✵✱ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s s✉❛ s♦❧✉✘❝⑦❛♦ ✈❛♠♦s ❛♣❧✐❝❛r ❛s

❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✿

Pr✐♠❡✐r♦✱ ✈❛♠♦s ❛❞✐❝✐♦♥❛r −❜✱ ❛♦s ❞♦✐s ❧❛❞♦s ❞❛ ❡q✉❛✘❝⑦❛♦✱ ♦❜t❡♥❞♦✿

❛①+❜+(−❜) = ✵+(−❜)❀ ♦✉ s❡❥❛❀ ❛① = −❜✿

❆❣♦r❛✱ ❝♦♠♦ ❛ ≠ ✵✱ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✓✉❧t✐♠❛ ❡q✉❛✘❝⑦❛♦ ♣♦r
✶

❛
✳

▲♦❣♦✱ ❛ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦ ❛①+❜ = ✵✱ ✓❡✿

① = − ❜
❛
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❆ss✐♠ ❛①(✶
✷
) = −❜(✶

❛
)✱ r❡s✉❧t❛ ❡♠ ① = − ❜

❛
✱

▲♦❣♦✱ ❛ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦ ❛①+❜ = ✵✱ ✓❡✿

① = − ❜
❛
✿

3.3 Sistemas de equações polinomiais do 1➸ grau com

duas incógnitas

P❛r❛ ❞❛r♠♦s ✐♥✓✏❝✐♦ ❛ ❡ss❛ s❡ss⑦❛♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

Exemplo:

❈✓✏❝❡r♦ ♣♦ss✉✐ ✶✺ ❝✓❡❞✉❧❛s✱ s❡♥❞♦ ❛❧❣✉♠❛s ❞❡ ✶✵ r❡❛✐s ❡ ♦✉tr❛s ❞❡ ✺ r❡❛✐s✳ ◗✉❛♥t❛s

❝✓❡❞✉❧❛s ❞❡ ❝❛❞❛ t✐♣♦ ❈✓✏❝❡r♦ ♣♦ss✉✐✱ s❛❜❡♥❞♦ q✉❡ ❡❧❡ ♣♦ss✉✐ ❛♦ t♦❞♦ ✶✵✺ r❡❛✐s❄

◆❡ss❡ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❝❤❛♠❛r ❞❡ ① ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✓❡❞✉❧❛s ❞❡ ✶✵ r❡❛✐s ❡ ② ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❝✓❡❞✉❧❛s ❞❡ ✺ r❡❛✐s✳ ❆ss✐♠ ❝♦♠♦ ❈✓✏❝❡r♦ ♣♦ss✉✐ ✶✺ ❝✓❡❞✉❧❛s✱ t❡♠♦s✿

①+② = ✶✺✿

❆❣♦r❛✱ ❝♦♠♦ ❈✐❝❡r♦ ♣♦ss✉✐ ✶✵✺ r❡❛✐s t❡♠♦s✿

✶✵①+✺② = ✶✵✺

P♦❞❡♠♦s ♥♦t❛r q✉❡✱ t❡♠♦s ❞✉❛s ❡q✉❛✘❝⑦♦❡s✱ ♦♥❞❡ ❡♠ ❛♠❜❛s t❡♠♦s ❛ ♣r❡s❡♥✘❝❛ ❞❡ ♠❛✐s

❞❡ ✉♠ t❡r♠♦ ❞❡s❝♦♥❤❡❝✐❞♦✱ ❡ ❛s ❞✉❛s ❡q✉❛✘❝⑦♦❡s s⑦❛♦ ❞❡♣❡♥❞❡♥t❡s✱ ♦✉ s❡❥❛✱ ❛s s♦❧✉✘❝⑦♦❡s ❞❛

♣r✐♠❡✐r❛ ❡q✉❛✘❝⑦❛♦ ❞❡✈❡♠ s❡r t❛♠❜✓❡♠ s♦❧✉✘❝⑦♦❡s ❞❛ s❡❣✉♥❞❛ ❡q✉❛✘❝⑦❛♦✳

❊ss❡ ❝❛s♦✱ ✓❡ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛✘❝⑦♦❡s ♣♦❧✐♥♦♠✐❛✐s ❧✐♥❡❛r❡s

❡♠ ✈✓❛r✐❛s ✈❛r✐✓❛✈❡✐s✳

Definição:

❯♠❛ ❡q✉❛✘❝⑦❛♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✶➸ ❣r❛✉ ♥❛s ✈❛r✐✓❛✈❡✐s ①✶❀①✷❀ ✿ ✿ ✿ ❀①♥ ✓❡ ✉♠❛ ❡①♣r❡ss⑦❛♦ ❞❛

❢♦r♠❛✿

❛✶①✶+❛✷①✷+ ✿ ✿ ✿+❛♥①♥+❜ = ✵
♦♥❞❡ ♦s ♥✓✉♠❡r♦s ❛✶❀❛✷❀ ✿ ✿ ✿ ❀❛♥ s⑦❛♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦ ❡ ❜ ✓❡ ✉♠ ♥✓✉♠❡r♦ r❡❛❧✳
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❉❡ss❛ ❢♦r♠❛ q✉❛♥❞♦ ❡s❝r❡✈❡♠♦s ✉♠❛ ❡q✉❛✘❝⑦❛♦ ♥❛ ❢♦r♠❛✿

❛①+❜② = ❝❀

❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ❛✷+❜✷ ≠ ✵✿
❆ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦ s❡r✓❛ ❞❛❞❛ ♣❡❧♦s ♥✓✉♠❡r♦s (r✶❀r✷❀ ✿ ✿ ✿ ❀r♥)✱ ♦✉ s❡❥❛✱ ✉♠❛ ✈❡③ q✉❡

s✉❜st✐t✉✐r♠♦s ❡ss❡s ✈❛❧♦r❡s ♥❛ ❡q✉❛✘❝⑦❛♦✱ ❡❧❛ s❡r✓❛ ✈❡r✐☞❝❛❞❛✳ ❚❡r❡♠♦s ❡♥t⑦❛♦✿

❛✶r✶+❛✷r✷+ ✿ ✿ ✿+❛♥r♥+❜ = ✵✿

P♦r ❡①❡♠♣❧♦✱ (✸❀−✶) ✓❡ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦ ✷①+② = ✺✿ P♦✐s✱

✷(✷)+✶ = ✺✿

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ♦r❞❡♠ ❞❛ s♦❧✉✘❝⑦❛♦ ✓❡ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦✐s s❡ t✐✈❡r♠♦s (−✶❀✸)

✷(−✶)+✷ ≠ ✺✿

Definição:

❯♠ s✐st❡♠❛ ❞❡ ❡q✉❛✘❝⑦♦❡s ♣♦❧✐♥♦♠✐❛✐s ❡♠ ♥ ✈❛r✐✓❛✈❡✐s ①✶❀①✷❀⋯❀①✷ ✓❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❦ ❡q✉❛✘❝⑦❛♦ ❧✐♥❡❛r❡s ♥❛ ✈❛r✐✓❛✈❡✐s ①✶❀①✷❀⋯❀①♥✱ ♦✉ s❡❥❛✱

❛✶✶①✶ + ❛✶✷①✷ + ⋯ + ❛✶♥①♥ + ❜✶ = ✵

❛✷✶①✶ + ❛✷✷①✷ + ⋯ + ❛✷♥①♥ + ❜✷ = ✵

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
❛❦✶①✶ + ❛❦✷①✷ + ⋯ + ❛❦♥①♥ + ❜❦ = ✵❀

♦♥❞❡ ❛❧❣✉♥s ❞♦s ❡❧❡♠❡♥t♦s ❛✐❥(✶ ≤ ✐ ≤ ❦❀ ✶ ≤ ❥ ≤ ♥) ♣♦❞❡♠ s❡r ✐❣✉❛✐s ❛ ③❡r♦✳ ◆♦ ❡♥t❛♥t♦✱

❛✐❥ ≠ ✵ ❡ ❛❧❣✉♠❛s ❞❛s ❡q✉❛✘❝⑦♦❡s✱ ❡ ❛❧✓❡♠ ❞✐ss♦✱ ❝❛❞❛ ✈❛r✐✓❛✈❡❧ ①✱ ❛♣❛r❡❝❡ ❡♠ ❛❧❣✉♠❛ ❡q✉❛✘❝⑦❛♦

❝♦♠ ❝♦❡☞❝✐❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳

3.3.1 Classificação de um sistema linear quanto as soluções

❆♦ r❡s♦❧✈❡r♠♦s ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛✘❝⑦♦❡s ❧✐♥❡❛r❡s ❛ s♦❧✉✘❝⑦❛♦ (r✶❀r✷❀ ✿ ✿ ✿ ❀r♥) ❞❡✈❡ s❡r

s♦❧✉✘❝⑦❛♦ ❞❡ t♦❞❛s ❛s ❡q✉❛✘❝⑦♦❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❊①✐st❡♠ tr❫❡s ❝❛s♦ ♣♦ss✓✏✈❡✐s q✉❛♥❞♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛✘❝⑦♦❡s

❧✐♥❡❛r❡s✿
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✐✳ ♦ s✐st❡♠❛ ♣♦ss✉✐ ✓✉♥✐❝❛ s♦❧✉✘❝⑦❛♦❀

✐✐✳ ♦ s✐st❡♠❛ ♥⑦❛♦ ♣♦ss✉✐ s♦❧✉✘❝⑦❛♦❀

✐✐✐✳ ♦ s✐st❡♠❛ ♣♦ss✉✐ ✐♥☞♥✐t❛s s♦❧✉✘❝⑦♦❡s✳

P❛r❛ ❝❛❞❛ s✐t✉❛✘❝⑦❛♦ ❛❝✐♠❛ ✈❛♠♦s ♦❜s❡r✈❛r ♦s s❡❣✉✐♥t❡s ❡①❡♠♣❧♦s✿

✐✳ ❖ ♣r✐♠❡✐r♦ ❝❛s♦ ♣♦❞❡♠♦s ✈❡r✐☞❝❛r ❛tr❛✈✓❡s ❞❛ s✐t✉❛✘❝⑦❛♦ ✐♥✐❝✐❛❧✿

⎧⎪⎪⎨⎪⎪⎩
① + ② = ✶✺

✶✵① + ✺② = ✶✵✺

❯♠❛ ❢♦r♠❛ ❞❡ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❛❝✐♠❛ ✓❡ ✉s❛r ♦♠✓❡t♦❞♦ ❞❛ ❡❧✐♠✐♥❛✘❝⑦❛♦✱ q✉❡ ❝♦♥s✐st❡

❡♠ ❡s❝♦❧❤❡r ✉♠ ♥✓✉♠❡r♦ ❦ ❞❡ ♠♦❞♦ ❛ ♦❜t❡r ✉♠ ♥♦✈♦ s✐st❡♠❛ q✉❡ ❝❤❛♠❛♠♦s ❞❡

s❡♠❡❧❤❛♥t❡ ❛♦ s✐st❡♠❛ ✐♥✐❝✐❛❧ ❡ ❛ ♣❛rt✐r ❞❛✓✏ s♦♠❛r ❛s ❡q✉❛✘❝⑦♦❡s ♠❡♠❜r♦ ❛ ♠❡♠❜r♦

❞❡ ♠♦❞♦ q✉❡ ✉♠ ❞♦s ♥♦✈♦s ❝♦❡☞❝✐❡♥t❡s s❡❥❛ ③❡r♦✱ ♦✉ s❡❥❛✱ ❞❛❞♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r

❞❛ ❢♦r♠❛ ⎧⎪⎪⎨⎪⎪⎩
❛✶① + ❜✶② = ❝✶

❛✷① + ❜✷② = ❝✷

❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✉♠❛ ❡q✉❛✘❝⑦❛♦✭♦✉ ❛♠❜❛s✮ ♣♦r ✉♠ ♥✓✉♠❡r♦ ❦ ✭♦✉ ♣♦r ❞♦✐s ♥✓✉♠❡r♦s

❦✶❀❦✷✱ ❝❛❞❛ ✉♠❛ ❞❛s ❡q✉❛✘❝⑦♦❡s✮✱ ❛♦ s♦♠❛r♠♦s ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❛s ❡q✉❛✘❝⑦♦❡s✿

⎧⎪⎪⎨⎪⎪⎩
❛✶① + ❜✶② = ❝✶

(❛✷+❦❛✶)① + (❜✷+❦❜✶)② = ❝✷+❦❝✶❀
♦✉ ♦ ❝♦❡☞❝✐❡♥t❡ ❛✷+❦❛✶ s❡r✓❛ ✐❣✉❛❧ ❛ ③❡r♦ ♦✉ ❡♥t⑦❛♦ ❜✷+❦❜✶ s❡r✓❛✳ ❈♦♠ ✐ss♦ t❡r❡♠♦s

✉♠❛ ❡q✉❛✘❝⑦❛♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✶➸ ❣r❛✉ ❡ ❡♥❝♦♥tr❛r❡♠♦s s✉❛ s♦❧✉✘❝⑦❛♦ r❡st❛♥❞♦ s✉❜st✐t✉✐r

❡ss❡ ✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ♥❛ ♦✉tr❛ ❡q✉❛✘❝⑦❛♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♦✉tr♦ ✈❛❧♦r ❞❡s❝♦♥❤❡❝✐❞♦✳

❆ss✐♠ s❡♥❞♦ ⎧⎪⎪⎨⎪⎪⎩
① + ② = ✶✺

✶✵① + ✺② = ✶✵✺

❱❛♠♦s ♠✉❧t✐♣❧✐❝❛r ❛ ♣r✐♠❡✐r❛ ❡q✉❛✘❝⑦❛♦ ♣♦r ❦ = −✺✱ ❡ s♦♠❛♥❞♦ ❛s ❡q✉❛✘❝⑦♦❡s t❡r❡♠♦s

♦ ♥♦✈♦ s✐st❡♠❛✱ ♦✉ s❡❥❛✱

⎧⎪⎪⎨⎪⎪⎩
① + ② = ✶✺

(−✺+✶✵)① + (−✺+✺)② = −✼✺+✶✵✺✿
❆ss✐♠ t❡♠♦s ❛ ♥♦✈❛ ❡q✉❛✘❝⑦❛♦ ✺① = ✸✵✱ ♦✉ s❡❥❛✱ ① = ✻✳ ❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❡♥❝♦♥tr❛❞♦

♥❛ ♣r✐♠❡✐r❛ ❡q✉❛✘❝⑦❛♦✱ ❡♥❝♦♥tr❛♠♦s ② = ✾✳ ▲♦❣♦✱ ♦ s✐st❡♠❛ ❧✐♥❡❛r ♣♦ss✉✐ ✉♠❛ ✓✉♥✐❝❛

s♦❧✉✘❝⑦❛♦✿ (✻❀✾)✳
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✐✐✳ ❆❣♦r❛ ♦❜s❡r✈❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❧✐♥❡❛r✿

⎧⎪⎪⎨⎪⎪⎩
✷① + ✺② = −✶
✽① + ✷✵② = ✶✷❀

♥❡ss❡ ❝❛s♦✱ ✈❛♠♦s ❡❢❡t✉❛r ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♠✉❧t✐♣❧✐❝❛♥❞♦

♣r♦ ❡①❡♠♣❧♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛✘❝⑦❛♦ ♣♦r −✹✱ ❡ s♦♠❛♥❞♦ ❛s ❡q✉❛✘❝⑦♦❡s ♠❡♠❜r♦ ❛ ♠❡♠❜r♦✱

t❡r❡♠♦s ♦ s✐st❡♠❛✿

⎧⎪⎪⎨⎪⎪⎩
✷① + ✺② = −✶

(−✽+✽)① + (−✷✵+✷✵)② = ✹+✶✷✿
❱❡❥❛ q✉❡✱ ☞❝❛♠♦s ❝♦♠ ❛❧❣♦ ❞♦ t✐♣♦✿

✵①+✵② = ✶✻

❛❧❣♦ ✐♠♣♦ss✓✏✈❡❧ ❞❡ ❛❝♦♥t❡❝❡r✳ ▲♦❣♦ ❡ss❡ s✐st❡♠❛ ❧✐♥❡❛r ♥⑦❛♦ ♣♦ss✉✐ s♦❧✉✘❝⑦❛♦✳

✐✐✐✳ P♦r ✓✉❧t✐♠♦✱ s❡❥❛ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❧✐♥❡❛r✿

⎧⎪⎪⎨⎪⎪⎩
✸① − ② = ✹✶

−✻① + ✷② = ✽❀

♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ✈❛♠♦s ♠✉❧t✐♣❧✐❝❛r ❛ ♣r✐♠❡✐r❛ ❡q✉❛✘❝⑦❛♦ ♣♦r

−✷✱ ☞❝❛♠♦s ❛ss✐♠ ❝♦♠✿

⎧⎪⎪⎨⎪⎪⎩
✸① − ② = −✹

(✻−✻)① + (−✷+✷)② = −✽+✽✿
♦❜s❡r✈❡ q✉❡ ♥❡ss❡ ❝❛s♦ ❛♠❜♦s ♦s ❝♦❡☞❝✐❡♥t❡s s❡r⑦❛♦ ✐❣✉❛✐s ❛ ③❡r♦✱ ❜❡♠ ❝♦♠♦ ♦ t❡r♠♦

✐♥❞❡♣❡♥❞❡♥t❡✱ ✐ss♦ ❛❝♦♥t❡❝❡ ♣♦rq✉❡ ❛s ❡q✉❛✘❝⑦♦❡s ❞♦ s✐st❡♠❛ ✐♥✐❝✐❛❧ s⑦❛♦ ♠✓✉❧t✐♣❧❛s ✉♠❛

❞❛ ♦✉tr❛✱ ❡♠ s✐t✉❛✘❝⑦♦❡s ❛ss✐♠✱ ❞✐r❡♠♦s q✉❡ ♦ s✐st❡♠❛ ♣♦ss✉✐ ✐♥☞♥✐t❛s s♦❧✉✘❝⑦♦❡s✱ q✉❡

s⑦❛♦ ❡♥❝♦♥tr❛❞❛s ♣❛rt✐❞♦ ❞❡ ✉♠❛ ❞❛s ❡q✉❛✘❝⑦♦❡s✱ ♣♦r ❡①❡♠♣❧♦✿✸①−② = −✹✱ ❡ ✐s♦❧❛♥❞♦

✉♠❛ ✈❛r✐✓❛✈❡❧ ❡♠ ❢✉♥✘❝⑦❛♦ ❞❛ ♦✉tr❛✱ ② = ✹+✸①✱ ❛ss✐♠ t♦❞❛ s♦❧✉✘❝⑦❛♦ ❞❛ ❢♦r♠❛ (①❀✹+✸①)❀
s❡r✓❛ s♦❧✉✘❝⑦❛♦ ❞♦ s✐st❡♠❛✳

3.4 Sistema de numeração

❉❡♥tr❡ ❛s ♠❛✐♦r❡s ✐♥✈❡♥✘❝⑦♦❡s ❞❛ ❤✉♠❛♥✐❞❛❞❡✱ ♦ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ ❞❡❝✐♠❛❧✱ s❡♠

❞✓✉✈✐❞❛s ❡st✓❛ ❡♥tr❡ ❡❧❛s✳ ■♥✓✉♠❡r♦ ❛✈❛♥✘❝♦s ♥❛ s♦❝✐❡❞❛❞❡ ❡ ♥♦ ❝♦♠✓❡r❝✐♦ ❛♣❛r❡❝❡r❛♠ ❛

♣❛rt✐r ❞♦ ✉s♦ ❡ ❞✐❢✉s⑦❛♦✳
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❯t✐❧✐③❛r s✓✏♠❜♦❧♦s q✉❡ r❡♠❡t❡ss❡♠ ❛ q✉❛♥t✐❞❛❞❡s ❢♦✐ s❡♠ ❞✓✉✈✐❞❛ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛

❛ ❝r✐❛✘❝⑦❛♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡ r❡❣✐str❛r ♦ q✉❡ ❡st✓❛✈❛♠♦s ✈❡♥❞♦✳ P♦r✓❡♠ ✉t✐❧✐③❛r s✓✏♠❜♦❧♦s q✉❡

❡♠ ❞❡t❡r♠✐♥❛❞❛ ♦r❞❡♠ ♣✉❞❡ss❡♠ ❛ss✉♠✐r s✐❣♥✐☞❝❛❞♦s ❞✐❢❡r❡♥t❡s ❢❡③ ♠✉✐t❛ ❞✐❢❡r❡♥✘❝❛ ♥♦

♠✓❡t♦❞♦ ❞❡ r❡❛❧✐③❛r ❝✓❛❧❝✉❧♦s ❝♦♠ ♠❛✐s r❛♣✐❞❡③✳

❊①✐st❡♠ ❧❡♥❞❛s q✉❡ r❡♠❡t❡♠ ❛♦ ✉s♦ ❞❡ ♣❡❞r❛s ♣❛r❛ ❛ss♦❝✐❛r ❛ ❛♥✐♠❛✐s✱ ♦♥❞❡ ♣❛st♦✲

r❡s ♥♦ ✐♥✓✏❝✐♦ ❞♦ ❞✐❛✱ ♣❛r❛ ❝❛❞❛ ♦✈❡❧❤❛ q✉❡ s❛✐❛ ♣❛r❛ ♣❛st❛r ❛ss♦❝✐❛✈❛✲s❡ ✉♠❛ ♣❡❞r❛✱ ♥♦

☞♥❛❧ ❞♦ ❞✐❛✱ ❛ ❝❛❞❛ ♦✈❡❧❤❛ q✉❡ r❡t♦r♥❛✈❛✱ ❥♦❣❛✈❛✲s❡ ❢♦r❛ ✉♠❛ ♣❡❞r❛✱ s❡ s♦❜r❛ss❡♠ ♣❡✲

❞r❛s ❡r❛ ♣♦rq✉❡ ❢❛❧t❛✈❛♠ ♦✈❡❧❤❛s✳ ▼✓❡t♦❞♦s ❛ss✐♠ ❢♦r❛♠ ❡✈♦❧✉✐♥❞♦ ♣♦r ❝✐✈✐❧✐③❛✘❝⑦♦❡s ♦♥❞❡

❛♣❛r❡❝❡r❛♠ ❞✐✈❡rs♦s s✐st❡♠❛s ❞❡ ♥✉♠❡r❛✘❝⑦❛♦✱ ❞❡st❛❝❛♠✲s❡ ♦s s✐st❡♠❛s ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ ❞♦s

❡❣✓✏♣❝✐♦s✱ ❜❛❜✐❧❫♦♥✐❝♦s✱ ♠❛✐❛s ❡ r♦♠❛♥♦s✱ ❡st❡ ✓✉❧t✐♠♦ ❛✐♥❞❛ ✉t✐❧✐③❛❞♦s s❡✉s s✓✏♠❜♦❧♦s ♣❛r❛

r❡♣r❡s❡♥t❛✘❝⑦❛♦ ❞❡ ❤♦r❛s ❡ ❞❛t❛s ♣♦r ❡①❡♠♣❧♦✳ ▼❛s ♦ ❛t✉❛❧ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛✘❝⑦❛♦✱ ❝♦♥❤❡✲

❝✐❞♦ ❝♦♠♦ ✐♥❞♦✲❛r✓❛❜✐❝♦✱ s✐st❡♠❛ ❝r✐❛❞♦ ♣❡❧♦s ❤✐♥❞✉s ❤✓❛ ❝❡r❝❛ ❞❡ ✶✵✵ ❛♥♦s✱ ❡ ❛♠♣❧❛♠❡♥t❡

✉s❛❞♦ ♣❡❧♦s ✓❛r❛❜❡s✱ ✉t✐❧✐③❛✲s❡ ❞❡ ❞❡③ s✓✏♠❜♦❧♦s✱ ✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽✱ ✾ ❡ ♦ ✵✱ ❡st❡ ❛♣❛r❡✲

❝❡♥❞♦ ❜❡♠ ❞❡♣♦✐s ❝♦♠ ❣r❛♥❞❡ ✐♠♣♦rt❫❛♥❝✐❛✳ ❊st❡ s✐st❡♠❛ ♠❛✐s ❞♦ q✉❡ ❛♣❡♥❛s ♣♦ss✉✐r ❛

✈❛♥t❛❣❡♠ ❞❡ t❡r ♣♦✉❝♦s s✓✏♠❜♦❧♦s s❡ ❝♦♠♣❛r❛❞♦s ❛♦s ❞❡♠❛✐s✱ ♣♦ss✉✐ ❛ ❝❛r❛❝t❡r✓✏st✐❝❛ ❞❡

t❡r ❛ ♦r❞❡♠ ❝♦♠♦ ♠✓❡t♦❞♦ ❞❡ ❡s❝r✐t❛ ❡ r❡♣r❡s❡♥t❛✘❝⑦❛♦✳

❖ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ ❞❡❝✐♠❛❧ ❝♦♠♦ ☞❝♦✉ ❝♦♥❤❡❝✐❞♦✱ ❣❛♥❤♦✉ ❢♦r✘❝❛ q✉❛♥❞♦ ❝♦♠✲

♣❛r❛❞♦ ❛♦s ❞❡♠❛✐s ♣❡❧❛ ❢❛❝✐❧✐❞❛❞❡ ❞❡ s❡ r❡❛❧✐③❛r ❝✓❛❧❝✉❧♦s ❝♦♠ ♣♦✉❝♦s s✓✏♠❜♦❧♦s✱ ❞❡ss❛

❢♦r♠❛ r❡♣r❡s❡♥t❛r ❣r❛♥❞❡s ♥✓✉♠❡r♦s ❡ ♦♣❡r❛r ❝♦♠ ♠✉✐t❛s q✉❛♥t✐❞❛❞❡s s❡ t♦r♥♦✉ ✉♠❛

t❛r❡❢❛ ♠❡♥♦s ✓❛r❞✉❛ ❞♦ q✉❡ q✉❛♥❞♦ s❡ ✉t✐❧✐③❛✈❛ ♦✉tr♦ s✐st❡♠❛✳

3.4.1 O sistema de numeração decimal

❖ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ q✉❡ ✉s❛♠♦s ❤♦❥❡✱ ✓❡ ❝❤❛♠❛❞♦ ❞❡ ❞❡❝✐♠❛❧✱ ❞❡✈✐❞♦ ❛ s✉❛

❝❛r❛❝t❡r✓✏st✐❝❛✱ ❞❡ ♣♦ss✉✐r ❞❡③ s✓✏♠❜♦❧♦s ❡ ♦ s❡✉ ❛❣r✉♣❛♠❡♥t♦ q✉❛♥❞♦ ❝♦♥t❛♠♦s✱ ❞❡ ✶✵

❡♠ ✶✵✳

❖❜s❡r✈❡ ❛ ☞❣✉r❛ ✸✳✸✿

❱❡♠♦s q✉❡ ❛ ☞❣✉r❛ ❛♣r❡s❡♥t❛✿

❼ ✉♠ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ✺ ♣❡❞r❛s✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ✐s♦❧❛❞♦✱ ❝❤❛♠❛✲s❡ ✉♥✐❞❛❞❡❀ ✭✺ ✉♥✐✲

❞❛❞❡s✮

❼ ✉♠ ❛❣r✉♣❛♠❡♥t♦ ❞❡ ✷ ❝♦♥❥✉♥t♦s ❞❡ ✶✵ ♣❡❞r❛s ❡♠ ❝❛❞❛ ❣r✉♣♦✱ ❝❛❞❛ ❣r✉♣♦ r❡♣r❡✲

s❡♥t❛ ✉♠❛ ❞❡③❡♥❛❀✭✷ ❞❡③❡♥❛s✮



✹✻

❋✐❣✉r❛ ✸✳✸✿ ❙✐st❡♠❛ ❞❡ ❡♥✉♠❡r❛✘❝⑦❛♦

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❼ ✉♠ ❛❣r✉♣❛♠❡♥t♦ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✶✵✵ ♣❡❞r❛s✱ ❝❛❞❛ ❣r✉♣♦ ❞❡ ✶✵✵ ✉♥✐❞❛❞❡s

✭♦✉ ✶✵ ❞❡③❡♥❛s✮ r❡♣r❡s❡♥t❛ ✉♠❛ ❝❡♥t❡♥❛✳ ✭✶ ❝❡♥t❡♥❛✮

❊ss❛ q✉❛♥t✐❞❛❞❡ ✓❡ r❡♣r❡s❡♥t❛❞❛ ♥♦ s✐st❡♠❛ ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ ❞❡❝✐♠❛❧ ♣♦r✿

✭✶ ❝❡♥t❡♥❛✱ ✷ ❞❡③❡♥❛s ❡ ✺ ✉♥✐❞❛❞❡s✮

❆s ✉♥✐❞❛❞❡s ♠❛✐♦r❡s s⑦❛♦ r❡♣r❡s❡♥t❛❞❛s s❡❣✉✐♥❞♦ ✉♠ ♣❛❞r⑦❛♦ s❡♠❡❧❤❛♥t❡✱ ❢❛③❡♠♦s ❛❣r✉✲

♣❛♠❡♥t♦s ❞❡ ✶✵ ❡♠ ✶✵✱ ♦❜s❡r✈❡✿

❼ ✶✵ ✉♥✐❞❛❞❡s ❝♦♥st✐t✉❡♠ ✉♠❛ ❞❡③❡♥❛❀

❼ ✶✵ ❞❡③❡♥❛s ❝♦♥st✐t✉❡♠ ✉♠❛ ❝❡♥t❡♥❛❀

❼ ✶✵ ❝❡♥t❡♥❛s ❝♦♥st✐t✉❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ♠✐❧❤❛r❀

❼ ✶✵ ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r ❝♦♥st✐t✉❡♠ ✉♠❛ ❞❡③❡♥❛ ❞❡ ♠✐❧❤❛r❀

❼ ✶✵ ❞❡③❡♥❛s ❞❡ ♠✐❧❤❛r ❝♦♥st✐t✉❡♠ ✉♠❛ ❝❡♥t❡♥❛ ❞❡ ♠✐❧❤❛r❀

❼ ✶✵ ❝❡♥t❡♥❛s ❞❡ ♠✐❧❤❛r ❝♦♥st✐t✉❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ♠✐❧❤⑦❛♦✳

❊✱ ❝♦♠ ✉♠ ❛❣r✉♣❛♠❡♥t♦ s❡❣✉✐♥❞♦ ♥❡ss❛ ♦r❞❡♠ t❡♠♦s ✉♠ ♣r♦❝❡ss♦ ✐♥☞♥✐t♦✱ ♣♦ss✓✏✈❡❧

❛tr❛✈✓❡s ❞♦ s✐st❡♠❛ ❞❡❝✐♠❛❧✳



✹✼

Exemplo

❙❡♥❞♦ ♦ ♥✓✉♠❡r♦ ✹✻ ✺✸✾✱ t❡♠♦s✿

✹✻✺✸✾ ✾✉♥✐❞❛❞❡s

✸❞❡③❡♥❛s

✺❝❡♥t❡♥❛s

✻✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r

✹❞❡③❡♥❛s ❞❡ ♠✐❧❤❛r

✹✻✺✸✾ = ✹①✹✵✵✵✵+✻①✶✵✵✵ + ✺①✶✵✵ + ✸①✶✵ + ✾

Classe das unidades

Unidades

Dezenas

Centenas

1➟ Ordem

2➟ Ordem

3➟ Ordem

Classe do Milhar

Unidades de Milhar

Dezenas de Milhar

Centenas de Milhar

4➟ Ordem

5➟ Ordem

6➟ Ordem

Classe do Milhão

Unidades de Milhão

Dezenas de Milhão

Centenas de Milhão

7➟ Ordem

8➟ Ordem

9➟ Ordem

3.4.2 O prinćıpio da posição decimal

❉❛❞♦ ✉♠ ❛❧❣❛r✐s♠♦ ♥♦ s✐st❡♠❛ ❞❡❝✐♠❛❧✱ ♣♦❞❡♠♦s ❛♥❛❧✐s✓❛✲❧♦ ❞❡ ❞♦✐s ♠♦❞♦s✱ ♣❡❧♦ s❡✉

✈❛❧♦r ❛❜s♦❧✉t♦ ❡ ♣❡❧♦ s❡✉ ✈❛❧♦r r❡❧❛t✐✈♦✳

❼ ❱❛❧♦r ❛❜s♦❧✉t♦ ✓❡ ♦ ✈❛❧♦r ❡♠ ✉♥✐❞❛❞❡s r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❛❧❣❛r✐s♠♦❀

❼ ❱❛❧♦r r❡❧❛t✐✈♦ ✓❡ ♦ ✈❛❧♦r ❡♠ ✉♥✐❞❛❞❡s q✉❡ ♦ ❛❧❣❛r✐s♠♦ r❡♣r❡s❡♥t❛ ❞❛❞❛ s✉❛ ♣♦s✐✘❝⑦❛♦✱

✉♥✐❞❛❞❡s✱ ❞❡③❡♥❛s✱ ❝❡♥t❡♥❛s✱ ❡t❝✳

Exemplo:



✹✽

✶✳ ❖❜s❡r✈❡ ❡♠ ❝❛❞❛ ♥✓✉♠❡r♦ ❛ s❡❣✉✐r ♦ ❛❧❣❛r✐s♠♦ ✼ ❡ ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❡ r❡❧❛t✐✈♦ q✉❡

❡❧❡ r❡♣r❡s❡♥t❛✳

✹✼

❼ ✈❛❧♦r ❛❜s♦❧✉t♦✿ ✼

❼ ❱❛❧♦r ❛❜s♦❧✉t♦ ✿ ✼

✼✵✹✻

❼ ✈❛❧♦r ❛❜s♦❧✉t♦✿ ✼

❼ ✈❛❧♦r r❡❧❛t✐✈♦✿ ✼ ✵✵✵

✷✳ ❱❡❥❛ ♦ ✈❛❧♦r r❡❧❛t✐✈♦ ❞♦ ❛❧❣❛r✐s♠♦ ✷ ❡♠ ❝❛❞❛ ♥✓✉♠❡r♦ ❛❜❛✐①♦✿

✾✷ ✷ ✉♥✐❞❛❞❡s ❂ ✷

✷✶ ✷ ❞❡③❡♥❛s ❂ ✷✵

✷✹✽ ✷ ❝❡♥t❡♥❛s ❂ ✷✵✵

✷✸✶✻ ✷ ✉♥✐❞❛❞❡s ❞❡ ♠✐❧❤❛r ❂ ✷✵✵✵

❱❡♠♦s q✉❡✱ ♦ ✈❛❧♦r r❡❧❛t✐✈♦ ❞❡ ✉♠ ❛❧❣❛r✐s♠♦ ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐✘❝⑦❛♦ q✉❡ ❡❧❡ ♦❝✉♣❛ ♥♦

♥✓✉♠❡r♦✳

❖s s✐st❡♠❛s ❞❡ ♥✉♠❡r❛✘❝⑦❛♦ ♣♦s✐❝✐♦♥❛✐s s❡ ❜❛s❡✐❛♠ ❡♠ ✉♠ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❞✐✈✐s⑦❛♦ ❡✉❝❧✐❞✐❛♥❛✳

❖s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❧✐✈r♦✿ ❊❧❡♠❡♥t♦s ❞❡ ❆r✐t♠✓❡t✐❝❛✱ ❞❡ ❆❜r❛♠♦

❍❡❢❡③✳

❯♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❛ ❝❡r❝❛ ❞❛ ❞✐✈✐s⑦❛♦ ❡♥tr❡ ❞♦✐s ♥✓✉♠❡r♦s ❢♦✐ ❞❛❞❛ ♣♦r

❊✉❝❧✐❞❡s✱ ♥♦s s❡✉s ❊❧❡♠❡♥t♦s✱ ❡❧❡ ❞✐③✐❛ q✉❡ ♠❡s♠♦ q✉❛♥❞♦ ♥⑦❛♦ ❢♦r ♣♦ss✓✏✈❡❧ ❛ ❞✐✈✐s⑦❛♦

❡♥tr❡ ❞♦✐s ♥✓✉♠❡r♦s ✐♥t❡✐r♦s✱ ❡ss❛ ❞✐✈✐s⑦❛♦ ♣♦❞❡ s❡r ❡❢❡t✉❛❞❛ ❝♦♠ r❡st♦✳

Teorema ✭❉✐✈✐s⑦❛♦ ❊✉❝❧✐❞✐❛♥❛✮

❙❡❥❛♠ ❛ ❡ ❜✱ ❞♦✐s ♥✓✉♠❡r♦s ♥❛t✉r❛✐s ❝♦ ✵<❛ < ❜✳ ❊①✐st❡♠ ❞♦✐s ✓✉♥✐❝♦s ♥✓✉♠❡r♦s ✐♥t❡✐r♦s

♥❛t✉r❛✐s q ❡ r t❛✐s q✉❡✿

❜ = ❛ ⋅q+r❀ ❝♦♠ r < ❛✿

Demonstração:

❈♦♥s✐❞❡r❡♠♦s ❜ > ❛✱ ❡ ♦s s❡❣✉✐♥t❡s ♥✓✉♠❡r♦s ❡♥q✉❛♥t♦ ♥⑦❛♦ ♥❡❣❛t✐✈♦s✳

❜❀ ❜−✶❀ ❜−✷❛❀✿ ✿ ✿ ❀❜−♥❛❀✿ ✿ ✿
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❙❡ ❝❤❛♠❛r♠♦s ❞❡ ❙ ♦ ❝♦♥❥✉♥t♦ ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❛❝✐♠❛✱ ♣❡❧♦ Pr✐♥❝✓✏♣✐♦ ❞❛ ❇♦❛

❖r❞❡♥❛✘❝⑦❛♦✱ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥⑦❛♦ ✈❛③✐♦ ❞❡ N ♣♦ss✉✐ ✉♠ ♠❡♥♦s ❡❧❡♠❡♥t♦✱ ♥❡ss❡ ❝❛s♦✱

❡ss❡ ♠❡♥♦r ❡❧❡♠❡♥t♦ ✓❡ ❞❛ ❢♦r♠❛ r = ❜−q❛✳ ❚❡♠♦s q✉❡ ✈❡r✐☞❝❛r q✉❡ r < ❛✳

❚❡♠♦s ❞✉❛s s✐t✉❛✘❝⑦♦❡s ❛ ❛♥❛❧✐s❛r✿

✐✳ ❙❡ ❛∣❜ ✭❧❫❡✲s❡ ❛ ❞✐✈✐❞❡ ❜✮✱ ♥❛❞❛ t❡♠♦s ❛ ❢❛③❡r ♣♦✐s r = ✵✳

✐✐✳ ❙❡ ❛ ∤ ❜ ✭❧❫❡✲s❡ ❛ ♥⑦❛♦ ❞✐✈✐❞❡ ❜✮✱ ❡♥t⑦❛♦ r ≠ ❛✳ ❚❡♠♦s q✉❡ ♠♦♥t❛r ❛ss✐♠ q✉❡ r < ❛✳

❱❛♠♦s s✉♣♦r q✉❡ r >❛✱ ❛ss✐♠ ❡①✐st❡♠ ✉♠ ♥✓✉♠❡r♦ ♥❛t✉r❛❧ ❦✱ t❛❧ q✉❡ r =❦+❛✳ P♦r✓❡♠✱

s❡ r = ❦+❛❀r = ❜−q❛✱ ❧♦❣♦

❦ = ❜−(q+✶)❛ ∈ ❙ ❀❈♦♠❦ < r

❝♦♥tr❛r✐❛♥❞♦ ♦ ❢❛t♦ ❞❡ r s❡r ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ ❙✳

❆ss✐♠✱ t❡♠♦s q✉❡ ❜ = ❛ ⋅q+r✱ ❝♦♠ r < ❛✱ ❡ ❛ ❡①✐st❫❡♥❝✐❛ ❞❡ r ❡ r✳

P❛r❛ ✈❡r✐☞❝❛r♠♦s ❛ ✉♥✐❝✐❞❛❞❡✱ t❡♠♦s q✉❡✱ ❞❛❞♦s ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ ❙✱ ❛

❞✐❢❡r❡♥✘❝❛ ❡♥tr❡ ♦ ♠❛✐♦r ❡ ♦ ♠❡♥♦r ❞♦s ❡❧❡♠❡♥t♦s ❞❡ss❡ ❝♦♥❥✉♥t♦✱ s❡♥❞♦ ✉♠ ♠✓✉❧t✐♣❧♦

❞❡ ❛✱ ✓❡ ♣❡❧♦ ♠❡♥♦s ❛✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ r = ❜− q❛ ❡ r′ = ❜− q′❛✱ ❝♦♠ r < r′ < ❛✱ t❡r✓✏❛♠♦s

r′−r ≥ ❛✱ r❡s✉❧t❛♥❞♦ ❡♠ r′ ≥ r+❛ ≥ ❛✱ ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ r = r′✳

▲♦❣♦✱ ❜−q❛ = ❜−q′❛✱ ♦✉ s❡❥❛✱ q❛ = q′❛ ❡ ❛ss✐♠✱ q = q′✳

❉♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡ ♦ ♥✓✉♠❡r♦s q ❡ r s⑦❛♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦ q✉♦❝✐❡♥t❡ ❡ ♦

r❡st♦ ❞❛ ❞✐✈✐s⑦❛♦ ❞❡ ❜ ♣♦r ❛✳

❈♦♠♦ ❡①❡♠♣❧♦ ❞❛ ❛♣❧✐❝❛✘❝⑦❛♦ ❞♦ t❡♦r❡♠❛ ♣♦❞❡♠♦s ❛❝❤❛r ♦ q✉♦❝✐❡♥t❡ ❡ ♦s r❡st♦ ❞❛

❞✐✈✐s⑦❛♦ ❞❡ ✷✼ ♣♦r ✹✳

❊❢❡t✉❛♥❞♦ ❛s ❞✐❢❡r❡♥✘❝❛s t❡♠♦s✿

✷✼−✶(✹) = ✷✸

✷✼−✷(✹) = ✶✾

✷✼−✸(✹) = ✶✺

✷✼−✹(✹) = ✶✶

✷✼−✺(✹) = ✼

✷✼−✻(✹) = ✸ < ✹
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Teorema:

❉❛❞♦s ❛❀ ❜ ∈N❀ ❝♦♠ ❜ > ✶✱ ❡①✐st❡♠ ♥✓✉♠❡r♦s ♥❛t✉r❛✐s r✵❀ r✶❀ ✿ ✿ ✿ ❀ r♥ ♠❡♥♦r❡s q✉❡ ❜✱

✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s✱ t❛✐s q✉❡ ❛ = r✵+r✶❜+r✷❜✷+ ✿ ✿ ✿+r♥❜♥✳

Demonstraão:

❆♣❧✐❝❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❛ ❞✐✈✐s⑦❛♦ ❡✉❝❧✐❞✐❛♥❛✿

❛ = ❜q✵+r✵❀ r✵ < ❜❀
q✵ = ❜q✶+r✶❀ r✶ < ❜❀
q✶ = ❜q✷+r✷❀ r✷ < ❜❀
⋮ ⋮ ⋮ ⋮ ⋮

q❥−✶ = ❜q❥ +r❥ ❀ r❥ < ❜❀

❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ▼❛s ❛ > q✵ > q✶ > q✷ > ✿ ✿ ✿ > q❥−✐✱ ♣❛r❛ ❛❧❣✉♠ ❥ =♥ t❡r❡♠♦s q✉❡ q♥−✶ < ❜✳

❊ ❞❡ss❛ ❢♦r♠❛✱ q❥ = ✵❀ ∀❥ ≥ ♥ ✱ ❜❡♠ ❝♦♠♦ r❥ = ✵✱ ♣❛r❛ t♦❞♦ ❥ ≥ ♥+ ✶✱ ❡ ❛ ♣❛rt✐r ❞❛s

✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ s❡♥❞♦ ✶ ≤ ❥ ≤ ♥✱ t❡♠♦s✿

❛ = ❜q✵+r✵

❜q✵ = ❜✷q✶+❜r✶❀

❜✷q✶ = ❜✷q✷+❜
✷r✷

⋮ ⋮ ⋮

❜♥−✶q♥−✷ = ❜♥q♥+❜
♥−✶r♥−✶❀

❜♥q♥−✶ = ❜♥+✶✵+❜♥r♥✿

❙♦♠❛♥❞♦ ❛s ❡q✉❛✘❝⑦♦❡s ❛❝✐♠❛ t❡r❡♠♦s✿

❛ = r✵+r✶❜+r✷❜
✷
+ ✿ ✿ ✿+r♥❜

♥✿

❆ ✉♥✐❝✐❞❛❞❡ s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦s r❡st♦s ❞❛ ❞✐✈✐s⑦❛♦ ❡✉❝❧✐❞✐❛♥❛✳

❊ss❛ r❡♣r❡s❡♥t❛✘❝⑦❛♦ ✓❡ ❝❤❛♠❛❞❛ ❞❡ ❡①♣❛♥s⑦❛♦ r❡❧❛t✐✈❛ ✒❛ ❜❛s❡ ❜✳ ◆♦ ❝❛s♦ ❞❡ ❜ = ✶✵✱

t❡♠♦s ❛ ❡①♣❛♥s⑦❛♦ ❞❡❝✐♠❛❧✳
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3.5 Equações diofantinas lineares

▼✉✐t♦s ♣r♦❜❧❡♠❛s ❞❡ ❛r✐t♠✓❡t✐❝❛ r❡❝❛❡♠ ❡♠ ❡q✉❛✘❝⑦♦❡s ❞❛ ❢♦r♠❛✿

❛①+❜② = ❝✿

♦♥❞❡ ✱ ❛❀ ❜❀ ❝ ∈Z❀❝♦♠ ≠ ✵✳

❊q✉❛✘❝⑦♦❡s ❞❡ss❡ t✐♣♦ s⑦❛♦ ❝❤❛♠❛❞❛s ❞❡ ❡q✉❛✘❝⑦♦❡s ❞✐♦❢❛♥t✐♥❛s ❧✐♥❡❛r❡s✱ ❡❧❛s r❡❝❡❜❡r❛♠

❡ss❡ ♥♦♠❡ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛ ❉✐♦❢❛♥t♦ ❞❡ ❆❧❡①❛♥❞r✐❛✭ ❛♣r♦①✳ ✸✵✵ ❉❈✮✳

❯♠❛ s♦❧✉✘❝⑦❛♦ ❞❡st❛ ❡q✉❛✘❝⑦❛♦ ✓❡ ✉♠ ♣❛r ❞❡ ✐♥t❡✐r♦s ✭①✱ ②✮✱ q✉❡ s❛t✐s❢❛✘❝❛ ❛ ✐❣✉❛❧❞❛❞❡

❛❝✐♠❛✳

◆♦ ♣r♦❝❡ss♦ ❞❡ ❡♥❝♦♥tr❛r ❛ s♦❧✉✘❝⑦❛♦ ❞❡ss❡ t✐♣♦ ❞❡ ❡q✉❛✘❝⑦♦❡s ♥❡♠ s❡♠♣r❡ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ✉♠ ♣❛r ❞❡ ♥✓✉♠❡r♦s ✐♥t❡✐r♦s q✉❡ ✈❡r✐☞q✉❡♠ ❛ ✐❣✉❛❧❞❛❞❡✳ P♦r✓❡♠ s❡ ✉♠❛

❡q✉❛✘❝⑦❛♦ ❞✐♦❢❛♥t✐♥❛ ❧✐♥❡❛r ♣♦ss✉✐r ✉♠❛ s♦❧✉✘❝⑦❛♦ ❡❧❛ t❡r✓❛ ✐♥☞♥✐t❛s s♦❧✉✘❝⑦♦❡s✳

Proposição:

❉❛❞♦s✱ ❛❀ ❜❀ ❝ ∈Z❀❝♦♠ ≠ ✵✳ ❆ ❡q✉❛✘❝⑦❛♦

❛①+❜② = ❝❀

❛❞♠✐t❡ s♦❧✉✘❝⑦♦❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❞ ∣ ❝✱ ♦♥❞❡ ❞ = (❛❀❜)✿ ❙❡ (①✵❀②✵) ✓❡ ✉♠❛ s♦❧✉✘❝⑦❛♦✱ ❡♥t⑦❛♦

♦ ❝♦♥❥✉♥t♦ ❞❛ t♦❞❛s ❛s s♦❧✉✘❝⑦♦❡s ❞❛ ❡q✉❛✘❝⑦❛♦

❛①+❜② = ❝❀

✱ s⑦❛♦ ♦s ✐♥t❡✐r♦s (①❀②) ❞❛ ❢♦r♠❛✿

① = ①✵+ t ❜
❞

❡ ② = ②✵− t❛
❞
❀ t ∈Z✿

Demonstração:

❱❛♠♦s s✉♣♦r q✉❡ (①✵❀②✵) s❡❥❛ ✉♠❛ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦

❛①+❜② = ❝❀

❛ss✐♠ ❛①✵+❜②✵ = ❝✿ ❈♦♠♦ ❞ = (❛❀❜)✱ t❡♠♦s q✉❡ ❞q✶ = ❛ ❡ ❞q✷ = ❜✳ ❙✉❜st✐t✉✐♥❞♦✱ t❡♠♦s

❞q✶①✵+❞q✷②✵ = ❞(q✶①✵+q✷②✵) = ❝❀
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♦♥❞❡✱ ❝♦♥❝❧✉✓✏♠♦s q✉❡ ❞ ∣ ❝✿
❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❞ ∣ ❝ ❧♦❣♦✱ ❝ = q❞ ❝♦♠ q ✐♥t❡✐r♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇✓❡③♦✉t✱

❡①✐st❡♠ ①✵ ❡ ②✵✱ t❛✐s q✉❡ ❛①✵+ ❜②✵ = ❝✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦ s ❧❛❞♦s ❞❡ss❛ ✐❣✉❛❧❞❛❞❡

♣♦r q t❡♠♦s q✉❡

❛①✵q+❜②✵q = q❝ = ❞❀
❧♦❣♦ ♦ ♣❛r (①✶❀②✶) s❡♥❞♦ ①✶ = ①✵q ❡ ②✶ = ②✵q✱ ✓❡ s♦❧✉✘❝⑦❛♦ ❞❛ ❡q✉❛✘❝⑦❛♦ ❞✐♦❢❛♥t✐♥❛✳

① = ①✵+ t ❜
❞

❡ ② = ②✵− t❛
❞
❀ t ∈Z✿

❈♦♥s✐❞❡r❡♠♦s (①❀②) ♦✉tr❛ s♦❧✉✘❝⑦❛♦ ❛❧✓❡♠ ❞❡ ①✵❀②✵✱ s❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡♥❞♦

❛①✵ + ❜②✵ = ❝ = ❛①+ ❜②✱ ♦✉ s❡❥❛ ❛①✵ + ❜②✵ = ❛①+ ❜② r❡❡s❝r❡✈❡♥❞♦ ♦❜t❡r❡♠♦s ❛(①−①✵) =
❜(②✵−②) ❡ ❞✐✈✐❞✐♠♦s ❡st❛ ✓✉❧t✐♠❛s ♣♦r ❞ ♣❛r❛ ❛ss✐♠ ❡♥❝♦♥tr❛r

❛

❞
(①−①✵) = ❜

❞
(②✵−②)✿

❙❛❜❡♠♦s q✉❡ (❛
❞
❀
❜

❞
) = ✶✱ ❛ss✐♠ ❛

❞
∣ (②✵ −②) ❡ ❜

❞
∣ (①−①✵)✳ ❉❡ss❛ ❢♦r♠❛✳ ❊①✐st❡ ✉♠

✐♥t❡✐r♦ t t❛❧ q✉❡

① = ①✵+ t ❜
❞

❡ ② = ②✵− t❛
❞

❱❡♠♦s t❛♠❜✓❡♠ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✐♥t❡✐r♦ t ❛s ❡①♣r❡ss⑦♦❡s ❛❝✐♠❛ r❡s♦❧✈❡♠ ❛ ❡q✉❛✘❝⑦❛♦

❞✐♦❢❛♥t✐♥❛✳

Exemplo 1. ❘❡s♦❧✈❛♠♦s ❛ ❡q✉❛✘❝⑦❛♦ ✷①+✼② = ✷✾✳
❆ ❡q✉❛✘❝⑦❛♦ t❡♠ s♦❧✉✘❝⑦❛♦ ♣♦✐s ♠❞❝(✷❀✼) = ✶ ❡ ✶ ∣ ✷✾✿ ❆♣❧✐❝❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡

❊✉❝❧✐❞❡s✱

✼ = ✷ ⋅✸+✶
✳

❆ss✐♠✱ ✶ = ✼−✷ ⋅✸✱ ♦✉ s❡❥❛ ✶ = ✷ ⋅ (−✸)+✼(✶)✳ ▲♦❣♦✱ ❡♥❝♦♥tr❛♠♦s ①✵ = −✸ ❡ ②✵ =

✶✱ ❣❛r❛♥t✐❞♦s ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❇✓❡③♦✉t✱ ✶ = ✷①✵ + ✼②✵✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ✷✾ ❡st❛

✐❣✉❛❧❞❛❞❡✱ ❡♥❝♦♥tr❛♠♦s✿

✷✾ = ✷(✷✾①✵)+✼(✷✾②✵)✿

▲♦❣♦✱ t❡♠♦s ❛s s♦❧✉✘❝⑦♦❡s ♣❛rt✐❝✉❧❛r❡s ①✵ = ✷✾①✵ = ✷✾ ⋅ (−✸) =−✽✼ ❡ ②✵ = ✷✾②✵ = ✷✾ ⋅✶ =
✷✾✱ ❞❡ss❛ ❢♦r♠❛ t❡♠♦s ❛s s♦❧✉✘❝⑦♦❡s ❣❡r❛✐s✳✿

① = −✽✼+✼t ❡ ② = ✷✾−✷t❀ ❝♦♠ t ∈Z✿
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3.6 Probabilidades

3.6.1 Experimentos aleatórios

◗✉❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡ ❛t✐♥❣✐❞❛ ♣♦r ✉♠❛ ❜♦❧❛ ❛♣✓♦s s❡r ❝❤✉t❛❞❛ ♣♦r ✉♠ ❥♦❣❛❞♦r❄ ❆ q✉❡

t❡♠♣❡r❛t✉r❛ ❛ ✓❛❣✉❛ ❡♥tr❛ ❡♠ ❡st❛❞♦ s✓♦❧✐❞♦❄

❘❡s♣♦st❛s ♣❛r❛ ♣❡r❣✉♥t❛s ❞❡ss❡ t✐♣♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s✱

❜❛st❛ ♣❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❛r ❛❧❣✉♠❛s ❝♦♥❞✐✘❝⑦♦❡s✳ ❊ss❛s s✐t✉❛✘❝⑦♦❡s s⑦❛♦ ❝❤❛♠❛❞❛s ❞❡ ❡①♣❡✲

r✐♠❡♥t♦s ❞❡t❡r♠✐♥✓✏st✐❝♦s✱ ♣♦✐s ❡♠ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐✘❝⑦♦❡s ♣♦❞❡♠♦s ♣r❡✈❡r ♦ r❡s✉❧t❛❞♦

❞❡❧❡s✳ ❆❣♦r❛✱ ✈❡❥❛♠♦s ❛s s❡❣✉✐♥t❡s s✐t✉❛✘❝⑦♦❡s✿

❼ ❆♦ ❧❛♥✘❝❛r ✉♠❛ ♠♦❡❞❛✱ q✉❛❧ ❛ ❢❛❝❡ q✉❡ ☞❝❛r✓❛ ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛❄

❼ ❆♦ r❡t✐r❛r ✉♠❛ ❝❛rt❛ ❞❡ ✉♠ ❜❛r❛❧❤♦ ❝♦♠♣❧❡t♦✱ q✉❛❧ ❛ ❝❛r❛ r❡t✐r❛❞❛❄

❼ ❆♦ ❛rr❡♠❡ss❛r♠♦s ✉♠ ❞❛❞♦ q✉❛❧ ♥✓✉♠❡r♦ s❛✐✉❄

❊ss❡s ❡①♣❡r✐♠❡♥t♦s s❡ r❡❛❧✐③❛❞♦s ✐♥✓✉♠❡r❛s ✈❡③❡s✱ ♣♦❞❡♠ ❣❡r❛r r❡s✉❧t❛❞♦s q✉❡ ♥⑦❛♦

♣♦❞❡♠♦s ♣r❡✈❡r ❝♦♠ ❡①❛t✐❞⑦❛♦✳ ❯♠ ❡①♣❡r✐♠❡♥t♦ q✉❡ ♣♦ss✉❛ ✉♠ r❡s✉❧t❛❞♦ ✓✉♥✐❝♦✱ ♣♦r✓❡♠

✐♠♣r❡✈✐s✓✏✈❡❧✱ ✓❡ ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛t✓♦r✐♦✳

❚❡♠♦s s❡ ❛♥❛❧✐s❛r♠♦s ♦s ❝❛s♦s ❛❝✐♠❛ ❛❧❣✉♠❛s ❝❛r❛❝t❡r✓✏st✐❝❛s✿

❼ ♦ ❡①♣❡r✐♠❡♥t♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ❞✐✈❡rs❛s ✈❡③❡s ♥❛s ♠❡s♠❛s ❝♦♥❞✐✘❝⑦♦❡s❀

❼ ❝♦♥❤❡❝❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣♦ss✓✏✈❡✐s❀

❼ ♥⑦❛♦ ♣♦❞❡♠♦s ♣r❡✈❡r ♦ r❡s✉❧t❛❞♦✳

❆ ♣❛rt✐r ❞❡ s✐t✉❛✘❝⑦♦❡s ❛ss✐♠✱ s✉r❣✐✉ ♦ ❡st✉❞♦ ❞❛ t❡♦r✐❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✳ Pr♦❝✉r❛✲

r❡♠♦s ❛ss✐♠ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ❝❛❞❛ ❡✈❡♥t♦✳

3.6.2 Espaço amostral

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣♦ss✓✏✈❡✐s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛t✓♦r✐♦ ✓❡ ❝❤❛♠❛❞♦

❞❡ ❡s♣❛✘❝♦ ❛♠♦str❛❧✱ q✉❡ ✈❛♠♦s r❡♣r❡s❡♥t❛r ♣❡❧❛ ❧❡tr❛ ❣r❡❣❛ ✡✭▲❫❡✲s❡ ❭❫❖♠❡❣❛✧✮✳

◗✉❛♥❞♦ ❡♠ ✉♠ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♣♦ss✉✐ ❛ ♠❡s♠❛ ❝❤❛♥❝❡ ❞❡ ♦❝♦rr❡r

❞✐③❡♠♦s q✉❡ ❡❧❡ ✓❡ ❡q✉✐♣r♦✈✓❛✈❡❧✳
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❖ ♥✓✉♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛t✓♦r✐♦ ✓❡ r❡♣r❡✲

s❡♥t❛❞♦ ♣♦r ♥(✡)✳ ❆ss✐♠ t❡♠♦s✿

❼ ♥♦ ❧❛♥✘❝❛♠❡♥t♦ ❞❡ ✉♠❛ ♠♦❡❞❛✿ ✡ = {❝❛r❛✱ ❝♦r♦❛}
❼ ♥♦ ❧❛♥✘❝❛♠❡♥t♦ ❞❡ ✉♠ ❞❛❞♦ ❝♦♠✉♠ ❞❡ s❡✐s ❢❛❝❡s✿ ✡ = {✶✱ ✷✱ ✸✱ ✹✱ ✺✱ ✻}
❼ ♥❛ r❡t✐r❛❞❛ ❞❡ ✉♠❛ ❜♦❧❛ ❞❡ ✉♠❛ ✉r♥❛ ❝♦♥t❡♥❞♦ ✸ ❜♦❧❛s ❛③✉✐s✱ ✹ ❜♦❧❛s ✈❡r❞❡s ❡ ✺

❜r❛♥❝❛s✿ ✡ = {❆✱❱✱❇}✳

3.6.3 Eventos

❉❛❞♦ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛t✓♦r✐♦ ❝✉❥♦ s❡✉ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ✓❡ ❞❛❞♦ ♣♦r ✡ ❈❤❛♠❛r❡♠♦s

❞❡ ❊✈❡♥t♦ ✭❊✮ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✡✳ P♦r ❡①❡♠♣❧♦✿

✶✳ ◆♦ ❧❛♥✘❝❛♠❡♥t♦ ❡ ✉♠ ❞❛❞♦✱ ♦❜s❡r✈❛r ❛ ❢❛❝❡ ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛✳

✡ = {✶❀ ✷❀ ✸❀ ✹❀ ✺❀ ✻}

❆✿ ❛ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ✉♠❛ ❢❛❝❡ ♣❛r✿ ❆ = {✷❀ ✹❀ ✻}
❇✿ ❛ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ✉♠❛ ♠❛✐♦r ❞♦ q✉❡ ✷✿❇ = {✸❀ ✹❀ ✺❀ ✻}
❈✿ ❛ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ✉♠❛ ❢❛❝❡ ♠❛✐♦r ❞♦ q✉❡ ✼✿ ❈ =∅
❉✿ ❛ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ✉♠❛ ❢❛❝❡ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✻✿ ❉ = {✶❀ ✷❀ ✸❀ ✹❀ ✺❀ ✻} =✡

✷✳ ◆♦ ❧❛♥✘❝❛♠❡♥t♦ ❞❡ ❞✉❛s ♠♦❡❞❛s✱ ♦❜s❡r✈❛r ❛ ❢❛❝❡ ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛✱ ❝❛r❛ ✭❝✮ ♦✉

❝♦r♦❛ ✭❦✮✳ ❆❧❣✉♥s ❡✈❡♥t♦s✿

❊✶ ∶ ❛♣❛r❡❝❡r❡♠ ❢❛❝❡s ✐❣✉❛✐s✿ ❊✶ = {(❝❀❝)❀(❦❀❦)}
❊✷ ∶ ❛♣❛r❡❝❡r ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❝❛r❛✿ ❊✷ = {(❝❀❝)❀(❝❀❦)❀(❦❀❝)}

Observação:

◆♦t❡♠♦s q✉❡ ♥♦ ❡✈❡♥t♦C ❞♦ ❡①❡♠♣❧♦ ✶ t❡♠♦s ♥(❈)=∅✱ ♥❡ss❡ ❝❛s♦ t❡♠♦s ✉♠ ❡✈❡♥t♦

✐♠♣♦ss✓✏✈❡❧✱ ❡♥q✉❛♥t♦ ♥♦ ❡✈❡♥t♦ D t❡♠♦s ♦ ♣r✓♦♣r✐♦ ❡s♣❛✘❝♦ ❛♠♦str❛❧✱ ♥❡ss❡ ❝❛s♦ t❡♠♦s

✉♠ ❡✈❡♥t♦ ❝❡rt♦✳
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3.6.4 Probabilidade de um evento ocorrer

❉❛❞♦ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❛❧❡❛t✓♦r✐♦ ❡♠ ✉♠ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ♥⑦❛♦ ✈❛③✐♦✱ ❡q✉✐♣r♦✈✓❛✈❡❧✱ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡✈❡♥t♦ q✉❛❧q✉❡r ❊ ✓❡ ♦ ♥✓✉♠❡r♦ ♣(❊)✱ ❞❛❞♦ ♣♦r✿♣(❊) = ♥(❊)
♥(✡) )

Observação:

❼ ❙❡ ❡♠ ✉♠ ❡✈❡♥t♦ ❊✱ ❊ = ∅✱ ❡♥t⑦❛♦ ♣(❊) = ✵ ❡ s❡ ❊ =✡✱ ❡♥t⑦❛♦ ♣(❊) = ✶✳ ❆ss✐♠✱ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠ ❡✈❡♥t♦ ❊ q✉❛❧q✉❡r ✓❡ ✉♠ ♥✓✉♠❡r♦ q✉❡ ✈❛r✐❛ ❞❡ ③❡r♦ ❛

✶✱ ♦✉ s❡❥❛✱ ✵ ≤ ♣(❊) ≤ ✶✿
❼ ▼✉✐t♦ ✉s❛❞♦ ❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ r❡♣r❡s❡♥t❛✘❝⑦❛♦ ❡♠ ❢♦r♠❛ ❞❡ ♣♦r❝❡t❛❣❡♠✱ ❛ss✐♠✱

t❡♠♦s✿ ✵✪ ≤ ♣(❊) ≤ ✶✵✵✪✳

Exemplos:

✶✳ ❆♦ ❧❛♥✘❝❛r ✉♠ ❞❛❞♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✉♠❛ ❢❛❝❡ ♣❛r ✓❡ ❡♥❝♦♥tr❛❞❛ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

❚❡♠♦s✿
✡ = {✶❀ ✷❀ ✸❀ ✹❀ ✺❀ ✻} ♥(✡) = ✻
❊ = {✷❀ ✹❀ ✻} ♥(❊) = ✸

❈♦♠♦

♣(❊) = ♥(❊)
♥(✡) ❀

▲♦❣♦✱

♣(❊) = ✸
✻
=
✶

✷
= ✺✵✪

✷✳ ❈♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ♦s ♥✓✉♠❡r♦s ❞❡ tr❫❡s ❛❧❣❛r✐s♠♦s ❞✐st✐♥t♦s✱ ❢♦r♠❛❞♦s ❛ ♣❛r✐r ❞♦s

❛❧❣❛r✐s♠♦s ✶✱ ✸✱ ✺✱ ✼ ❡ ✽✳ ◗✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r♠♦s ❡♥tr❡ ❡ss❡s ♥✓✉♠❡r♦s

✉♠ ♠✓✉❧t✐♣❧♦ ❞❡ ✺❄

❚❡♠♦s ♦ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ❢♦r♠❛❞♦ ♣♦r ❆✺❀✸ = ✺ ⋅✹ ⋅✸❀✻✵❀ ♥(✡) = ✻✵✱ ❥✓❛ ♦ ❡✈❡♥t♦ ❊✱

❭s❡r ♠✓✉❧t✐♣❧♦ ❞❡ ✺✧✱ ♦❝♦rr❡ q✉❛♥❞♦ ♦ ❛❧❣❛r✐s♠♦ ❞❛s ✉♥✐❞❛❞❡s ✓❡ ✺✱ ❧♦❣♦ t❡♠♦s✿

❆✹❀✷ = ✹ ⋅✸ = ✶✷❀ ♥(❊) = ✶✷✿
▲♦❣♦✿ ♣(❊) = ♥(❊)

♥(✡) =
✶✷

✻✵
=
✶

✺
= ✷✵✪✿
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3.7 Sequências

❆❧❣✉♥s ❛❝♦♥t❡❝✐♠❡♥t♦s t❡♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❢❛③❡r ❝♦♠ q✉❡ ♦ s❡r ❤✉♠❛♥♦ ♦s ✈❡❥❛ ❡

s❡ ✐♠♣♦rt❡ ❝♦♠ ❡❧❡s ❡ s✉❛ ♦❝♦rr❫❡♥❝✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♦❝♦rr❫❡♥❝✐❛ ❞❡ ✉♠❛ ❝♦♣❛ ❞♦ ♠✉♥❞♦

q✉❡ ❛❝♦♥t❡❝❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ✶✾✸✵ ❡ ❛❝♦♥t❡❝❡ ❛ ❝❛❞❛ q✉❛tr♦ ❛♥♦s✱ ♦✉ ♠❛✐s ❛✐♥❞❛✱

♦ ❝♦♠❡t❛ ❍❛❧❧❡②✱ q✉❡ ❛ ❝❛❞❛ ✼✻ ❛♥♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♣❛ss❛ ♣❡rt♦ ❞❛ t❡rr❛ ♣♦❞❡♥❞♦

s❡r ✈✐st♦✳

■♥✓✉♠❡r♦s ♣r♦❜❧❡♠❛s ❣❛♥❤❛r❛♠ ❛❞♠✐r❛❞♦r❡s ❡ ❡♠ ♠✉✐t❛s s✐t✉❛✘❝⑦♦❡s ❣❛♥❤❛♠ ❛ r❡♣r❡✲

s❡♥t❛✘❝⑦❛♦ ♥✉♠✓❡r✐❝❛ ❡♠ ❢♦r♠❛ ❞❡ s❡q✉❫❡♥❝✐❛s ♦✉ s✉❝❡ss⑦♦❡s q✉❡ ♣♦❞❡♠ s❡r ❡st✉❞❛❞❛s ❛ ☞♠

❞❡ ♣♦❞❡r♠♦s ❭❛❞✐✈✐♥❤❛r✧ ♦ q✉❡ ❛❝♦♥t❡❝❡r✓❛ ❡♠ s❡❣✉✐❞❛ ♦✉ q✉❡ ❥✓❛ ✈❡♥❤❛ ❛ t❡r ❛❝♦♥t❡❝✐❞♦✳

3.7.1 Sucessões ou sequências

❆ ❛♣❛r✐✘❝⑦❛♦ ❞♦s ❝♦♠❡t❛s q✉❡ ♣❛ss❛♠ ♣❡❧❛ ❱✐❛ ▲✓❛❝t❡❛ ❡♠ ♣♦♥t♦s q✉❡ s⑦❛♦ ✈✐s✓✏✈❡✐s ❛

♦❧❤♦ ♥✉ ❞❛ t❡rr❛✳ ❯♠ ❞♦s ♠❛✐s ❢❛♠♦s♦s ✓❡ ♦ ❈♦♠❡t❛ ❍❛❧❧❡②✱ q✉❡ s❡ t♦r♥♦✉ ❢❛♠♦s♦ ♣♦r

❡①✐st✐r❡♠ r❡❧❛t♦s ❞❡ s✉❛s ♣❛ss❛❣❡♥s ❞❡s❞❡ t❡♠♣♦s ♠❛✐s r❡♠♦t♦s ❡ s❡✉ ❜r✐❧❤♦ ✐♥t❡♥s♦✳

P♦❞❡♠♦s tr❛✘❝❛r ✉♠❛ ♦r❞❡♠ ❝r♦♥♦❧✓♦❣✐❝❛ ❞♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ss❡ ❝♦♠❡t❛✱ s❛❜❡♥❞♦ q✉❡

s✉❛ ✓✉❧t✐♠❛ ♣❛ss❛❣❡♠ ❢♦✐ ❡♠ ✶✾✽✻✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(✶✾✽✻❀ ✷✵✻✷❀ ✷✶✸✽❀ ✷✷✶✹❀ ✷✷✾✵❀ ✿ ✿ ✿)

❘❡♣r❡s❡♥t❛r ♦s ♥✓✉♠❡r♦s ❞❡ss❛ ❢♦r♠❛✱ ❡♠ ♣❛r❫❡♥t❡s❡s✱ ♥♦s ❞✐③ q✉❡ ♦s ♥✓✉♠❡r♦s ❢♦r❛♠

❞✐s♣♦st♦s ♥❡ss❛ ♦r❞❡♠ ❞❡t❡r♠✐♥❛❞❛✳

❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛ s❡q✉❫❡♥❝✐❛ ♦✉ s✉❝❡ss⑦❛♦ ✓❡ ❝❤❛♠❛❞♦ t❡r♠♦✳❚❡♠♦s ❛ss✐♠ ✶✾✽✻

❝♦♠♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦✱ ✷✵✻✷ ❝♦♠♦ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

✓❊ ❝♦♠✉♠ ✉s❛r ❧❡tr❛s ♣❛r❛ r❡♣r❡s❡♥t❛r s✐t✉❛✘❝⑦♦❡s ❡♠ ♠❛t❡♠✓❛t✐❝❛✱ ♥♦ ❝❛s♦ ❞❛s s❡q✉❫❡♥❝✐❛s✱

✉s❛♠♦s ✉♠❛ ❧❡tr❛ ♠✐♥✓✉s❝✉❧❛ ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✉♠ ✓✏♥❞✐❝❡ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣♦s✐✘❝⑦❛♦ q✉❡

♦ t❡r♠♦ ❛♣❛r❡❝❡✱ ❛ss✐♠ t❡♠♦s ♣♦r ❡①❡♠♣❧♦✿ ❛✶ ❝♦♠♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦✱ q✉❡ ♥❛ s✐✲

t✉❛✘❝⑦❛♦ ❛❝✐♠❛ ☞❝❛r✓❛ ❛✶ = ✶✾✽✻⑧✳ ◗✉❛♥❞♦ q✉❡r❡♠♦s r❡♣r❡s❡♥t❛r ✉♠ t❡r♠♦ q✉❛❧q✉❡r ❞❛

s❡q✉❫❡♥❝✐❛✱ ✉t✐❧✐③❛♠♦s ❛♥✱ ❝❤❛♠❛❞♦✲♦ ❞❡ ♥✲✓❡s✐♠♦ t❡r♠♦ ♦✉ t❡r♠♦ ❞❡ ♦r❞❡♠ ♥✳ ❉❡ss❛

❢♦r♠❛ ❛ s❡q✉❫❡♥❝✐❛ ☞❝❛ ❞❡t❡r♠✐♥❛❞❛ ❝♦♠ s❡ s❡❣✉❡ (❛✶❀ ❛✷❀ ❛✸❀ ✿ ✿ ✿ ❀ ❛♥)
◆♦ ❝❛s♦ ❞❛ s❡q✉❫❡♥❝✐❛ ♣♦ss✉✐ ✉♠ ✓✉❧t✐♠♦ t❡r♠♦ ❡❧❛ ✓❡ ❞✐t❛ ☞♥✐t❛✱ ❞♦ ❝♦♥tr✓❛r✐♦ s❡r✓❛

✐♥☞♥✐t❛ ❡ s❡r✓❛ r❡♣r❡s❡♥t❛❞❛ ❝♦♠ r❡t✐❝❫❡♥❝✐❛s ♥♦ ☞♥❛❧✳
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Exemplos

❼ s❡q✉❫❡♥❝✐❛ ☞♥✐t❛✿ (✶❀ ✸❀ ✺❀ ✼❀ ✾)
❼ s❡q✉❫❡♥❝✐❛ ☞♥✐t❛✿ (✶❀ ✸❀ ✺❀ ✼❀ ✾❀ ✿ ✿ ✿)

3.7.2 Definição de sequência

❈❤❛♠❛✲s❡ s❡q✉❫❡♥❝✐❛ ☞♥✐t❛ ❞❡ ♥ t❡r♠♦s ✉♠❛ ❢✉♥✘❝⑦❛♦ ❢ ❝♦♠ ❞♦♠✓✏♥✐♦ ❡♠N∗ = (✶❀ ✷❀ ✸❀ ✿ ✿ ✿ ❀ ♥)✿
❖s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥tr❛❞♦♠✓✏♥✐♦ s⑦❛♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r (❛✶❀ ❛✷❀ ❛✸❀ ✿ ✿ ✿ ❀ ❛♥)

Exemplos

✶✳ ❙❡q✉❫❡♥❝✐❛ ❝r❡s❝❡♥t❡ ❞♦s ❞✐✈✐s♦r❡s ♣♦s✐t✐✈♦s ❞❡ ✸✷✿

(✶❀ ✷❀ ✹❀ ✽❀ ✶✻❀ ✸✷)

✷✳ s❡q✉❫❡♥❝✐❛ ❞♦s ♠✓✉❧t✐♣❧♦s ❞❡ ✼ ♠❡♥♦r❡s q✉❡ ✶✵✳

(✼)

3.7.3 Progressão Aritmética

◆❛ ✈✐❞❛ r❡❛❧✱ s⑦❛♦ ❝♦♠✉♥s ❡♠ ❝❡rt❛s s✐t✉❛✘❝⑦♦❡s ❛♣❛r❡❝❡r❡♠ ♣r♦❜❧❡♠❛s ♦♥❞❡ ❛s ❣r❛♥✲

❞❡③❛s s♦❢r❡♠ ✈❛r✐❛✘❝⑦♦❡s ✐❣✉❛✐s ❡♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦s ✐❣✉❛✐s✳

Exemplo:

❯♠❛ ❢✓❛❜r✐❝❛ ♣r♦❞✉③✐✉ ❡♠ ❥✉♥❤♦ ✷✳✵✵✵ ♣❛r❛❢✉s♦s ❡ ♣❛r❛ ♣♦❞❡r s✉♣r✐r ❛ ❞❡♠❛♥❞❛ ❞❡

☞♥❛❧ ❞❡ ❛♥♦ ❛ ❝❛❞❛ ♠❫❡s ❡❧❛ ❛✉♠❡♥t❛ ❛ ♣r♦❞✉✘❝⑦❛♦ ❡♠ ✺✵✵ ♣❛r❛❢✉s♦s✳ ◗✉❛♥t♦s ♣❛r❛❢✉s♦s

❛ ❢✓❛❜r✐❝❛ ♣r♦❞✉③✐✉ ❡♠ ❞❡③❡♠❜r♦❄

Solução:

❚❡♠♦s ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ♠❡♥s❛✐s✱ ❛ ♣❛rt✐r ❞❡ ❥✉♥❤♦✱ s⑦❛♦ ✷✵✵✵✱ ✷✺✵✵✱ ✸✵✵✵✱ ✸✺✵✵✱

✹✵✵✵✱ ✹✺✵✵✱ ✺✵✵✵✳ ❊♠ ❞❡③❡♠❜r♦ ❢♦r❛♠ ♣r♦❞✉③✐❞♦s ✺✵✵✵ ♣❛r❛❢✉s♦s✳

❙❡ t✐✈✓❡ss❡♠♦s ❛♥❛❧✐s❛❞♦ q✉❡ s⑦❛♦ ❛ ♣❛rt✐r ❞❡ ❥✉♥❤♦✱ ✻ ♠❡s❡s✱ ❡ ❝♦♠♦ ❛ ❝❛❞❛ ♠❫❡s ❛

♣r♦❞✉✘❝⑦❛♦ ❛✉♠❡♥t❛ ✺✵✵ ✉♥✐❞❛❞❡s✱ ❜❛st❛r✐❛ ❝❛❧❝✉❧❛r ✻ ⋅✺✵✵ = ✸✵✵✵✳ ❆ss✐♠✱ ❡♠ ❞❡③❡♠❜r♦
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❛ ❢✓❛❜r✐❝❛ ♣r♦❞✉③✐✉ ✷✵✵✵+✸✵✵✵ = ✺✵✵✵ ♣❛r❛❢✉s♦s✳

Definição:

❯♠❛ s❡q✉❫❡♥❝✐❛ ♥✉♠✓❡r✐❝❛ q✉❡✱ ❡♠ ❝❛❞❛ t❡r♠♦ ❛ ♣❛rt✐r ❞♦ s❡❣✉♥❞♦✱ ✓❡ ✐❣✉❛❧ ❛♦ ❛♥t❡r✐♦r

❛❞✐❝✐♦♥❛❞♦ ✉♠ ♥✓✉♠❡r♦ ☞①♦✱ ❝❤❛♠❛❞♦ ❞❡ r❛③⑦❛♦✱ ✓❡ ❝❤❛♠❛❞❛ ❞❡ Pr♦❣r❡ss⑦❛♦ ❆r✐t♠✓❡t✐❝❛

(P.A.)

Teorema:

❉❛❞❛ ✉♠❛ P✳❆✳ ❞❡ r❛③⑦❛♦ r✱ ❡♥t⑦❛♦ ♦ ♥✲✓❡s✐♠♦ ❛♥ t❡r♠♦ ❞❛ P✳❆✳ ✓❡ ❞❛❞♦ ♣♦r ❛♥ =

❛✶+(♥−✶)r✳

Demonstração:

❈♦♠♦ ❡♠ ✉♠❛ P✳❆✳ ❛ ❞✐❢❡r❡♥✘❝❛ ❡♥tr❡ ❞♦✐s t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s ✓❡ s❡♠♣r❡ ✐❣✉❛❧ ❛ ✉♠

♠❡s♠♦ ✈❛❧♦r✱ r ♥♦ ❝❛s♦✱ t❡♠♦s✿

❛✷−❛✶ = r❀

❛✸−❛✷ = r❀

❛✹−❛✸ = r❀

⋮
❛♥−❛♥−✶ = r❀

❆❣♦r❛ s❡ ❛❞✐❝✐♦♥❛r♠♦s ❡ss❛s (♥−✶) ✐❣✉❛❧❞❛❞❡s✱ ♦❜t❡♠♦s ❛♥−❛✶ = (♥−✶)r✱ ♦✉ ❛✐♥❞❛✱

❛♥ = ❛✶+(♥−✶)r✳

Exemplos:

◆♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ t❡♠♦s✱ ❛✶ = ✷✵✵✵❀ r = ✺✵✵ ❡ ♥ = ✼✳

▲♦❣♦✿

❛✼ = ✷✵✵✵+(✼−✶)✺✵✵
= ✷✵✵✵+✻ ⋅✺✵✵
= ✷✵✵✵+✸✵✵✵
= ✺✵✵✵



✺✾

3.7.4 Soma dos termos de uma P.A.

❊♠ s✐t✉❛✘❝⑦♦❡s ❝♦♠♦ ❛ ❛♥t❡r✐♦r ❛s ✈❡③❡s ♥⑦❛♦ ✓❡ s✉☞❝✐❡♥t❡ s❛❜❡r ❛♣❡♥❛s q✉❛♥t❛s ♣❡✘❝❛s

❛ ❢✓❛❜r✐❝❛ ♣r♦❞✉③✐r✓❛ ♥♦ ✓✉❧t✐♠♦ ♠❫❡s✱ ♠❛s t❛♠❜✓❡♠ ✓❡ ✐♠♣♦rt❛♥t❡ s❛❜❡r q✉❛♥t❛s ♣❡✘❝❛s ❛♦

t♦❞♦ ❛ ❢✓❛❜r✐❝❛ ♣r♦❞✉③✐✉✱ s❡♥❞♦ ❛ss✐♠ t❡♠♦s ❛ s❡q✉❫❡♥❝✐❛✿

(✷✵✵✵❀ ✷✺✵✵❀ ✸✵✵✵❀ ✸✺✵✵❀ ✹✵✵✵❀ ✹✺✵✵❀ ✺✵✵✵)

Teorema:

❆ s♦♠❛ ❞♦s ♥ ♣r✐♠❡✐r♦s t❡r♠♦s ❞❡ ✉♠❛ P✳❆✳ ✓❡ ❞❛❞❛ ♣♦r

❙♥ =
(❛✶+❛♥)♥

✷

Demonstração:

❈♦♥s✐❞❡r❡♠♦s ❛s s♦♠❛s ❛ s❡❣✉✐r✿

❙♥ = ❛✶+❛✷+ ✿ ✿ ✿+❛♥−✷+❛♥−✶+❛♥
❡

❙♥ = ❛♥+❛♥−✶+❛♥−✷+ ✿ ✿ ✿+❛♥−✷+❛♥−✶+❛✶✿

❙♦♠❛♥❞♦ ❡ss❛s ❞✉❛s ❡①♣r❡ss⑦♦❡s✱ t❡♠♦s✿

✷❙♥ = (❛✶+❛♥)+(❛✷+❛♥−✶)+(❛✸+❛♥−✷)+ ✿ ✿ ✿+(❛♥−✷+❛✸)+(❛♥−✶+❛✷)+(❛♥+❛✶)❀

❝♦♠♦ ❛s s♦♠❛s ♥⑦❛♦ s❡ ❛❧t❡r❛♠✱ ♣♦✐s ❛ ❝❛❞❛ ♣❛r❫❡♥t❡s❡s✱ ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❛✉♠❡♥t❛ ❞❡

r✱ ❡♥q✉❛♥t♦ ❛ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ ❞✐♠✐♥✉✐ ❞❡ r✳ P♦rt❛♥t♦ t♦❞♦s ♦s ♣❛r❫❡♥t❡s❡s s⑦❛♦ ✐❣✉❛✐s ❛♦

♣r✐♠❡✐r♦ (❛♥+❛✶)❀ ❝♦♠♦ s⑦❛♦ ♥ ♣❛r❫❡♥t❡s❡s✱ t❡♠♦s✿

✷❙♥ = (❛✶+❛♥)♥

♦✉ s❡❥❛✿

❙♥ =
(❛✶+❛♥)♥

✷
✿



✻✵

❉❡ss❛ ❢♦r♠❛ ❛ s♦♠❛ ❞♦s t❡r♠♦s ❞❛ s❡q✉❫❡♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ✓❡✿

❙♥ =
(❛✶+❛♥)♥

✷

=
(✷✵✵✵+✺✵✵✵)✼

✷

=
✼✵✵✵ ⋅✼

✷

= ✸✺✵✵ ⋅✼

= ✷✹✺✵✵
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4 TRUQUES, ADIVINHAÇÕES E ENIGMAS MATEMÁTICOS

▼✉✐t♦s ♣r♦❜❧❡♠❛s ❡♠ ♠❛t❡♠✓❛t✐❝❛ ♥♦s tr❛③❡♠ ♠❛✐s q✉❡ ❛♣❡♥❛s ❞❡s❛☞♦s ❡♠ ❡♥❝♦♥tr❛r

s✉❛s s♦❧✉✘❝⑦♦❡s✱ ❡❧❡s ♣♦❞❡♠ ♥♦s ❡♥❝❛♥t❛r✱ s❡❥❛ ♣❡❧❛ ❢♦r♠❛ ❝♦♠ q✉❡ ♥♦s ✓❡ ❝♦♥t❛❞♦✱ s❡❥❛ ♣♦r

♣❛r❡❝❡r ✉♠ tr✉q✉❡ ♦✉ ❛❞✐✈✐♥❤❛✘❝⑦❛♦ q✉❡ ♣♦❞❡ ❧❡✈❛r ❛ ❛❧❣✉♥s ❛ t❡♥t❛r r❡s♦❧✈❫❡✲❧♦ ♥⑦❛♦ ♣♦r

♠✓❡t♦❞♦s ♠❛t❡♠✓❛t✐❝♦s✱ ♠❛s ♣❡❧❡ s❡❞❡ ❞❡ ❡♥❝♦♥tr❛r s✉❛ r❡s♣♦st❛✳

Pr♦❜❧❡♠❛s ❛ss✐♠✱ ♣♦❞❡♠ ❛❣✉✘❝❛r ♦ r❛❝✐♦❝✓✏♥✐♦ ❡ ❢❛③❡r ❛s ♣❡ss♦❛s ❛ ♣❡♥s❛r❡♠ ♥❡❧❡s ❞✉✲

r❛♥t❡ ❤♦r❛s ♦✉ q✉❡♠ s❛❜❡ ❛t✓❡ ❞✐❛s✳ P♦❞❡r ❛♥❛❧✐s❛r s✐t✉❛✘❝⑦♦❡s ❝♦♠ ❢❡rr❛♠❡♥t❛s ❡ t✓❡❝♥✐❝❛s

♠❛t❡♠✓❛t✐❝❛s ♣♦❞❡ r❡s♦❧✈❡r ❡ss❡s ♠✐st✓❡r✐♦s ❡ ❛❜r✐r ♣♦rt❛s ♣❛r❛ ♣♦ss✓✏✈❡✐s ♣r♦❜❧❡♠❛s ♠❛✐s

❝♦♠♣❧❡①♦s ♥♦ ❢✉t✉r♦✳ ❆ s❡❣✉✐r ❛❧❣✉♥s tr✉q✉❡s ♠❛t❡♠✓❛t✐❝♦s✱ ❞❡s❛☞♦s ❡ ❡♥✐❣♠❛s s❡❣✉✐❞♦s

❞❡ ❝♦♠❡♥t✓❛r✐♦s ❡ ❝♦♠ s✉❛s s♦❧✉✘❝⑦♦❡s✳

❖s ♣r✓♦①✐♠♦s ❝✐♥❝♦ tr✉q✉❡s ❡ ❛❞✐✈✐♥❤❛✘❝⑦♦❡s s⑦❛♦ s✐t✉❛✘❝⑦♦❡s q✉❡ ❡♥✈♦❧✈❡♠ ✉♠❛ ♦r❛❧✐❞❛❞❡

❡♠ s✉❛ tr❛♥s♠✐ss⑦❛♦ s❡♥❞♦ ❡♥❝♦♥tr❛❞♦s ❡♠ ❞✐✈❡rs♦s ❧✐✈r♦s ❡ ❤♦❥❡ t❛♠❜✓❡♠ ♥❛ ✐♥t❡r♥❡t ❡♠

✈✓❛r✐♦s s✐t❡s s♦❜r❡ ♣r♦❜❧❡♠❛s✳

4.1 Truques numéricos

✶✳ ✳ P❡♥s❡ ❡♠ ✉♠ ♥✓✉♠❡r♦ ❞❡ ❞♦✐s ❞✓✏❣✐t♦s✳ ▼✉❧t✐♣❧✐q✉❡ ♣♦r ✾✳ ❆❞✐❝✐♦♥❡ ✉♠ ♥✓✉♠❡r♦

❞❡ tr❫❡s ❞✓✏❣✐t♦s✳ ❙♦♠❡ ❝♦♠ s✉❛ ✐❞❛❞❡✳ ▼✉❧t✐♣❧✐q✉❡ ♣♦r ✶✽✳ ❙♦♠❡ ♦s ❞✓✏❣✐t♦s ❞♦

♥✓✉♠❡r♦ r❡s✉❧t❛♥t❡✳ ❙❡ ❢♦r ✉♠ ♥✓✉♠❡r♦ ❞❡ ✉♠ ❞✓✏❣✐t♦✱ ❡❧❡ s❡r✓❛ ♦ ✾✱ s❡ ❢♦r ❞❡ ❞♦✐s

❞✓✏❣✐t♦s✱ s♦♠❛♥❞♦ ♦s ❛❧❣❛r✐s♠♦s ❞❡ss❡ ♥✓✉♠❡r♦✱ ♦ r❡s✉❧t❛❞♦ t❛♠❜✓❡♠ s❡r✓❛ ✾✳

Comentário:

■♥✓✉♠❡r♦s ♣r♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ ❡①✐st❡♠✱ q✉❛♥❞♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ s✐t✉❛✘❝⑦♦❡s

❛ss✐♠✱ ♥❡♠ s❡♠♣r❡ ✈❡♠♦s ♦ ❝✓❛❧❝✉❧♦ ♥❡❝❡ss✓❛r✐♦ ♣❛r❛ r❡s♦❧✈❫❡✲❧♦✳ ❖ ♦❜❥❡t✐✈♦ ❞♦

♣r♦❢❡ss♦r ♣r♦♣♦r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ss❡ t✐♣♦ ✓❡ ♠♦str❛r ❛♦ ❛❧✉♥♦ ♦ ❝❛r✓❛t❡r ✐♥✈❡st✐❣❛❞♦r

❡ ♠♦t✐✈✓❛✲❧♦ ❛ ♣❡♥s❛r ❝♦♠♦ ❡♥❝♦♥tr❛r ❛ r❡s♣♦st❛✱ ❡ ❝♦♠♦ ✓❡ ♣♦ss✓✏✈❡❧ ❛ r❡s♣♦st❛ s❡r

s❡♠♣r❡ ❛ ❞✐t❛ ♣❡❧♦ ♣r♦❜❧❡♠❛✳



✻✷

❊ss❡ ♣r♦❜❧❡♠❛ s❡ ❞❡st✐♥❛ ❛ ❛❧✉♥♦s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠✓❡❞✐♦✱ ♣♦r✓❡♠ ✈❛❧❡

s❛❧✐❡♥t❛r q✉❡ ♥❛ ❞❡♠♦♥str❛✘❝⑦❛♦ ❞♦ r❡s✉❧t❛❞♦ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ✉s❛r ✉♠❛ ❧✐♥❣✉❛❣❡♠

❡ ❛❜♦r❞❛❣❡♠ ❛❝❡ss✓✏✈❡❧ ❛♦ ♥✓✏✈❡❧ ❞❛ s❛❧❛✱ ♣❡❧❛ ♥♦✘❝⑦❛♦ ❛❧❣✓❡❜r✐❝❛ ♥❡❝❡ss✓❛r✐❛ ♣❛r❛ s✉❛

❝♦♠♣r❡❡♥s⑦❛♦✱ ❜❡♠ ❝♦♠♦ ♦ ✉s♦ ❞❡ ♥✓✉♠❡r♦s ❞❡❝✐♠❛✐s ❞❡ ❞♦✐s ❡ tr❫❡s ❞✓✏❣✐t♦s✳ ✒❊

r❡❝♦♠❡♥❞✓❛✈❡❧ q✉❡ ♦s ❛❧✉♥♦s ❥✓❛ s❛✐❜❛♠ ✉s❛r t✓❡❝♥✐❝❛s ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ♦✉ q✉❡ ❝♦♠

✉♠ ❝❡rt♦ ❛✉①✓✏❧✐♦ ❡ ❞✐❝❛s ❞♦ ♣r♦❢❡ss♦r ♦s ❛❧✉♥♦s ♣♦ss❛♠ ❡♥❝♦♥tr❛r ❛ s♦❧✉✘❝⑦❛♦✳

Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ ♥⑦❛♦ r❡q✉❡r❡♠ ♠❛t❡r✐❛✐s ❡s♣❡❝✐❛✐s ❡ ❝♦♠ ♦ ❝✉✐❞❛❞♦ ♥❛ ❝r✐❛✘❝⑦❛♦

❞❡ ❣r✉♣♦s✱ ❞❛♥❞♦ t❛r❡❢❛s ❡s♣❡❝✓✏☞❝❛s ❛❝♦♠♣❛♥❤❛❞❛s ❞❡ ❞✐❝❛s✱ s❡ ♥❡❝❡ss✓❛r✐♦ ✉s❛♥❞♦

♣r♦❜❧❡♠❛s s❡♠❡❧❤❛♥t❡s ❛♥t❡s ♣❛r❛ s❡r✈✐r❡♠ ❞❡ ❡①❡♠♣❧♦s✳

❯♠❛ ❛t❡♥✘❝⑦❛♦ ❡♠ ❡s♣❡❝✐❛❧ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞♦ ♣r♦❢❡ss♦r ✈✐s✉❛❧✐③❛r ❛s ❞✐☞❝✉❧❞❛❞❡s

❡♥❢r❡♥t❛❞❛s ♣❡❧♦s ❛❧✉♥♦s✱ ❝♦♠♦ ❝♦♠ r❡❧❛✘❝⑦❛♦ ❛ s❛❜❡r ❡s❝r❡✈❡r ♥✓✉♠❡r♦s ❞❡ ❞♦✐s

♦✉ tr❫❡s ❞✓✏❣✐t♦s ❡♠ ✉♠❛ ❢♦r♠❛ ❛❧❣✓❡❜r✐❝❛ ✐♥❝❧✉✐♥❞♦ ❛ ♠❛t✉r✐❞❛❞❡ ♥❡❝❡ss✓❛r✐❛ ♣❛r❛

❝♦♠♣♦r ❡q✉❛✘❝⑦♦❡s✳

P♦❞❡♠♦s ❛q✉✐ t❛♠❜✓❡♠ ❝r✐❛r ✉♠ ❣✉✐❛✱ ❞❛♥❞♦ ♣✐st❛s s♦❜r❡ ❝♦♠♦ r❡❝♦♥❤❡❝❡r ❛ ❢♦r♠❛

❛❧❣✓❡❜r✐❝❛ ❡♠ ❝❛❞❛ ❝❛s♦✱ ❞✐✈✐❞✐r ❡♠ ❡t❛♣❛s ❡ t❡st❛r ✈✓❛r✐♦s ♥✓✉♠❡r♦s ✈❡♥❞♦ s❡♠❡✲

❧❤❛♥✘❝❛s ❡♠ ❝❛❞❛ ❝❛s♦✳ ❊ ❞❡♣♦✐s s✉❣❡r✐r ❛♦s ❛❧✉♥♦s ✉♠❛ r❡✈✐s⑦❛♦ ❞♦s ♣❛ss♦s ❡

❝r✐❛✘❝⑦❛♦ ❞❡ s✐t✉❛✘❝⑦♦❡s ♣❛r❡❝✐❞❛s ♣❛r❛ ☞①❛r ✐❞❡✐❛s✳

Uma Solução:

❉✐✈✐❞✐♠♦s ❡♠ ♣❛ss♦s ♦ ♣r♦❜❧❡♠❛✿

✐✳ P❡♥s❡ ❡✉ ✉♠ ♥✓✉♠❡r♦ x ❞❡ ❞♦✐s ❞✓✏❣✐t♦s✿

① = ✶✵❛+❜❀❈♦♠ ❛ = {✶❀✷❀✸❀⋯❀✾} ❡ ❜ = {✵❀✶❀✷❀✸❀⋯❀✾}

✐✐✳ ▼✉❧t✐♣❧✐q✉❡ ♣♦r ✾✿

✾ ⋅ (✶✵❛+❜)
✐✐✐✳ ❆❞✐❝✐♦♥❡ ✉♠ ♥✓✉♠❡r♦ ❞❡ tr❫❡s ❞✓✏❣✐t♦s✿

✾ ⋅ (✶✵❛ + ❜) + ②❀ ♦♥❞❡ ② = ✶✵✵♠ + ✶✵♥ + ♣✱ s❡♥❞♦✿ ♠ = {✶❀✷❀✸❀⋯❀✾}✱
♥ = {✵❀✶❀✷❀⋯❀✾} ❡ ♣ = {✵❀✶❀✷❀⋯❀✾}

✐✈✳ ❙♦♠❡ s✉❛ ✐❞❛❞❡✱ z✱ ♦♥❞❡ ③ = ✶✵r+s ✱ ❝♦♠ r = {✶❀✷❀✸❀⋯❀✾} ❡ s = {✵❀✶❀✷❀⋯❀✾}



✻✸

Observação:

❆ ✐❞❛❞❡ ♥❡ss❡ ❝❛s♦ ♣♦❞❡ s❡r t♦♠❛❞❛ ❝♦♠♦ ✉♠ ♥✓✉♠❡r♦ ❞❡ ❞♦✐s ❞✓✏❣✐t♦s✱ ♠❛s

q✉❡ ♣♦ss❛ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ✉♠ ❝❛s♦ ♠❛✐♦r✳

✾ ⋅ (✶✵❛+❜)+②+③❀

✈✳ ▼✉❧t✐♣❧✐q✉❡ ♣♦r ✶✽✿

✶✽ ⋅ [✾ ⋅(✶✵❛+❜)+②+③]
✈✐✳ ❙♦♠❡ ♦s ❞✓✏❣✐t♦s ❞♦ ♠❡s♠♦ r❡s✉❧t❛♥t❡✳

❙❡❥❛ k ❡ss❡ ♥✓✉♠❡r♦✱ ❛ss✐♠✿

❦ = ✶✵✵❦✶+✶✵✶❦✷+✶✵✸❦✸+⋯+✶✵♥❦♥✿

❊ ☞♥❛❧♠❡♥t❡✱ t❡r❡♠♦s q✉❡✿

❦✶+❦✷+❦✸+⋯+❦♥ = ✾ =❉✶ ♦✉ ❉✷ = ❞✶+✶✵❞✷✱ ❝♦♠ ❞✶+❞✷ = ✾✿
❆❣♦r❛✱ ✈❡r✐☞❝❛♥❞♦ ♦s ♣❛ss♦s✱ t❡♠♦s✿

❙❡❥❛ ① = ✶✵❛+❜✱ ❝♦♠ ❛ = {✶❀✷❀✸❀⋯✾} ❡ ❜ = {✵❀✶❀✷❀ ⋅✾}✿
▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ✾✱ ✾ ⋅(✶✵❛+❜) = ✾✵❛+✾❜✳
❙♦♠❛♥❞♦ ❝♦♠ y✱ ♦♥❞❡ ② = ✶✵✵♠+✶✵♥+♣✱
s❡♥❞♦✿ ♠ = {✶❀✷❀✸❀⋯✾}✱ ♥ = {✵❀✶❀✷❀⋯✾} ❡ ♣ = {✵❀✶❀✷❀⋯❀✾}✳ ❚❡♠♦s✱

✾✵❛+✾❜+✶✵✵♠+✶✵♥+♣+✶✵r+s✿
▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ✶✽✿

✶✽ ⋅(✾✵❛+✾❜+✶✵✵♠+✶✵♥+♣+✶✵r+s)
✶✻✷✵❛+✶✻✷❜+✶✽✵✵♠+✶✽✵♥+✶✽♣+✶✽✵r+✶✽s

❘❡❡s❝r❡✈❡♥❞♦✱

✶✵✵✵❛+✻✵✵❛+✷✵❛+✶✵✵❜+✻✵❜+✷❜+✶✵✵✵♠+✽✵✵♠+✶✵✵♥+✽✵♥+✶✵♣+✽♣+✶✵✵r+
✽✵r+✶✵s+✽s
❘❡❛❣r✉♣❛♥❞♦✱

❦ = ✶✵✵✵(❛+♠)+✶✵✵(✻❛+❜+✽♠+♥+r)+✶✵(✷❛+✻❜+✽♥+♣+✽r+s)+(✷❜+✽♣+
✽s)
❙❡♥❞♦✱

❦✶ = ❛+♠❀ ❦✷ = ✻❛+❜+✽♠+♥+r❀ ❦✸ = ✷❛+✻❜+✽♥+♣+✽r+s✱ ❡ ❦✹ = ✷❜+✽♣+✽s



✻✹

❉❡ss❛ ❢♦r♠❛✿

❦✶+❦✷+❦✸+❦✹ = (❛+♠)+(✻❛+ ❜+✽♠+♥+r)+(✷❛+✻❜+✽♥+♣+✽r+s)+(✷❜+
✽♣+✽s)

❦✶+❦✷+❦✸+❦✹ = ✾❛+✾♠+✾❜+✾♥+✾r+✾♣+✾s

❦✶+❦✷+❦✸+❦✹ = ✾(❛+♠+❜+♥+r+♣+s)✱ q✉❡ ✓❡ ✉♠ ♥✓✉♠❡r♦ ♠✓✉❧t✐♣❧♦ ❞❡ ✾✱ ♦✉

s❡❥❛✱ ❛ s♦♠❛ ❞❡ s❡✉s ❛❧❣❛r✐s♠♦s ✓❡ ♠✓✉❧t✐♣❧♦ ❞❡ ✾✳

✷✳ ❙❡❥❛ ◆ ✉♠ ♥✓✉♠❡r♦ ❢♦r♠❛❞♦ ♣♦r ✸ ❛❧❣❛r✐s♠♦s ❝♦♥s❡❝✉t✐✈♦s✳ ❙❡❥❛♠ ▼ ♦ ♥✓✉♠❡r♦

❢♦r♠❛❞♦ ❛ ♣❛rt✐r ❞❡ ◆ ✐♥✈❡rt❡♥❞♦ ❛ ♦r❞❡♠ ❞♦s ❛❧❣❛r✐s♠♦s✳ ❙✉❜tr❛✐❛ ♦ ♠❡♥♦r ❞♦

♠❛✐♦r✱ ♦ r❡s✉❧t❛❞♦ s❡r✓❛ s❡♠♣r❡ ✶✾✽✳

Comentário:

◆❡ss❡ ♣r♦❜❧❡♠❛✱ ♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ ❢❛③❡r ♦ ❛❧✉♥♦ ♣❡♥s❛r ♥❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡

s❡♠♣r❡ ❝❤❡❣❛r ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✱ ♦ ♥✓✉♠❡r♦ ✶✾✽✳ ❈♦♠♦ ❛tr❛✈✓❡s ❞❡ ♣❛ss♦s ♣r✓❡✲

❞❡t❡r♠✐♥❛❞♦s✱ ♦ r❡s✉❧t❛❞♦ ♣❡r♠❛♥❡❝❡r✓❛ ✐♥❛❧t❡r❛❞♦❄ ❆♣✓♦s ❛ ❛♥✓❛❧✐s❡ ❞♦ ♣r♦❜❧❡♠❛✱

❝♦♥❝❧✉✐r ❝♦♠♦ s❡ r❡♣r❡s❡♥t❛r tr❫❡s ♥✓✉♠❡r♦s ❝♦♥s❡❝✉t✐✈♦s ♥♦ s✐st❡♠❛ ❞❡❝✐♠❛❧✱ ❜❡♠

❝♦♠♦ tr❛❜❛❧❤❛r ❛ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ❛❧❣✓❡❜r✐❝❛ ♥❡❝❡ss✓❛r✐❛ ❡♠ ❝❛❞❛ ♣❛ss♦✳

P♦❞❡♠♦s ❛♣❧✐❝❛r ♣r♦❜❧❡♠❛s ❞❡ss❡ ♥✓✏✈❡❧ ♥❛s s✓❡r✐❡s ☞♥❛✐s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧

❡ ❡♠ t♦❞♦ ♦ ❡♥s✐♥♦ ♠✓❡❞✐♦✱ ♦s ❛❧✉♥♦s q✉❡ ❞♦♠✐♥❛r❡♠ ❛s t✓❡❝♥✐❝❛s ❛❧❣✓❡❜r✐❝❛s ❞❡

♠♦♥t❛r ❡ r❡s♦❧✈❡r ❡q✉❛✘❝⑦♦❡s ♣♦❞❡♠ ♥⑦❛♦ ♣r❡❝✐s❛r ❞❡ ♠✉✐t♦ ❛✉①✓✏❧✐♦✱ ❝❛❜❡ ❛♦ ♣r♦✲

❢❡ss♦r ✈❡r✐☞❝❛r ♦ ❞♦♠✓✏♥✐♦ ❞❛ t✉r♠❛ ❞❡ t❛✐s ❝♦♥t❡✓✉❞♦s✱ ✉♠❛ ✈❡③ q✉❡ ♥⑦❛♦ ❡ ❢❛③❡♠

♥❡❝❡ss✓❛r✐♦s ♥❡♥❤✉♠ ♠❛t❡r✐❛❧ ❡s♣❡❝✓✏☞❝♦ ♣❛r❛ ❛ r❡s♦❧✉✘❝⑦❛♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❞❡✈❡✲s❡ ♥♦

❡♥t❛♥t♦✱ ❞❡☞♥✐r s❡♠♣r❡ ✉♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝✓✏♥✐♦ ❝♦♠ ❛ t✉r♠❛✱ ❝♦♠♦ s❡ ♥❡❝❡ss✓❛r✐♦

t❡r ♠♦str❛❞♦ ❡①❡♠♣❧♦s ❝♦♠ s✐t✉❛✘❝⑦♦❡s q✉❡ ♣♦ss❛♠ ❛❥✉❞❛r ♥❛ ❞❡s❝♦❜❡rt❛ ❞♦ ❢❛t♦r

❛❧❣✓❡❜r✐❝♦ ♥❡ss❡ ♣r♦❜❧❡♠❛✳

❈❛s♦ ❛♣❛r❡✘❝❛♠ ♠❛✐s ❞✐☞❝✉❧❞❛❞❡s✱ q✉❛♥t♦ ❛ r❡♣r❡s❡♥t❛✘❝⑦❛♦ ❛❧❣✓❡❜r✐❝❛✱ ❛❧❣✉♥s ❡①❡♠✲

♣❧♦s ♥✉♠✓❡r✐❝♦s ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ s❡ ✐❞❡♥t✐☞❝❛r ✉♠ ❝❡rt♦ ♣❛❞r⑦❛♦✳ ❆♦ ☞♥❛❧✱

✉♠❛ ✈❡r✐☞❝❛✘❝⑦❛♦ ❞♦s ♣❛ss♦s ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❣❛r❛♥t✐r ❛ ✈❡r❛❝✐❞❛❞❡ ❞♦ r❡s✉❧t❛❞♦✳

Uma solução:

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❡s❝r❡✈❡r ♦s ❞♦✐s ♥✓✉♠❡r♦s ◆ ❡ ▼✱ ❝♦♠ ❛ ❝♦♥❞✐✘❝⑦❛♦ ❞❡ ❝❛❞❛

♥✓✉♠❡r♦ s❡r ❢♦r♠❛❞♦ ♣♦r ❛❧❣❛r✐s♠♦s ❝♦♥s❡❝✉t✐✈♦s✳



✻✺

❙❡❥❛ ❡♥t⑦❛♦ ◆ = ✶✵✵❛+ ✶✵✶❜+ ✶✵✷❝✱ ♦♥❞❡ ❜ = ❛+ ✶ ❡ ❝ = ❛+ ✷✳ ❚❡♠♦s ❛ss✐♠✿ ▼ =

✶✵✵❝+✶✵✶❜+✶✵✷❛✿
❋❛③❡♥❞♦ ❛ ❞✐❢❡r❡♥✘❝❛ ❡♥tr❡ N ❡ M✿

◆ −▼ = (✶✵✵❛+✶✵✶❜+✶✵✷❝)−(✶✵✵❝+✶✵✶❜+✶✵✷❛)❀

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ b ❡ c✱

◆ −▼ = [❛+(✶✵❛+✶✵)+(✶✵✵❛+✷✵✵)]−[(❛+✷)+(✶✵❛+✶✵)+✶✵✵❛]
◆ −▼ = (✶✶✶❛+✷✶✵)−(✶✶✶❛+✶✶✷)
◆ −▼ = ✶✾✽

▲♦❣♦✱ t❡♠✲s❡ ♦ r❡s✉❧t❛❞♦✳

✸✳ ❊s❝♦❧❤❛ ✉♠ ♥✓✉♠❡r♦ ❡♥tr❡ ✶ ❡ ✾✳ ▼✉❧t✐♣❧✐q✉❡✲♦ ♣♦r ✶✺✽✼✸ ❡ ❞❡♣♦✐s ♣♦r ✼✳ ❖

r❡s✉❧t❛❞♦ ♦❜t✐❞♦ s❡r✓❛ ✉♠ ♥✓✉♠❡r♦ ❞❡ ✻ ❞✓✏❣✐t♦s t♦❞♦s ✐❣✉❛✐s ❛♦ ♥✓✉♠❡r♦ ❡s❝♦❧❤✐❞♦✳

Comentário:

❈♦♠❡♥t✓❛r✐♦✿ ❊ss❡ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ ✉♠❛ ❝❛r❛❝t❡r✓✏st✐❝❛ ❞❡ ♣♦❞❡r ♠❛♥✐♣✉❧❛r ♦s r❡s✉❧✲

t❛❞♦s ❝♦♠ ♠❛✐♦r ❢❛❝✐❧✐❞❛❞❡✱ ♣♦r s✉❛ s✐♠♣❧✐❝✐❞❛❞❡✱ ✓❡ ✐❞❡❛❧ q✉❡ s❡❥❛ ✉t✐❧✐③❛❞♦ ❝♦♠♦

♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ tr❛❜❛❧❤❛r ❛ ♥♦✘❝⑦❛♦ ❞❡ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❞❡ ❢❛t♦s ♥✉♠✓❡r✐❝♦s✳

❙❡♥❞♦ ❛♣❧✐❝✓❛✈❡❧ ✒❛s s✓❡r✐❡s ✐♥✐❝✐❛✐s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♣r❛t✐❝❛♠❡♥t❡ s✓♦ s❡ ♥❡❝❡s✲

s✐t❛ ❞♦ ❞♦♠✓✏♥✐♦ ❞❛ ♠✉❧t✐♣❧✐❝❛✘❝⑦❛♦✱ ❡ss❡ ♣r♦❜❧❡♠❛ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♠❛ ❝✉r✐♦s✐❞❛❞❡✱

♣♦❞❡♥❞♦ s❡r ✉s❛❞♦ ♣❛r❛ ❛ ❜✉s❝❛ ❞❡ ❝❛s♦s s❡♠❡❧❤❛♥t❡s ❛ ❡ss❡ ♣r♦❜❧❡♠❛✳

Uma Solução:

❙❡❥❛ ① ♦ ♥✓✉♠❡r♦ ❡s❝♦❧❤✐❞♦ ①❀ ✶ ≤ ① ≤ ✾✱ ❛ss✐♠✱ s❡ ♠✉❧t✐♣❧✐❝❛r♠♦s ♣♦r ✶✺✽✼✸✱ t❡♠♦s

✶✺✽✼✸①✱ ❛❣♦r❛ ♣♦r ✼❀✼ ⋅✶✺✽✼✸①✱ r❡s✉❧t❛♥❞♦ ❡♠ ✶✶✶✶✶✶①✿

▲♦❣♦✱ ♦ r❡s✉❧t❛❞♦ s❡r✓❛ ✉♠ ♥✓✉♠❡r♦ ❝♦♠♣♦st♦ ♣♦r s❡✐s ❞✓✏❣✐t♦s ✐❣✉❛✐s ❛ ✶✱ q✉❡ ♠✉❧t✐✲

♣❧✐❝❛❞♦ ♣♦r ✉♠ ♥✓✉♠❡r♦ ❞❡ ✉♠ ❞✓✏❣✐t♦✱ ❞❛r✓❛ s❡♠♣r❡ ✉♠ ♥✓✉♠❡r♦ ❝♦♠ ♦s s❡✐s ❞✓✏❣✐t♦s

✐❣✉❛✐s✳

✹✳ ❊s❝♦❧❤❛ ✉♠ ♥✓✉♠❡r♦ abc ❞❡ tr❫❡s ❛❧❣❛r✐s♠♦s ♥♦ s✐st❡♠❛ ❞❡❝✐♠❛❧✱ ❞❡ ♠♦❞♦ q✉❡

♦s ❛❧❣❛r✐s♠♦s ❞❛s ❝❡♥t❡♥❛s ❛ ❡ ♦ ❞❛s ✉♥✐❞❛❞❡s ❝ ❞✐☞r❛♠ ❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ ❞✉❛s
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✉♥✐❞❛❞❡s✳ ❈♦♥s✐❞❡r❡ ♦s ♥✓✉♠❡r♦s abc ❡ cba ❡ s✉❜tr❛✐❛ ♦ ♠❡♥♦r ❞♦ ♠❛✐♦r✱ ♦❜t❡♥❞♦

♦ ♥✓✉♠❡r♦ xyz✳ ❆ s♦♠❛ ❞❡ xyz ❝♦♠ zyx ✈❛❧❡ ✶✵✽✾✳

Comentário:

❆q✉✐✱ t❡♠♦s ✉♠❛ s✐t✉❛✘❝⑦❛♦ ♦♥❞❡ ♦ ♦❜❥❡t✐✈♦ ✓❡ ❛ ✈❡r✐☞❝❛✘❝⑦❛♦ ❞❡ ✉♠ ❢❛t♦ ❞❡ ✈❛❧♦r

❛❧❣✓❡❜r✐❝♦✱ ♠❛s s❡ ❛♥t❡s ❞❡ ❡①♣♦r ♦ ♣r♦❜❧❡♠❛✱ ♦ ♣r♦❢❡ss♦r ☞③❡r ♦s ❛❧✉♥♦s s❡❣✉✐r❡♠

♦s ♣❛ss♦s ❡ ❞❡♣♦✐s ❞❡ t♦❞♦s ❡♥❝♦♥tr❛r❡♠ ♦ ♠❡s♠♦ ✈❛❧♦r✱ t❡r❡♠♦s ❛ ♦♣♦rt✉♥✐❞❛❞❡

❞❡ ♠♦t✐✈❛r ❛ t✉r♠❛ ❛ ❜✉s❝❛r ❛ ❡①♣❧✐❝❛✘❝⑦❛♦ ♣❛r❛ ❡ss❡ ❢❛t♦✳

❆❧✉♥♦s ❞♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ ❝❡rt❛♠❡♥t❡ t❡r⑦❛♦ ♠❛✐s ❢❛❝✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❡①✲

♣❧✐❝❛✘❝⑦❛♦ ♠❛t❡♠✓❛t✐❝❛ ♣❛r❛ ❡ss❡ tr✉q✉❡✱ ♠❛s ❞❡♣❡♥❞❡♥❞♦ ❞❛s ♦r✐❡♥t❛✘❝⑦♦❡s✱ ♦s ❛❧✉♥♦s

❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ t❛♠❜✓❡♠ ♣♦❞❡♠ s❡ s❡♥t✐r ❞❡s❛☞❛❞♦s ❛ ❡♥❝♦♥tr❛r ♦✉tr❛s

❡①♣❧✐❝❛✘❝⑦♦❡s✳

◆❡❝❡ss✐t❛♠♦s ❞❡ ✉♠❛ ♠❛t✉r✐❞❛❞❡ ♠❛✐♦r ❞❡✈✐❞♦ ❛♦s ♣❛ss♦s ❡①✐❣✐r❡♠ ♠❛✐♦r ❛t❡♥✘❝⑦❛♦

❞♦s ❝✓❛❧❝✉❧♦s ♥❛ ❢♦r♠❛ ❛❧❣✓❡❜r✐❝❛✱ s❡❣✉✐♥❞♦ ♣❛ss♦s ❞❡t❡r♠✐♥❛❞♦s ♣❡❧♦ ♣r♦❢❡ss♦r ♦✉

♣❡❧❛ ♣r✓♦♣r✐❛ t✉r♠❛✱ ♦s ❛❧✉♥♦s ♣♦❞❡♠ ❝❤❡❣❛r ❛ ❡♥❝♦♥tr❛r ✉♠❛ ❢✓♦r♠✉❧❛ ♣❛r❛ ❡ss❡

❝❛s♦✳

Uma Solução:

❙❡❥❛ ① ♦ ♥✓✉♠❡r♦ abc✱ ♣♦❞❡♠♦s ❡s❝r❡✈❫❡✲❧♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ① = ❛❜❝ = ✶✵✵❛+✶✵❜+❜❀
❚❡♥❞♦ ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

✐✳ ❛ = ❝+✷ ✐✐✳ ❝ = ❛+✷

❱❛♠♦s ❝♦♥s✐❞❡r❛ ♦ ❝❛s♦ ✐✿ ♦ ❝❛s♦ ✐✐ ✓❡ ❛♥✓❛❧♦❣♦✳

❆❣♦r❛ ❡s❝r❡✈❛♠♦s ♦ ♥✓✉♠❡r♦ ② = ❝❜❛✱

② = ❝❜❛ = ✶✵✵❝+✶✵❜+❛

❈❛❧❝✉❧❛♥❞♦ ❛ ❞✐❢❡r❡♥✘❝❛ ❡♥tr❡ ① ❡ ② ❡ ❛ ❝❤❛♠❛♥❞♦ ❞❡ ③✿

③ = ①−② = [✶✵✵(❝+✷)+✶✵❜+❝]−[✶✵✵❝+✶✵❜+❝+③]
③ = ✶✵✵❝+✷✵✵+✶✵❜+❝−✶✵✵❝−❝−✷
③ = ✶✾✽

❖❜s❡r✈❛♠♦s q✉❡✱ ♦ r❡s✉❧t❛❞♦ ☞♥❛❧ ✐♥❞❡♣❡♥❞❡ ❞♦s ❛❧❣❛r✐s♠♦s ✐♥✐❝✐❛✐s✱ ✉♠❛ ✈❡③ q✉❡

♣♦ss✉✓✏❛♠♦s ✉♠❛ r❡str✐✘❝⑦❛♦ ♣❛r❛ ❡s❝r❡✈❫❡✲❧♦s✳
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❋✐♥❛❧✐③❛♥❞♦✱ t❡♠♦s✿ ✶✾✽+✽✾✶ = ✶✵✽✾✿

✺✳ ❙♦❧✐❝✐t❛ ❛ ❛❧❣✉✓❡♠ q✉❡ ♣❡♥s❡ ♥♦ ♥✓✉♠❡r♦ ❞♦ ♠❫❡s ❞❡ s❡✉ ♥❛s❝✐♠❡♥t♦ ✭❏❛♥❡✐r♦ ✶✱

❋❡✈❡r❡✐r♦ ✷✱ ▼❛r✘❝♦ ✸✱ ✳✳✳✳ ✮✳ ❊♠ s❡❣✉✐❞❛ ♣❡✘❝❛✲❧❤❡ q✉❡✿

✶✮ ▼✉❧t✐♣❧✐q✉❡ ♦ ♥✓✉♠❡r♦ ♣♦r ✷✳

✷✮ ❙♦♠❡ ✺ ❛♦ r❡s✉❧t❛❞♦❀

✸✮ ▼✉❧t✐♣❧✐q✉❡ ♣♦r ✺✵❀

✹✮ ❙♦♠❡ s✉❛ ✐❞❛❞❡ ❛♦ r❡s✉❧t❛❞♦❀

❆♣✓♦s ❛ ♣❡ss♦❛ ❧❤❡ ✐♥❢♦r♠❛r ♦ r❡s✉❧t❛❞♦✱ ✈♦❝❫❡ ❞❡✈❡ s✉❜tr❛✐r ✷✺✵✳ ❖s ❞♦✐s ✓✉❧t✐♠♦s

♥✓✉♠❡r♦s ❞♦ r❡s✉❧t❛❞♦ ☞♥❛❧ ❞❛r⑦❛♦ ❛ ✐❞❛❞❡ ❞❛ ♣❡ss♦❛✱ ❡♥q✉❛♥t♦ ♦ ♣r✐♠❡✐r♦ ♥✓✉♠❡r♦

✭♦✉ ♣r✐♠❡✐r♦s ♥✓✉♠❡r♦s✮ s❡r✓❛ ♦ ♠❫❡s ❞❡ ♥❛s❝✐♠❡♥t♦✳ ❈♦♠ ❡ss❛ ✐♥❢♦r♠❛✘❝⑦❛♦✱ ☞❝❛ ❢✓❛❝✐❧

❞❡t❡r♠✐♥❛r ♦ ❛♥♦✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ✉♠❛ ♣❡ss♦❛ q✉❡ t❡♠ ✷✵ ❛♥♦s ❡ ♥❛s❝❡✉ ❡♠

❥❛♥❡✐r♦✱ t❡r✓✏❛♠♦s ❛s s❡❣✉✐♥t❡s ♦♣❡r❛✘❝⑦♦❡s✿

✶✮ ▼✉❧t✐♣❧✐❝❛✲s❡ ✶ ✭❏❛♥❡✐r♦✮ ♣♦r ✷⇒ ✶ ⋅✷ = ✷
✷✮ ❙♦♠❛✲s❡ ♣♦r ✺⇒ ✷+✺ = ✼
✸✮ ▼✉❧t✐♣❧✐❝❛✲s❡ ♣♦r ✺✵⇒ ✼ ⋅✺✵ = ✸✺✵
✹✮ ❙♦♠❛✲s❡ ❛ ✐❞❛❞❡ ⇒ ✷✵+✸✺✵ = ✸✼✵
✺✮ ❙✉❜tr❛✐✲s❡ ✷✺✵⇒ ✸✼✵−✷✺✵ = ✶✷✵

❉❡ ✶✷✵✱ ♦ ♣r✐♠❡✐r♦ ♥✓✉♠❡r♦ r❡✈❡❧❛ ♦ ♠❫❡s ✭❥❛♥❡✐r♦✮✱ ❡ ♦s ❞♦✐s ✓✉❧t✐♠♦s ✭✷✵✮ s⑦❛♦ ❛

✐❞❛❞❡ ❞❛ ♣❡ss♦❛✳ ❇❛st❛ ❡♥t⑦❛♦ ❞❡❞✉③✐r ♦ ❛♥♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❛t❛ ❡♠ q✉❡ s❡ ❢❛③

❛ ❞❡♠♦♥str❛✘❝⑦❛♦✳

Comentário:

❊ss❡ tr✉q✉❡✱ q✉❡ ♠❡①❡ ❝♦♠ ♦ ♣❡s❛♠❡♥t♦ ❞❛s ♣❡ss♦❛s✱ ♣♦✐s ❝♦♥s❡❣✉❡✲s❡ ✐♥❢♦r♠❛✘❝⑦♦❡s

♣❡ss♦❛✐s s❡r✈❡ ♣❛r❛ ♠♦str❛r ❛ ❡☞❝✐❫❡♥❝✐❛ ❞♦ ♣❡♥s❛♠❡♥t♦ ❛❧❣✓❡❜r✐❝♦✳ ❈♦♠♣♦st♦ ❞❡

❡t❛♣❛s q✉❡ s⑦❛♦ s✐♠♣❧❡s✱ ♠❛s ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❜❡♠ ❝✉r✐♦s♦✱ ❡♥❝♦♥tr❛r ♥⑦❛♦ s✓♦ ♦ ♠❫❡s

q✉❡ ❛ ♣❡ss♦❛ ♥❛s❝❡✉ ♠❛s t❛♠❜✓❡♠ ❛ ✐❞❛❞❡✳

❯♠ ♣r♦❜❧❡♠❛ ❞❡ss❡ t✐♣♦✱ ❛❥✉❞❛r ❛ ♣❡r❝❡❜❡r ❛ ❢♦r✘❝❛ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ♣❛r❛ ❡♥❝♦♥tr❛r

✈❛❧♦r❡s ❞❡s❝♦♥❤❡❝✐❞♦s✳ P♦❞❡♥❞♦ s❡r ❛♣❧✐❝❛❞♦ t❛♥t♦ ♥♦ ❡♥s✐♥♦ ♠✓❡❞✐♦✱ q✉❛♥t♦ ♥♦

❢✉♥❞❛♠❡♥t❛❧✱ ❝♦♠ ✉♠❛ r❡ss❛❧✈❛✱ ♦s ❛❧✉♥♦s ❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦❞❡♠ ♥⑦❛♦ ❝♦♥s❡❣✉✐r

❡❧✉❝✐❞❛r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡ss❡ ❢❛t♦✳
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❚❡♠♦s ❛q✉✐ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❛❜❡r tr❛❜❛❧❤❛r ❜❡♠ ❝♦♠ ✈❛❧♦r❡s ❞❡s❝♦♥❤❡❝✐❞♦s ❡✱

✉t✐❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♥✓✉♠❡r♦ ♥❛ ❢♦r♠❛ ❛❧❣✓❡❜r✐❝❛✳ ❊♠ s✐t✉❛✘❝⑦♦❡s ❛ss✐♠✱ q✉❡ ♥❡❝❡s✲

s✐t❛♠ ❛♣❡♥❛s ❞❡ tr❡✐♥♦ ❡ ❛t❡♥✘❝⑦❛♦✱ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ❛❥✉❞❛r ♥❛ ❡sq✉❡♠❛t✐③❛✘❝⑦❛♦ ❞♦

♣r♦❜❧❡♠❛✳

❙❡♠♣r❡ q✉❡ ♥❡❝❡ss✓❛r✐♦✱ r❡✈✐s❛r ❛s ❢♦r♠❛s ❝♦♠ q✉❡ ❞❡✈❡♠ s❡r ❡s❝r✐t♦s ♦s ♥✓✉♠❡r♦s

❡♠ ♣r♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ ❡✈✐t❛♠ ♠❛✐♦r❡s ❞✐☞❝✉❧❞❛❞❡s✱ ♦r❣❛♥✐③❛♥❞♦ ❡q✉✐♣❡s ♦✉

❞✉♣❧❛s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❞♦s ♣❛ss♦s✱ ❜❡♠ ❝♦♠♦ ✉♠❛ ✈❡r✐☞❝❛✘❝⑦❛♦ ❞❛s

❡t❛♣❛s ❛♣✓♦s ❛ ❝♦♥❝❧✉s⑦❛♦ ❞❛s ♠❡s♠❛s✳

Uma solução:

❙❡❥❛ ① ♦ ♥✓✉♠❡r♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ♠❫❡s ❞❡ ♥❛s❝✐♠❡♥t♦ ❞❛ ❡s♣♦s❛✱ ❡s❝r❡✲

✈❡♥❞♦ ① ♥❛ ❢♦r♠❛ ❛❧❣✓❡❜r✐❝❛✱ t❡♠♦s✿

① = ✶✵❛+❜✱ ❝♦♠ {✵❀✶} ❡ ❜ = {✵❀ ✶❀ ✷❀ ✿ ✿ ✿ ❀ ✾}✱ ♦♥❞❡ ❛ ❡ ❜ ♥⑦❛♦ ♣♦❞❡♠ s❡r ❛♠❜♦s ♥✉❧♦s✳

▼✉❧t✐♣❧✐❝❛✲s❡ ① ♣♦r ✷ ❡♠ s❡❣✉✐❞❛✱ ❛❞✐❝✐♦♥❛✲s❡ ✺✿

✷(✶✵❛+❜)+✺

▼✉❧t✐♣❧✐❝❛✲s❡ ♣♦r ✺✵✿

✺✵[✷(✶✵❛+❜)+✺]
◆❡ss❡ ♣r✓♦①✐♠♦ ♣❛ss♦✱ ♣❡❞❡✲s❡ ❛ ♣❡ss♦❛ ♣❛r❛ ❛❞✐❝✐♦♥❛r ❛ ♣r✓♦♣r✐❛ ✐❞❛❞❡ ❛♦ ✈❛❧♦r

♦❜t✐❞♦✳

❙❡❥❛ ❛ ✐❞❛❞❡ ②✱ ❡s❝r❡✈❡♠♦s ② = ✶✵♠+♥❀♠ = {✵❀ ✶❀ ✷❀⋯❀ ✾} ❡ ♥ = {✵❀ ✶❀ ✷❀⋯❀ ✾}✱ ♦♥❞❡
♠ ❡ ♥ ♥⑦❛♦ ♣♦❞❡♠ s❡r ❛♠❜♦s ♥✉❧♦s✳

❚❡♠♦s ❛ss✐♠✿

✺✵[✷(✶✵❛+❜)+✺]②
❘❡t✐r❛✲s❡ ❞♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♦ ✈❛❧♦r ❞❡ ✷✺✵✱ ♦✉ s❡❥❛✱

{✺✵[✷(✶✵❛+❜)+✺]+②}−✷✺✵❀

❙✉❜st✐t✉✐♥❞♦✲s❡ ② ❡ ❡❢❡t✉❛♥❞♦ ♦s ❝✓❛❧❝✉❧♦s✿

{✺✵[✷✵❛+✷❜+✺]+✶✵♠+♥}−✷✺✵
{[✶✵✵✵❛+✶✵✵❜+✷✺✵]✶✵♠+♥−✷✺✵}
✶✵✵✵❛+✶✵✵❜+✷✺✵+✶✵♠+♥−✷✺✵



✻✾

✶✵✵✵❛+✶✵✵❜+✶✵♠+♥
✶✵✵(✶✵❛+❜)+(✶✵♠+♥)
❖♥❞❡ ✈❡♠♦s q✉❡ ♦ ♥✓✉♠❡r♦✱ q✉❡ ☞❝❛ ♠✉❧t✐♣❧✐❝❛❞♦ ♥❛ ❝❛s❛ ❞❛s ❝❡♥t❡♥❛s ✓❡ ❡①❛t❛♠❡♥t❡

①✱ ❡ ♦ ✈❛❧♦r ❞❛ ❝❛s❛ ❞❛s ❞❡③❡♥❛s ❡ ✉♥✐❞❛❞❡s ✓❡ ♦ ♥✓✉♠❡r♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ✐❞❛❞❡ ②✳

❖s ♣r✓♦①✐♠♦s ♣r♦❜❧❡♠❛s ❜❡♠ ❝♦♠♦ ❛❧❣✉♠❛s ❞❡ s✉❛s s♦❧✉✘❝⑦♦❡s ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❧✐✈r♦

❖ ❊♥✐❣♠❛ ❞❡ ❙❤❡r❛③❛❞❡✱ ❞❡ ❘❛②♠♦♥❞ ❙♠✉❧❧②❛♥✳

✻✳ ❆ s❡❣✉♥❞❛ ❍✐st✓♦r✐❛ ❞❡ ❆❜❞✉❧✱ ♦ ❥♦❛❧❤❡✐r♦

❭▼✉✐t♦ ✐♥t❡r❡ss❛♥t❡ t❛♠❜✓❡♠✦✧ ❉✐ss❡ ♦ r❡✐✱ ❞❡♣♦✐s ❞❡ ❙❤❡r❛③❛❞❡ ❡①♣❧✐❝❛r ❛ r❡s♣♦st❛

❝♦rr❡t❛✳

❭❈♦♥t❛ ♠❛✐s ✉♠❛✦✬

❭❇❡♠✧✱ r❡s♣♦♥❞❡✉ ❙❤❡r❛③❛❞❡✱ ❭❝❡rt❛ ♥♦✐t❡ ❡♥tr♦✉ ✉♠ ❧❛❞r⑦❛♦ ♥❛ ❧♦❥❛ ❞❡ ❆❜❞✉❧✳✳✳✧

❭❉❡✈✐❛ s❡r ♣r❡s♦ ❡ ❡sq✉❛rt❡❥❛❞♦✦✧ ■♥t❡rr♦♠♣❡✉ ♦ r❡✐✳

❭❈❡rt♦✱ ▼❛❥❡st❛❞❡✧✱ r❡s♣♦♥❞❡✉ ❙❤❡r❛③❛❞❡✱ ❭♠❛s✱ ♣❛r❛ ♣r♦ss❡❣✉✐r ❝♦♠ ♠✐♥❤❛

❤✐st✓♦r✐❛✱ ♦ ❧❛❞r⑦❛♦ ❡♥❝♦♥tr♦✉ ✉♠❛ ❣❛✈❡t❛ ❝❤❡✐❛ ❞❡ ❞✐❛♠❛♥t❡s✳ ❙✉❛ ♣r✐♠❡✐r❛ ✐❞❡✐❛

❢♦✐ ❧❡✈✓❛✲❧♦s t♦❞♦s✱ ♠❛s ❢♦✐ ✐♥❝♦♠♦❞❛❞♦ ♣♦r s✉❛ ❝♦♥s❝✐❫❡♥❝✐❛ ❡ ❞❡❝✐❞✐✉ ❝♦♥t❡♥t❛r✲s❡

❛♣❡♥❛s ❝♦♠ ♠❡t❛❞❡✳✧

❭❍✉♠♠♠✦✧ ❉✐ss❡ ♦ r❡✐✳

❭❊ ❛ss✐♠✱ ♣❡❣♦✉ ♠❡t❛❞❡ ❞♦s ❞✐❛♠❛♥t❡s ❡ ❢♦✐ s❛✐♥❞♦ ❞❛ ❧♦❥❛✳✧

❭❖❤✦✧ ❋❡③ ♦ r❡✐✳

❭▼❛s ❡♥t⑦❛♦ ♣❡♥s♦✉✿ ❵✈♦✉ ❧❡✈❛r ♠❛✐s ✉♠✬✱ ❡ ❧❡✈♦✉✳✧

❭❖♦♦❤✦✧ ❉✐ss❡ ♦ r❡✐✳

❭❊ ❡♥t⑦❛♦ ❢♦✐ ❡♠❜♦r❛ ❞❛ ❧♦❥❛✱ ❞❡♣♦✐s ❞❡ r♦✉❜❛r ♠❡t❛❞❡ ❞♦s ❞✐❛♠❛♥t❡s ❡ ♠❛✐s ✉♠✳✧

❭❊ ❞❡♣♦✐s❄✧ ◗✉✐s s❛❜❡r ♦ r❡✐✳

❭❊str❛♥❤❛♠❡♥t❡✱ ♣♦✉❝♦s ♠✐♥✉t♦s ❞❡♣♦✐s✱ ✉♠ s❡❣✉♥❞♦ ❧❛❞r⑦❛♦ ❡♥tr♦✉ ♥❛ ❧♦❥❛ ❡

♣❡❣♦✉ ♠❡t❛❞❡ ❞♦s ❞✐❛♠❛♥t❡s r❡st❛♥t❡s ❡ ♠❛✐s ✉♠✳ ❉❡♣♦✐s ✉♠ t❡r❝❡✐r♦ ❧❛❞r⑦❛♦

❡♥tr♦✉ ♥❛ ❧♦❥❛ ❡ ♣❡❣♦✉ ♠❡t❛❞❡ ❞♦s ❞✐❛♠❛♥t❡s q✉❡ r❡st❛✈❛♠ ❡ ♠❛✐s ✉♠✳ ❉❡♣♦✐s

❡♥tr♦✉ ✉♠ q✉❛rt♦ ❧❛❞r⑦❛♦✱ ♣❡❣❛♥❞♦ ♠❡t❛❞❡ ❞♦ r❡st♦ ❡ ♠❛✐s ✉♠✳ ❉❡♣♦✐s ✉♠ q✉✐♥t♦✱

q✉❡ ♥⑦❛♦ ♣❡❣♦✉ ♥❛❞❛ ♣♦rq✉❡ t♦❞♦s ♦s ❞✐❛♠❛♥t❡s ❥✓❛ t✐♥❤❛♠ s✐❞♦ ❧❡✈❛❞♦s✳✧

❭❊ q✉❛❧ ✓❡ ♦ ♣r♦❜❧❡♠❛❄✧ P❡r❣✉♥t♦✉ ♦ r❡✐✳

❭❖ ♣r♦❜❧❡♠❛✧✱ r❡s♣♦♥❞❡✉ ❡❧❛✱ ❵✓❡ s❛❜❡r q✉❛♥t♦s ❞✐❛♠❛♥t❡s ❤❛✈✐❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♥❛

❣❛✈❡t❛✳✬



✼✵

❭❊ ❝♦♠♦ ✓❡ q✉❡ ✈♦✉ s❛❜❡r❄✧

❭◆⑦❛♦ ✓❡ ❞✐❢✓✏❝✐❧ ❞❡ ❝❛❧❝✉❧❛r✧✱ r❡s♣♦♥❞❡✉ ❡❧❛✳

◗✉❛♥t♦s ❞✐❛♠❛♥t❡s ❤❛✈✐❛ ♥❛ ❣❛✈❡t❛❄

Comentário:

❚❡♠♦s ❛q✉✐ ✉♠❛ s✐t✉❛✘❝⑦❛♦ q✉❡ ❡♥✈♦❧✈❡ ✉♠ ❡♥✐❣♠❛✳ ❆q✉✐✱ ♦s ♣❡rs♦♥❛❣❡♥s ❝♦♥✈❡rs❛♠

❛ ❝❡r❝❛ ❞❡ ✉♠❛ ❥♦❛❧❤❡r✐❛✱ q✉❡ ❢♦✐ r♦✉❜❛❞❛ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ ♣❡❝✉❧✐❛r✳ ◆❡ss❛

s✐t✉❛✘❝⑦❛♦ ❡s♣❡❝✓✏☞❝❛✱ ♦ ❧❡✐t♦r✱ ✈❡r✓❛ ✉♠ ♣❛❞r⑦❛♦✱ s❡♥❞♦ ✐♥t❡r❡ss❛♥t❡ ❤❛✈❡r ✉♠❛ ❧❡✐t✉r❛

❝✉✐❞❛❞♦s❛ ❞♦ t❡①t♦✳

❊♠❜♦r❛ ♦ ❝❛r✓❛t❡r ♠❛t❡♠✓❛t✐❝♦ ❛♣❛r❡❝❡ ❥✓❛ ♣r❡❧✐♠✐♥❛r♠❡♥t❡✱ ♦s ♠✓❡t♦❞♦s ❞❡ t❡♥t❛✲

t✐✈❛ ❡ ❡rr♦ s⑦❛♦ ❡ ❞❡✈❡♠ s❡r ❡♠♣r❡❣❛❞♦s ❛ ☞♠ ❞❡ ❝r✐❛r ✉♠❛ ❡♠♣❛t✐❛ ♠❛✐♦r ♣❡❧♦

♣r♦❜❧❡♠❛✳ ▲❡✈❛r ❛ ❡①♣❧✐❝❛r ♦ ♣r♦❜❧❡♠❛ ♣♦r ✉♠ r❛❝✐♦❝✓✏♥✐♦ ❧✓♦❣✐❝♦ ❞❡✈❡ s❡r ❛ ♣r✐♥❝✐✲

♣❛❧ ♣r❡♦❝✉♣❛✘❝⑦❛♦ ❞♦ ♣r♦❢❡ss♦r ❢r❡♥t❡ ❛ s❡✉s ❛❧✉♥♦s ❡✱ ❛ ♣❛rt✐r ❞❛✓✏✱ ✐r ♣❛r❛ ❛ ❡s❝r✐t❛

❛❧❣✓❡❜r✐❝❛✳

Pr♦❜❧❡♠❛s ❛ss✐♠✱ ❛t✓❡ ♣♦❞❡♠ s❡r ✉s❛❞♦s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦r✓❡♠ ❡s♣❡r❛✲

s❡ q✉❡ ♥♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ s❡❥❛ ♠❛✐s ❢✓❛❝✐❧ ♣❛r❛ ♦s ❛❧✉♥♦s ♣r♦❝✉r❛r❡♠ ✉♠❛ r❡s♣♦st❛

❛❧❣✓❡❜r✐❝❛✳ Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ ♥❡❝❡ss✐t❛♠ ❛♣❡♥❛s ❞❡ ✐♠❛❣✐♥❛✘❝⑦❛♦✱ ♣❛❝✐❫❡♥❝✐❛ ❡

❞❡t❡r♠✐♥❛✘❝⑦❛♦ ❞♦s ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s✳ ❯♠❛ ✈❡③ q✉❡ ♦s ♠❡s♠♦s ♣♦ss✉❛♠ ❝❡rt♦

❞♦♠✓✏♥✐♦ ❛❧❣✓❡❜r✐❝♦ ❡ ♠❡✐♦s ♣❛r❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ❞♦ ♠❡s♠♦✳

❉❡✈❡♠ ❛♣❛r❡❝❡r ♣r♦❜❧❡♠❛s ♣❛r❛ ♦s ❛❧✉♥♦s q✉❡ t❡♥❤❛♠ ❞✐☞❝✉❧❞❛❞❡s ❡♠ ♣r♦❜❧❡♠❛s

♠❛✐s ❧♦♥❣♦s ❡ ❛✐♥❞❛ ❛❝♦♠♣❛♥❤❛❞♦s ❞❡ ❢r❛✘❝⑦♦❡s✱ ❞❡✈✐❞♦ ❛♦s ♣❛ss♦s q✉❡ ♥❡❝❡ss✐t❛♠

❝♦♥st❛♥t❡♠❡♥t❡ ❞❡ss❡ t✐♣♦ ❞❡ ❝✓❛❧❝✉❧♦✳

✓❊ ✐♥t❡r❡ss❛♥t❡✱ ❛♦ ☞♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❝♦♠♣❛r❛r ♦s ♣❛ss♦s ❡ ✈❡r✐☞❝❛r ❝♦♠♦ ❝❛❞❛ ❛t♦

❞♦ ♣r♦❜❧❡♠❛ ❛❝♦♥t❡❝❡✉✱ ❧❡♠❜r❛♥❞♦ q✉❡ s❡♠♣r❡ ❞❡✈❡♠♦s t❡r ♥✓✉♠❡r♦s ✐♥t❡✐r♦s✱ ❡

❛♣❛r❡❝❡♠ ♠✉✐t❛s ❢r❛✘❝⑦♦❡s ♥♦ ♣r♦❜❧❡♠❛✱ ❡ ✓❡ ♣♦ss✓✏✈❡❧ q✉❡ ❡♠ ❛❧❣✉♠❛s ❞❛s ♣❛ss❛❣❡♥s

❤❛❥❛ ❡rr♦s✳

Uma solução:

❙❡❥❛ ① ♦ ♥✓✉♠❡r♦ t♦t❛❧ ❞❡ ❞✐❛♠❛♥t❡s ♥❛ ❣❛✈❡t❛ ❞❛ ❥♦❛❧❤❡r✐❛✱ ❧❡♠❜r❛♥❞♦ q✉❡ ① ∈N✳

❝♦♠♦ ♦ ♣r✐♠❡✐r♦ ❧❛❞r⑦❛♦ ❧❡✈❛ ❝♦♥s✐❣♦ ♠❡t❛❞❡ ❞♦ ♥✓✉♠❡r♦ ❞❡ ❞✐❛♠❛♥t❡s ❛❝r❡s❝✐❞♦ ❞❡

✉♠✱ t❡♠♦s✿

✶➸ ▲❛❞r⑦❛♦✿ (①
✷
+✶)✱ ❧♦❣♦✿



✼✶

❆❣♦r❛ ♦ s❡❣✉♥❞♦ ❧❛❞r⑦❛♦ ❧❡✈❛ ❝♦♥s✐❣♦ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡✱ ♠❡t❛❞❡ ❞♦ q✉❡ ❤❛✈✐❛

♠❛✐s ✉♠✱ ❡♥t⑦❛♦ ♦ ♣❛ss♦ s❡❣✉✐♥t❡ ✓❡ ❝❛❧❝✉❧❛r q✉❛♥t♦s ❞✐❛♠❛♥t❡s ❢♦r❛♠ ❧❡✈❛❞♦s✱

♦ q✉❡ ❤❛✈✐❛ ♥♦ ✐♥✓✏❝✐♦ ①✱ ♠❡♥♦s ♦ q✉❡ ♦ ♣r✐♠❡✐r♦ ❧❛❞r⑦❛♦ ❧❡✈♦✉ (①
✷
+✶)✱ ❧♦❣♦

r❡st❛♠✿

①−(①
✷
+✶) = ①− ①

✷
−✶ = (①

✷
−✶) ✿

❘❡st❛♠ ❛ss✐♠ (①
✷
−✶) ❞✐❛♠❛♥t❡s✳

❊♥tr❛♥❞♦ ♦ s❡❣✉♥❞♦ ❧❛❞r⑦❛♦✱ q✉❡ ❡❢❡t✉❛ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ♣r✐♠❡✐r♦

❧❛❞r⑦❛♦✱ ♦✉ s❡❥❛✱ ❧❡✈❛♥❞♦ ♠❡t❛❞❡ ❞♦ q✉❡ ❤❛✈✐❛ ♠❛✐s ✉♠❛ ✉♥✐❞❛❞❡✱ t❡♠♦s✿

✷➸ ▲❛❞r⑦❛♦✿
(①
✷
−✶)
✷
+✶ = ①

✹
− ✶
✷
+✶ = (①

✹
+ ✶
✷
)

❆ss✐♠✱ r❡st❛♠ ❛❣♦r❛✿ (①
✷
+✶)−(①

✹
+ ✶
✷
) = (①

✹
− ✸
✷
)

❊♥tr❛♥❞♦ ♦ t❡r❝❡✐r♦ ❧❛❞r⑦❛♦ q✉❡ ❧❡✈❛ ♠❡t❛❞❡ ❞♦ q✉❡ r❡st❛ ♠❛✐s ✉♠ ❞✐❛♠❛♥t❡✱

✸➸ ▲❛❞r⑦❛♦ ✿
(①
✹
− ✸

✷
)

✷
+✶ = (①

✽
+ ✶
✹
)

❘❡st❛♠✿ (①
✹
− ✸
✷
)−(①

✽
+ ✶
✹
)

❖ q✉❛rt♦ ❧❛❞r⑦❛♦ ❡♥t⑦❛♦✿

✹➸ ❧❛❞r⑦❛♦✿
(①
✽
− ✼
✹
)

✷
+✶ = ( ①

✶✻
+ ✶
✽
)

❘❡st❛♥❞♦ ③❡r♦ ❞✐❛♠❛♥t❡s✱ ♦✉ s❡❥❛✱ ♦ q✉✐♥t♦ ❧❛❞r⑦❛♦ ♥⑦❛♦ ❧❡✈♦✉ ♥❛❞❛✳

P♦❞❡♠♦s ❡♥t⑦❛♦ s♦♠❛♥❞♦ ❛s q✉❛♥t✐❛s ❧❡✈❛❞❛s ❡ ❡s❝r❡✈❡r ❛ ❡q✉❛✘❝⑦❛♦✿

(①
✷
+✶)+(①

✹
+ ✶
✷
)(①

✽
+ ✶
✹
)+( ①

✶✻
+ ✶
✽
)+✵ = ①

①

✷
+✶+ ①

✹
+ ✶
✷
+ ①

✽
+ ✶
✹
+ ①

✶✻
+ ✶
✽
= ①✱ r❡❞✉③✐♥❞♦ t♦❞♦s ❛♦ ♠❡s♠♦ ❞❡♥♦♠✐♥❛❞♦r✱

t❡♠♦s✿

(✽①
✶✻
+ ✶✻
✶✻
)+(✹①

✶✻
+ ✽

✶✻
)+(✷①

✶✻
+ ✹

✶✻
)+( ①

✶✻
+ ✷

✶✻
) = ✶✻①

✶✻
✱ ❧♦❣♦ t❡♠♦s✿

✶✺①+✸✵ = ✶✻①✱ ♦✉ s❡❥❛✱

① = ✸✵

✼✳ ❆❜❞✉❧ ❡ ♦s ❞❡③ ❧❛❞r⑦♦❡s

❭◆♦✉tr❛ ♦❝❛s✐⑦❛♦✧✱ ❞✐ss❡ ❙❤❡r❛③❛❞❡✱❭❞❡③ ❧❛❞r⑦♦❡s ❡♥tr❛r❛♠ ♥❛ ❧♦❥❛ ❞❡ ❆❜❞✉❧✳ ❯♥s

❡st❛✈❛♠ ❛r♠❛❞♦s ❡ ♦✉tr♦s ❞❡s❛r♠❛❞♦s✳ ❖s ❧❛❞r⑦♦❡s ❛r♠❛❞♦s ❡r❛♠ ♠❛✐s ❣r❛❞✉❛❞♦s✳

❉❡ q✉❛❧q✉❡r ♠❛♥❡✐r❛✱ r♦✉❜❛r❛♠ ✉♠ s❛❝♦ ❝♦♠ ❝✐♥q✉❡♥t❛ ❡ s❡✐s ♣✓❡r♦❧❛s✳ ◆❛ ❤♦r❛ ❞❡



✼✷

❞✐✈✐❞✐r ♦ r♦✉❜♦✱ ❝❛❞❛ ❧❛❞r⑦❛♦ ♠❛✐s ❣r❛❞✉❛❞♦ ☞❝♦✉ ❝♦♠ s❡✐s ♣✓❡r♦❧❛s✱ ❡ ❝❛❞❛ ❧❛❞r⑦❛♦

❝♦♠✉♠ ❝♦♠ ❝✐♥❝♦✳ ◗✉❛♥t♦s ❞♦s ❧❛❞r⑦♦❡s ❡st❛✈❛♠ ❛r♠❛❞♦s❄✧

Comentários:

◆❡ss❡ ♣r♦❜❧❡♠❛✱ ♥♦✈❛♠❡♥t❡ ❛ ❤✐st✓♦r✐❛ s❡ ❢❛③ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ✉t✐❧✐③❛✘❝⑦❛♦ ❞❡ ❝♦♥✲

❝❡✐t♦s ♠❛t❡♠✓❛t✐❝♦s✱ ❛q✉✐ t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❡ ✉♠❛ ✈❛r✐✓❛✈❡❧ ❛ ♠❛✐s✱

❞❡✈✐❞♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧❛❞r⑦♦❡s ❞♦s ❞♦✐s t✐♣♦s✱ ♠❡s♠♦

♦ ♣r♦❜❧❡♠❛ ♣❡❞✐♥❞♦ ❛♣❡♥❛s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧❛❞r⑦♦❡s ❛r♠❛❞♦s✳

❈♦♠♦ s✐st❡♠❛s ❞❡ ❡q✉❛✘❝⑦♦❡s s⑦❛♦ ❝♦♠✉♠❡♥t❡ ❡♥s✐♥❛❞♦s ❛ ♣❛rt✐r ❞♦ s✓❡t✐♠♦ ❛♥♦ ❞♦

❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❛♣r❡s❡♥t❛❞♦ ❡♠ q✉❛❧q✉❡r ❛♥♦ ❛♣✓♦s

❡ss❡ ♣❡r✓✏♦❞♦✱ ♠❡s♠♦ ♥♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ✐♥tr♦❞✉③✐❞♦ ❞❡✈✐❞♦ ❛

s✉❛ ❤✐st✓♦r✐❛ ❡ ♥❡❝❡ss✐❞❛❞❡s ❛❧❣✓❡❜r✐❝❛s ❞❡ r❡s♦❧✉✘❝⑦❛♦✱ ♣♦❞❡♥❞♦ s❡r ❛❜♦r❞❛❞♦ q✉❛♥❞♦

s❡ tr❛❜❛❧❤❛ s✐st❡♠❛s ❧✐♥❡❛r❡s ♥♦ ❡♥s✐♥♦ ♠✓❡❞✐♦✳

❆q✉✐✱ ♣r❡❝✐s❛♠♦s ❞♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❜✓❛s✐❝♦s ❞❡ r❡s♦❧✉✘❝⑦❛♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛✘❝⑦♦❡s✱

♠❛s ♥❛❞❛ ✐♠♣❡❞❡ ❞♦ ♣r♦❢❡ss♦r s♦❧✐❝✐t❛r ♦✉tr♦s ♠❡✐♦s ❞❡ r❡s♦❧✉✘❝⑦♦❡s✱ ❛ r❡s♦❧✉✘❝⑦❛♦

♠❡♥t❛❧ ❞❡✈❡ s❡♠♣r❡ s❡r ✐♥❝❡♥t✐✈❛❞❛✳ ❊ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ✐♥❞✐✈✐❞✉✲

❛❧♠❡♥t❡ ✉♠❛ ✈❡③ q✉❡ ♦s ❛❧✉♥♦s ❥✓❛ r❡❝♦♥❤❡✘❝❛♠ ♠✓❡t♦❞♦s ❞❡ r❡s♦❧✉✘❝⑦❛♦ ❞❡ s✐st❡♠❛s✳

❆ ♠❡♥♦s q✉❡ ♦s ❛❧✉♥♦s ♥⑦❛♦ ❞♦♠✐♥❡♠ ❛s ❢♦r♠❛s ❞❡ r❡s♦❧✉✘❝⑦❛♦ ❞❡ s✐st❡♠❛s✱ ♣♦❞❡♠

❛♣❛r❡❝❡r ❞✐☞❝✉❧❞❛❞❡s✱ ♦✉ ♠❡s♠♦ ♥❛ ✐♥t❡r♣r❡t❛✘❝⑦❛♦ ♣♦r ♣❛rt❡ ❞❡ ❛❧❣✉♥s✳ ❆ ☞♥❛❧✱ ❛

✈❡r✐☞❝❛✘❝⑦❛♦ ❞❡✈❡ s❡r ❡♥❝♦r❛❥❛❞❛ ♣❛r❛ ☞①❛r ❛s ✐❞❡✐❛s✳

Uma Solução:

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ❛q✉✐ ✓❡ ✐❞❡♥t✐☞❝❛r ❛s q✉❛♥t✐❞❛❞❡s ❞❡s❝♦♥❤❡❝✐❞❛s✱ ♥♦ ❝❛s♦ ♦s ❞♦✐s

t✐♣♦s ❞❡ ❧❛❞r⑦♦❡s ♦s ❛r♠❛❞♦s ❡ ♦s ❞❡s❛r♠❛❞♦s✱ ❞❡♣♦✐s ❡s❝r❡✈❡r ❞✉❛s ❡q✉❛✘❝⑦♦❡s✳

❙❡❥❛ ① ♦s ❧❛❞r⑦♦❡s ❛r♠❛❞♦s ❡ ② ♦s ❧❛❞r⑦♦❡s ❞❡s❛r♠❛❞♦s✳ ❈♦♠♦ ❡♥tr❛r❛♠ ❞❡③ ❧❛❞r⑦♦❡s

t❡♠♦s✿

①+② = ✶✵
❆❣♦r❛✱ ❛s ♦✉tr❛s ✐♥❢♦r♠❛✘❝⑦♦❡s ❛ ❝❡r❝❛ ❞♦ r♦✉❜♦ s⑦❛♦✿ ❢♦r❛♠ ❧❡✈❛❞❛s ✺✻ ♣✓❡r♦❧❛s✱ ❝❛❞❛

❧❛❞r⑦❛♦ ❛r♠❛❞♦ ❧❡✈♦✉ ❝♦♥s✐❣♦ ✻ ♣✓❡r♦❧❛s ❡♥q✉❛♥t♦ ♦s ❞❡♠❛✐s ✺ ❝❛❞❛✳ ❚❡♠♦s ❛ss✐♠

❛ ♦✉tr❛ ❡q✉❛✘❝⑦❛♦✿

✻①+✺② = ✺✻



✼✸

❯s❛♥❞♦ ❛s ❞✉❛s ❡q✉❛✘❝⑦♦❡s✿ ⎧⎪⎪⎨⎪⎪⎩
①+② = ✶✵

✻①+✺② = ✺✻

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❡♥❝♦♥tr❛♠♦s✱ ① = ✻ ❡ ② = ✹✳

▲♦❣♦ ❢♦r❛♠ ✻ ❧❛❞r⑦♦❡s ❛r♠❛❞♦s✳

✽✳ ❭❆❣♦r❛ ✉♠❛ ❤✐st✓♦r✐❛ ♠❛✐s ❢❡❧✐③✧✱ ❞✐ss❡ ❙❤❡r❛③❛❞❡✳ ❭❈❡rt♦ ❞✐❛✱ ✉♠ ❤♦♠❡♠ tr♦✉①❡

❝✐♥q✉❡♥t❛ ❡ ♥♦✈❡ ♣❡❞r❛s ♣r❡❝✐♦s❛s ♣❛r❛ ✈❡♥❞❡r ❛ ❆❜❞✉❧✳ ❆❧❣✉♠❛s ❞❡❧❛s ❡r❛♠

❡s♠❡r❛❧❞❛s✱ ❡ ❛s ♦✉tr❛s r✉❜✐s✳ ❆s ♣❡❞r❛s ✈✐♥❤❛♠ ❣✉❛r❞❛❞❛s ❡♠ s❛❝♦s s❡♣❛r❛❞♦s✱

♥♦✈❡ ❡s♠❡r❛❧❞❛s ❡♠ ❝❛❞❛ s❛❝♦ ❞❡ ❡s♠❡r❛❧❞❛s ❡ q✉❛tr♦ r✉❜✐s ❡♠ ❝❛❞❛ s❛❝♦ ❞❡ r✉❜✐s✳

◗✉❛♥t❛s ❞❛s ♣❡❞r❛s ❡r❛♠ r✉❜✐s❄✧

Comentários:

❊ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ♠❛✐s ❝✉r✐♦s♦ s❡ ❛♣❧✐❝❛❞♦ ♣r✓♦①✐♠♦ ❛♦ ❛♥t❡r✐♦r✳ ❆q✉✐ ♦

♦❜❥❡t✐✈♦ ✓❡ ❛t❡♥t❛r ♣❛r❛ ❛ ❭❛✉s❫❡♥❝✐❛✧ ❞❛ s❡❣✉♥❞❛ ❡q✉❛✘❝⑦❛♦✳ P♦❞❡♥❞♦ ❝♦♥❢✉♥❞✐r

♠✉✐t♦s ❛❧✉♥♦s✳

P♦❞❡♥❞♦ s❡r ❛♣❧✐❝✓❛✈❡❧ ❛ ♣❛rt✐r ❞♦ s✓❡t✐♠♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❡❧❡ ❝♦♥s✐st❡

❡♠ tr❛❜❛❧❤❛r ❛ ♣❡r❝❡♣✘❝⑦❛♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉✘❝⑦❛♦ ❛tr❛✈✓❡s ❞❡ t❡♥t❛t✐✈❛✱ ✉♠❛

✈❡③ q✉❡ ♥⑦❛♦ s❡ ❡s♣❡r❛ q✉❡ ❛❧✉♥♦s ❞♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ ❡ ❢✉♥❞❛♠❡♥t❛❧ ✉s❡♠ ♦ ♠✓❡t♦❞♦

❞❡ ❡q✉❛✘❝⑦♦❡s ❞✐♦❢❛♥t✐♥❛s✳

✓❊ ✐♠♣♦rt❛♥t❡ q✉❡ ♦s ❛❧✉♥♦s ❥✓❛ r❡❝♦♥❤❡✘❝❛♠ ❡ s❛✐❜❛♠ r❡s♦❧✈❡r s✐st❡♠❛s ❞❡ ❡q✉❛✘❝⑦♦❡s

❧✐♥❡❛r❡s✱ ♣♦✐s ❛q✉✐ ♠❡s♠♦ ✐♥st✐❣❛❞♦s ❛ r❡s♦❧✈❡r ♠❡♥t❛❧♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛✱ ♦ ♣r♦✲

❢❡ss♦r ♣♦❞❡ ♦r✐❡♥t❛r ✉♠ ❝❛♠✐♥❤♦ ♠❛t❡♠✓❛t✐❝♦ ♣❛r❛ s✉❛ s♦❧✉✘❝⑦❛♦✱ ♦✉ ♠❡s♠♦ ♣❡❞✐r

❛♦s ❛❧✉♥♦s ✉♠ ♠♦❞♦ ❞❡ r❛❝✐♦❝✐♥❛r✳

◆❡ss❡ ❝❛s♦✱ s❡ ❛❧❣✉♠ r❡❝✉rs♦ ♠❛t❡r✐❛❧ ♣✉❞❡r s❡r ✉s❛❞♦ ❛ ☞♠ ❞❡ r❡❢❛③❡r ❛ s✐t✉❛✘❝⑦❛♦✱

❡❧❡ ♣♦❞❡ s❡r ❜❡♠ ✉t✐❧✐③❛❞♦✱ ❡♠❜♦r❛ ❛s ❞✐☞❝✉❧❞❛❞❡s s❡r⑦❛♦ ♠❛✐♦r❡s q✉❡ ♦s ♣r♦❜❧❡♠❛s

q✉❡ ❡♥✈♦❧✈❡♠ ❞✉❛s ❡q✉❛✘❝⑦♦❡s✳ ▼❛s ❝♦♠ ♦ ♠✓❡t♦❞♦ ❞❡ ✈❡r✐☞❝❛✘❝⑦❛♦ ♦s ❛❧✉♥♦s ♣♦❞❡♠

❝❤❡❣❛r ❛ ✉♠❛ ❝♦♥❝❧✉s⑦❛♦✳

Uma Solução:

Pr✐♠❡✐r❛♠❡♥t❡✱ s❡❥❛♠ ① ♦ ♥✓✉♠❡r♦ t♦t❛❧ ❞❡ ❡s♠❡r❛❧❞❛s ❡ ② ♦ ♥✓✉♠❡r♦ t♦t❛❧ ❞❡ r✉❜✐s✳

❈♦♠♦ ❢♦r❛♠ tr❛③✐❞❛s ❛ ❆❜❞✉❧ ✺✾ ♣❡❞r❛s t❡♠♦s ❛ ❡q✉❛✘❝⑦❛♦✿

✾①+✹② = ✺✾
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❆ ❡q✉❛✘❝⑦❛♦ ❛❝✐♠❛ ✓❡ ✉♠❛ ❡q✉❛✘❝⑦❛♦ ❞❛ ❢♦r♠❛✿

❛❳ +❜❨ = ❝❀

❝♦♠ ❛❀ ❜❀ ❝ ∈Z✳

❊ss❛s ❡q✉❛✘❝⑦♦❡s s⑦❛♦ ❝❤❛♠❛❞❛s ❞❡ ❊q✉❛✘❝⑦♦❡s ❉✐♦❢❛♥t✐♥❛s ▲✐♥❡❛r❡s✳

❖❜s❡r✈❡ q✉❡ ❛ ❡q✉❛✘❝⑦❛♦ t❡♠ s♦❧✉✘❝⑦❛♦✱ ♣♦✐s (✾❀✹) ∣ ✺✾✳ ❊ ❞ = (✾❀✹) = ✶
❱❛♠♦s✱ ❛❣♦r❛ ❞❡t❡r♠✐♥❛r ✉♠❛ s♦❧✉✘❝⑦❛♦ ♣❛rt✐❝✉❧❛r ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❡✉❝❧✐❞✐❛♥♦✳

✾ = ✹ ⋅✷+✶
✶ = ✾−✹ ⋅✷ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ✺✾✱ t❡♠♦s✿

✺✾ = ✾ ⋅(✺✾)+✹ ⋅(−✶✶✽)✳
❚❡♠♦s✱ ❛ss✐♠ ❛s s♦❧✉✘❝⑦♦❡s ♣❛rt✐❝✉❧❛r❡s✱ ①✵ = ✺✾ ❡ ②✵ = −✶✶✽✿
❆ s♦❧✉✘❝⑦❛♦ s⑦❛♦ ❞❛ ❢♦r♠❛✿

① = ①✵ + ❜
❞t ❡ ② = ②✵ − ❛

❞ t✱ ❛ss✐♠ ☞❝❛♠♦s ❝♦♠ ❛s s❡❣✉✐♥t❡s ❡q✉❛✘❝⑦♦❡s✿ ① = ✺✾+ ✹t ❡

② = −✶✶✽−✾t ♦♥❞❡ t ∈Z ✳

❈♦♠♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s✓♦ t❡♠ s❡♥t✐❞♦ ♣❛r❛ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s ✈❛♠♦s ♣r♦❝✉r❛r t ∈Z✱

t❛❧ q✉❡ t ❛s s♦❧✉✘❝⑦♦❡s s❡❥❛♠ ♣♦s✐t✐✈❛s✳

❋❛③❡♥❞♦ ① > ✵ ❡ ② > ✵ t❡♠♦s✿

✺✾+✹t > ✵ ❡ −✶✶✽−✾t > ✵ ❡♥❝♦♥tr❛♠♦s t = −✶✹✿
❙✉❜st✐t✉✐♥❞♦ ♥❛s s♦❧✉✘❝⑦♦❡s✱ t❡♠♦s ☞♥❛❧♠❡♥t❡✿

① = ✸ ❡ ② = ✽

P♦rt❛♥t♦✱ s⑦❛♦ ✸ s❛❝♦s ❝♦♠ ✾ ❡s♠❡r❛❧❞❛s ❡ ✽ s❛❝♦s ❝♦♠ ✹ r✉❜✐s ❝❛❞❛✱ t♦t❛❧✐③❛♥❞♦

✷✼ ❡s♠❡r❛❧❞❛s ❡ ✸✷ r✉❜✐s✳

✾✳ ❆s tr❫❡s ❛r❝❛s

❙❤❡r❛③❛❞❡ ❝♦♠❡✘❝♦✉✿ ❭❆✉s♣✐❝✐♦s♦ ▼♦♥❛r❝❛✦ ❆❜❞✉❧✱ ♦ ❥♦❛❧❤❡✐r♦✱ t❡♠ ❡♠ ❝❛s❛ tr❫❡s

❛r❝❛s✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ❞✉❛s ❣❛✈❡t❛s✳ ◆✉♠❛ ❞❛s ❛r❝❛s✱ ❛s ❞✉❛s ❣❛✈❡t❛s ❝♦♥t✓❡♠✱ ❝❛❞❛

✉♠❛✱ ✉♠ r✉❜✐✳ ◆❛ s❡❣✉♥❞❛ ❛r❝❛✱ ❝❛❞❛ ✉♠❛ ❞❛s ❞✉❛s ❣❛✈❡t❛s ✉♠❛ ❡s♠❡r❛❧❞❛ ❡✱ ♥❛

t❡r❝❡✐r❛✱ ✉♠❛ ❞❛s ❣❛✈❡t❛s ❝♦♥t✓❡♠ ✉♠ r✉❜✐ ❡ ❛ ♦✉tr❛✱ ✉♠❛ ❡s♠❡r❛❧❞❛✳ ❱❛♠♦s s✉♣♦r

q✉❡ ❱♦ss❛ ▼❛❥❡st❛❞❡ ❡s❝♦❧❤❛ ✉♠❛ ❞❛s ❛r❝❛s ❛♦ ❛❝❛s♦✱ ❛❜r✐♥❞♦ ✉♠❛ ❞❛s ❣❛✈❡t❛s ❡

❡♥❝♦♥tr❛♥❞♦ ✉♠ r✉❜✐✳ ◗✉❛❧ ✓❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ ♦✉tr❛ ❣❛✈❡t❛ ❞❛ ♠❡s♠❛

❛r❝❛ t❛♠❜✓❡♠ ❝♦♥t❡♥❤❛ ✉♠ r✉❜✐❄✧



✼✺

❭❉❡✐①❡✲♠❡ ✈❡r✧✱ r❡s♣♦♥❞❡✉ ♦ r❡✐✱ ❡ r❡✌❡t✐✉ ♣♦r ❛❧❣✉♠ t❡♠♣♦✳ ❭❆❤✱ s✐♠✱ ❛s ❝❤❛♥❝❡s

s⑦❛♦ ❞❡ ❝✐♥q✉❡♥t❛ ♣♦r ❝❡♥t♦✳✧

❭P♦rq✉❫❡✧ P❡r❣✉♥t♦✉ ❙❤❡r❛③❛❞❡✳

❭P♦rq✉❡✱ t❡♥❞♦ ❛❜❡rt♦ ✉♠❛ ❣❛✈❡t❛ ❡ ❡♥❝♦♥tr❛❞♦ ✉♠ r✉❜✐✱ ❛ ❛r❝❛ ❝♦♠ ❛s ❞✉❛s

❡s♠❡r❛❧❞❛s ❡st✓❛ ❡❧✐♠✐♥❛❞❛✱ ❡ ♥❡ss❡ ❝❛s♦ s✓♦ ♣♦ss♦ t❡r ❡s❝♦❧❤✐❞♦ ❛ ❛r❝❛ ❝♦♠ ❛s ❞✉❛s

♣❡❞r❛s ❞✐❢❡r❡♥t❡s ♦✉ ❡♥t⑦❛♦ ❛ ❛r❝❛ ❝♦♠ ♦s ❞♦✐s r✉❜✐s✱ ❡ ♣♦rt❛♥t♦ ❛s ❝❤❛♥❝❡s s⑦❛♦ ❞❡

✉♠❛ ❡♠ ❞✉❛s✳✧

❖ r❡✐ ❡st❛✈❛ ❝❡rt♦❄

Comentários:

❙✐t✉❛✘❝⑦♦❡s ♦♥❞❡ s❡ t❡♥t❛♠ ❛❞✐✈✐♥❤❛r ❝❡rt♦s r❡s✉❧t❛❞♦s s⑦❛♦ ♠✉✐t♦ ❝♦♠✉♥s ♥♦s ♣♦✲

♣✉❧❛r❡s ❥♦❣♦s ❞❡ ❛③❛r✳ ▼❛s ♣❛r❛ ♥⑦❛♦ t❡♥t❛r ❡♠ ✈⑦❛♦ ❛❞✐✈✐♥❤❛r ❛❧❣♦✱ ❞❡✈❡✲s❡ ❛♥t❡s

❡♥t❡♥❞❡r q✉❛❧ ❛ ❝❤❛♥❝❡ ❞❡ s❡ ❛❝❡rt❛r✱ ♦✉ ❞❡ ❛❝♦♥t❡❝❡r ♦ ❞❡s❡❥❛❞♦✳

Pr❡❝✐s❛♠♦s ❡♥t❡♥❞❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜✓❛s✐❝♦s ♣❛r❛ ♥⑦❛♦ ❝❛✐r ❡♠ tr✉q✉❡s ♦♥❞❡ s❡❥❛

q✉❛s❡ ✐♠♣♦ss✓✏✈❡❧ ♣r❡✈❡r ♦ r❡s✉❧t❛❞♦✱ ❞❡✈❡♠♦s s❛❜❡r s❡ ❛s ❝❤❛♥❝❡s ❞❡ ✉♠ ❝❡rt♦

❡✈❡♥t♦ s⑦❛♦ ❛s ♠❡s♠❛s ♣❛r❛ s✉❛ ♦❝♦rr❫❡♥❝✐❛✳ ◆❡ss❡ ♣r♦❜❧❡♠❛✱ ❞❡st✐♥❛❞♦ ❛♦s ❛❧✉♥♦s

❞♦ ❡♥s✐♥♦ ♠✓❡❞✐♦✱ q✉❡ ♣♦ss✉❡♠ ❡♠ s✉❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ❡ss❡ ❝♦♥t❡✓✉❞♦✳

❖s ❛❧✉♥♦s ❞❡✈❡♠ ❥✓❛ ❡♥t❡♥❞❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❜❡♠ ❝♦♠♦✱ ❡s♣❛✘❝♦

❛♠♦str❛❧ ❡ ❡✈❡♥t♦s✳ ❆♥❛❧✐s❛r ❡♠ ✉♠❛ s✐t✉❛✘❝⑦❛♦✱ q✉❛♥❞♦ ♦ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ♠✉❞❛ ❡

❛ss✐♠ ♣♦❞❡r ❡♥t❡r❞❡r s❡ ♦ ❡✈❡♥t♦ t❡♠ ♠❛✐s ♦✉ ♠❡♥♦s ❝❤❛♥❝❡s ❞❡ ♦❝♦rr❡r✳

▼✉✐t♦s ♣r♦❜❧❡♠❛s s♦❜r❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ t❡♠ s✉❛ ♠❛✐♦r ❞✐☞❝✉❧❞❛❞❡ ♥♦ ❝♦♥t❡①t♦ ❞❛

✐♥t❡r♣r❡t❛✘❝⑦❛♦✱ ❧❡✈❛♥❞♦ ❛ ❝♦♠❡t❡r ♠✉✐t♦s ❡rr♦s✳ ❆♦ t✓❡r♠✐♥♦ ❞♦ ♣r♦❜❧❡♠❛ t❡♥t❛r

r❡♣❡t✐r s❡ ♣♦ss✓✏✈❡❧ ❛ s✐t✉❛✘❝⑦❛♦ ❛❧❣✉♠❛s ✈❡③❡s ❡ ❛♥♦t❛♥❞♦ s❡✉s r❡s✉❧t❛❞♦s ♣♦ss✐❜✐❧✐t❛

✉♠❛ ♠❛✐♦r ❛❝❡✐t❛✘❝⑦❛♦ ❞❡ s✐t✉❛✘❝⑦♦❡ ♠❛✐s s✐♠♣❧❡s✱ t♦r♥❛♥❞♦ ❛ r❡s♣♦st❛ ❛❧❣♦ ❝r✓✏✈❡❧✱

♣❛r❛ q✉❡ ❡♠ ♣r♦❜❧❡♠❛s ♠❛✐s ❝♦♠♣❧❡①♦s ♦♥❞❡ ♥⑦❛♦ s❡ ♣♦ss❛ r❡❢❛③❡r ♦ ❡①♣❡r✐♠❡♥t♦

♥⑦❛♦ s❡❥❛♠ ✐❣♥♦r❛❞♦s ♥❡♠ ❡♥t❡♥❞✐❞♦s✳

Uma Solução:

P❛r❛ ❛ ♣r✐♠❡✐r❛✱ ❣❛✈❡t❛ t❡♠♦s ✉♠ ❡s♣❛✘❝♦ ❛♠♦str❛❧ ❝♦♠ s❡✐s ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❡ ❝♦♠

tr❫❡s r✉❜✐s✱ ❧♦❣♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✓❡ ✶ ❡♠ ✷✳

P♦r✓❡♠✱ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ♣❡❞r❛ r❡t✐r❛❞❛ ❢♦✐ ✉♠ r✉❜✐✱ ❛ ✉r♥❛ ❝♦♠ ❡s♠❡r❛❧❞❛ ♥⑦❛♦ ❢❛r✓❛

♣❛rt❡ ♠❛✐s ❞♦ ❡s♣❛✘❝♦ ❛♠♦str❛❧✱ s❡♥❞♦ ❛ ❛r❝❛ ❘❘ ✭r✉❜✐✱ r✉❜✐✮ ❡ ❛ ❛r❝❛ ✷ ❘❊ ✭r✉❜✐
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❡s♠❡r❛❧❞❛✮✳ ❈♦♠♦ ✉♠❛ ❣❛✈❡t❛ ❡st✓❛ ❛❜❡rt❛✱ r❡st❛♠ tr❫❡s ❣❛✈❡t❛s q✉❡ ✓❡ ♦ ❡s♣❛✘❝♦

❛♠♦str❛❧✱ ❝♦♠♦ r❡st❛♠ ❞♦✐s r✉❜✐s✱ t❡♠♦s ❝♦♠♦ r❡s♣♦st❛✱ ✷ ❡♠ ✸✳

❆ss✐♠✿♣(❘) = ✷
✸

✶✵✳ ❯♠ ❛❧✉♥♦ ❊s♣❡rt♦

❭❊ ❛❣♦r❛✧✱ ❞✐ss❡ ❙❤❡r❛③❛❞❡✱ ❭❡✉ ❣♦st❛r✐❛ ❞❡ ♣r♦♣♦r ✉♠ ♣r♦❜❧❡♠❛ s♦❜r❡ ✉♠ ✐♠✲

♣♦rt❛♥t❡ ❢❛t♦ ♠❛t❡♠✓❛t✐❝♦✳ ✓❊ s♦❜r❡ ✉♠ ❣❛r♦t♦ q✉❡✱ ❝❡rt♦ ❞✐❛✱ ❝♦♠♣♦rt♦✉✲s❡ ♠✉✐t♦

♠❛❧ ♥❛ ❛✉❧❛✳ P❛r❛ ❝❛st✐❣✓❛✲❧♦✱ s❡✉s ♣r♦❢❡ss♦r❡s ♠❛♥❞❛r❛♠ q✉❡ ❡❧❡ s♦♠❛ss❡ t♦❞♦s ♦s

♥✓✉♠❡r♦s ❞❡ ✉♠ ❛ ♠✐❧✳✧

❭❉❡✈❡ t❡r ❧❡✈❛❞♦ ♠✉✐t♦ t❡♠♣♦✦✧ ❈♦♠❡♥t♦✉ ♦ r❡✐✳

❭❙✓♦ q✉❡ ♦ ❣❛r♦t♦ ❡r❛ ♠✉✐t♦ ❡s♣❡rt♦✱ ❡ ❞❡✉ ❛ r❡s♣♦st❛ ❡♠ ♣♦✉❝♦s s❡❣✉♥❞♦s✧✱ ❞✐ss❡

❙❤❡r❛③❛❞❡✳

❭❍✉♠♠♠✦✧ ❉✉✈✐❞♦✉ ♦ r❡✐✳

❈♦♠♦ ✓❡ q✉❡ ♦ ♠❡♥✐♥♦ ♣♦❞❡ t❡r r❡s♣♦♥❞✐❞♦ t⑦❛♦ ❞❡♣r❡ss❛❄

Comentário:

❊ss❡ ♣r♦❜❧❡♠❛✱ ♠✉✐t♦ ❝♦♥❤❡❝✐❞♦ ❛tr❛✈✓❡s ❞❛ ❤✐st✓♦r✐❛ ❞❡ ✉♠ ❣r❛♥❞❡ ♠❛t❡♠✓❛t✐❝♦

❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ss✱ ✓❡ ✉♠❛ t❡♥t❛t✐✈❛ ❞♦ ♣♦❞❡r ❞❡ ♠❛♥✐♣✉❧❛✘❝⑦❛♦ ♠❛t❡♠✓❛t✐❝❛✱ ❞❡

❡♥❝♦♥tr❛r ✉♠ ♠❡✐♦ ❞❡ ❡❢❡t✉❛r ✉♠ tr❛❜❛❧❤♦ ❣✐❣❛♥t❡s❝♦ r✓❛♣✐❞♦✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛

t✓❡❝♥✐❝❛✳

❉❡✈❡✲s❡ ♣r♦♣♦r ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♦ ❡ss❡ ❝♦♠ ❜❛st❛♥t❡ ❛t❡♥✘❝⑦❛♦✱ ♣♦✐s ❛♦s ❛❧✉♥♦s

q✉❡ ♥⑦❛♦ t❡♠ ❛✐♥❞❛ ❛ ♥♦✘❝⑦❛♦ ❞❡ s❡q✉❫❡♥❝✐❛s ♥❡♠ ❞❡ ♣r♦❣r❡ss⑦♦❡s ♣♦❞❡♠ ❛❝❤❛r q✉❡

♥⑦❛♦ ❤✓❛ ♠❛♥❡✐r❛ ❞❡ r❡s♦❧✈❡r t❛❧ s✐t✉❛✘❝⑦❛♦ ❛ ♥⑦❛♦ s❡r ❡❢❡t✉❛♥❞♦ ♦s ❝✓❛❧❝✉❧♦s✳ ❊♥q✉❛♥t♦

q✉❡ s❡ ♦s ❛❧✉♥♦s ❥✓❛ ✈✐r❛♠ s❡q✉❫❡♥❝✐❛s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛s ♣r♦❣r❡ss⑦♦❡s ❛r✐t♠✓❡t✐❝❛s ❡ s✉❛s

s♦♠❛s✱ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ ❛♣❧✐❝❛✘❝⑦❛♦ ❞❡ ❢✓♦r♠✉❧❛s✳ P♦rt❛♥t♦

♠❡s♠♦ ❛♣❧✐❝❛❞♦ ♥♦ ❡♥s✐♥♦ ♠✓❡❞✐♦ q✉❛♥t♦ ♥♦ ❢✉♥❞❛♠❡♥t❛❧ ♦ ♣r♦❢❡ss♦r ❞❡✈❡ ✈❡r✐☞❝❛r

❛♥t❡s q✉❛❧ ♦ ✐♥t❡r❡ss❡ ❞❛ t✉r♠❛ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ss❡ t✐♣♦✳

❖ ♣r♦❜❧❡♠❛ s❡ ❛♣r❡s❡♥t❛ ♠❛✐s ❛tr❛❡♥t❡ ❞❡✈✐❞♦ ❡st❛r ✐♥s❡r✐❞♦ ❡♠ ✉♠ ❝♦♥t❡①t♦✱

❡♥t⑦❛♦ ❝❛❜❡ ❛♦ ♣r♦❢❡ss♦r ✈❡r✐☞❝❛r ❛s ❝♦♥❞✐✘❝⑦♦❡s ♥❡❝❡ss✓❛r✐❛s ♣❛r❛ ❛ r❡s♦❧✉✘❝⑦❛♦ ❞♦ ♣r♦✲

❜❧❡♠❛✱ ❛q✉✐ t❡♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞♦s ❛❧✉♥♦s ❡s❝r❡✈❡r❡♠ ❛s s❡q✉❫❡♥❝✐❛s ❞❡ ❢♦r♠❛ ❛

♦❜s❡r✈❛r ♦ ✐♥✓✏❝✐♦✱ ♦ ☞♠ ❡ ♦ ♠❡✐♦ ♣❛r❛ s❛❜❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s❡q✉❫❡♥❝✐❛ ❝♦♠♦

✉♠ t♦❞♦✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ❛♥t❡s ❛❧❣✉♠ ❡①❡r❝✓✏❝✐♦ q✉❡ ❢♦r❝❡ ♦s ❛❧✉♥♦s ❛ ❛ss♦❝✐❛r❡♠

♥✓✉♠❡r♦s ♣❛r❛ ❡❢❡t✉❛r❡♠ s♦♠❛s✱ ❛ ☞♠ ❞❡ ♣♦ss✐❜✐❧✐t❛r ♦ ❞❡s♣❡rt❛r ❞♦ ♠✓❡t♦❞♦ q✉❡

s❡ ❞❡s❡❥❛ ❛♣❧✐❝❛r✳



▼❡s♠♦ s❛❜❡♥❞♦ q✉❡ ❛♣❧✐❝❛♥❞♦ ✉♠❛ t✓❡❝♥✐❝❛ ♦ ♣r♦❜❧❡♠❛ s❡ r❡s♦❧✈❡ ❢❛❝✐❧♠❡♥t❡✱ ♦

♣r♦❢❡ss♦r t❡♠ q✉❡ ❡st❛r ♣r❡♣❛r❛❞♦ ♣❛r❛ ❛s ❞✐☞❝✉❧❞❛❞❡s✱ ♣♦✐s ♥❡ss❡ ❝❛s♦✱ t❡r ❛ ✐❞❡✐❛

❞❡ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ✓❡ ❜❛st❛♥t❡ s✉t✐❧✱ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ❛❥✉❞❛r ♠❛s s❡♠ ✐♥t❡r❢❡r✐r

♦✉ ❞✐③❡r ❡s♣❡❝✐☞❝❛♠❡♥t❡ ❝♦♠♦ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ♣r♦❝✉r❛❞♦✳

P♦r ☞♠✱ ✉s❛r ♦ ❛❧❣♦r✓✏t✐♠♦ ❡♠ ❝❛s♦s ♠❡♥♦r❡s q✉❡ ♣♦ss❛♠ s❡r ✈❡r✐☞❝❛❞♦s ❛ ♠⑦❛♦ ♣❛r❛

♠♦str❛r ♦ ♣♦❞❡r q✉❡ ❡❧❡ ♣♦ss✉✐✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❢r❡♥t❡ ❛ ❣r❛♥❞❡ ♦♣❡r❛✘❝⑦♦❡s✳ ❈♦♥s❡✲

❣✉✐r ❣❡♥❡r❛❧✐③❛r ❡ss❡ r❡s✉❧t❛❞♦ ✓❡ ✉♠❛ ❢♦r♠❛ ❞❡ ♠♦str❛ q✉❡ ❛ ♣❛rt✐r ❞♦ r❛❝✐♦❝✓✏♥✐♦

❡ ♦❜s❡r✈❛✘❝⑦❛♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❢❛t♦s ✐♠♣♦rt❛♥t❡s✳

Uma solução:

❖❜s❡r✈❡♠♦s q✉❡ ❛ s❡q✉❫❡♥❝✐❛ ❞❡ ♥✓✉♠❡r♦s q✉❡ s❡ ❛♣r❡s❡♥t❛ ✓❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶+✷+✸+✹+ ✿ ✿ ✿+✾✾✽+✾✾✾+✶✵✵✵

❆ss✐♠✱ ✈❡♠♦s q✉❡ ❛ s♦♠❛ ✓❡ ❞♦s t❡r♠♦s ❞❡ ✉♠❛ s❡q✉❫❡♥❝✐❛ ❝♦♠♦ ❞❛❞❛ ❛❜❛✐①♦✿

(✶❀ ✷❀ ✸❀ ✿ ✿ ✿✾✾✽❀ ✾✾✾❀ ✶✵✵✵)

P♦rt❛♥t♦✱ t❡♠♦s ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❛✶ = ✶✱ ❝♦♠♦ s❡❣✉♥❞♦ t❡r♠♦ t❡♠♦s ❛✷ = ✷ s❡✲

❣✉✐♥❞♦ ❡ss❡ r❛❝✐♦❝✓✏♥✐♦ t❡♠♦s ♦ ♠✐❧✓❡s✐♠♦ t❡r♠♦ ❛✶✵✵✵ = ✶✵✵✵✿

▲♦❣♦✱ ❛ s❡q✉❫❡♥❝✐❛ ✓❡ ✉♠❛ ♣r♦❣r❡ss⑦❛♦ ❛r✐t♠✓❡t✐❝❛ ✭P✳❆✳✮ ❞❡ r❛③⑦❛♦ ✶✱ q✉❡ ♣♦ss✉✐ ♠✐❧

t❡r♠♦s✳

❯s❛♥❞♦ ❛ ❢✓♦r♠✉❧❛ ❞❛ s♦♠❛ ❞♦s t❡r♠♦s ❞❡ ✉♠❛ P✳❆✳ t❡♠♦s✿

❙ =
♥(♥−✶)

✷

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s✱ ✈❛♠♦s ☞❝❛r ❝♦♠✿

❙ =
✶✵✵✵(✶✵✵✵−✶)

✷

=
✶✵✵✵

✾✾✾

=
✾✾✾✵✵✵

✷

= ✹✾✾✺✵✵
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5 CONSIDERAÇÕES FINAIS

❆ ❢♦r♠❛ ❝♦♠ q✉❡ s⑦❛♦ tr❛t❛❞♦s ♦s ♣r♦❜❧❡♠❛s ❡♠ ♠❛t❡♠✓❛t✐❝❛ ❛✐♥❞❛ ❡st✓❛ ❧♦♥❣❡ ❞❡

❛❣r❛❞❛r ❛ ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s✱ ♣♦✐s ♠✉✐t♦s s⑦❛♦ ❛s ❞✐☞❝✉❧❞❛❞❡s ❡♥❝♦♥tr❛❞❛s ❡♠ s❛❧❛ ❞❡

❛✉❧❛✳ ❈❛❜❡ ❛ t♦❞❛ ❛ s♦❝✐❡❞❛❞❡ s❡ ✉♥✐r ❡ ❢♦rt❛❧❡❝❡r ♦ ♣r❛③❡r ♣❡❧♦s ❡st✉❞♦s ♥⑦❛♦ s✓♦ ❡♠

♠❛t❡♠✓❛t✐❝❛✳

◆❡ss❛ ♣❡sq✉✐s❛✱ ♣r♦❝✉r❛♠♦s r❡✌❡t✐r s♦❜r❡ ♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠✓❛t✐❝❛ ❡ s✉❛ r❡❧❛✘❝⑦❛♦

❝♦♠ ❛ ❡❞✉❝❛✘❝⑦❛♦✱ ♣❛r❛ ❝♦♥s❡❣✉✐r ❛❧❝❛♥✘❝❛r ♦s ♦❜❥❡t✐✈♦s ❝♦♠ ❛ ♠❛t❡♠✓❛t✐❝❛ ❡♠ ♣❛rt✐❝✉❧❛r

♣r❡❝✐s❛♠♦s ♣❡♥s❛r ♥❛ ❡❞✉❝❛✘❝⑦❛♦ ❝♦♠♦ ✉♠ t♦❞♦ ❡♠ ♥♦ss❛s ❡s❝♦❧❛s ♥♦ ❇r❛s✐❧✳ ❆ ♣❛rt✐r

❞❛✓✏✱ tr❛✘❝❛r ♠❡t❛s ✐♥❞✐✈✐❞✉❛✐s ❞❡ ❡♥s✐♥♦✱ ❢❛③❡r ❞❛ ❜✉s❝❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ✉♠ ❛♣♦✐♦ ♣❛r❛

♦s ♣r♦❢❡ss♦r❡s q✉❡ ❛ss✐♠ ♣♦❞❡r⑦❛♦ tr❛❜❛❧❤❛r ❝♦♠ ♠❛✐s s❡r✐❡❞❛❞❡ ❡ s❡❣✉r❛♥✘❝❛✳

❚❛♠❜✓❡♠ ❛t❡♥t❛♠♦s ♣❛r❛ ❛ ❢♦r♠❛ ❝♦♠ q✉❡ ♦s ♣r♦❜❧❡♠❛s ❡♠ ♠❛t❡♠✓❛t✐❝❛ s⑦❛♦ ❣❡r❛❧✲

♠❡♥t❡ ✈✐st♦s ♣❡❧♦s ❛❧✉♥♦s ❡ ❛❧❣✉♥s ♣r♦❢❡ss♦r❡s✱ ❝♦♠♦ ❛❧❣♦ r✉✐♠ q✉❡ ❞❡✈❡♠♦s ❡✈✐t❛r✱ ♠❛s

❞❡✈❡♠♦s ❛ ♣❛rt✐r ❞❡❧❡s tr❛✘❝❛r ♠❡✐♦s ❞❡ r❡s♦❧✈❫❡✲❧♦s ♣♦r ❝♦♠♣❧❡t♦ ♦✉ ♣♦r ♣❛rt❡s✱ ❝♦♠ ❜❛s❡

❡♠ ♠♦❞❡❧♦s ❛♣r❡♥❞❡r ❛ tr❛t❛r ❞❡ ❝❛❞❛ s✐t✉❛✘❝⑦❛♦ ❞❡ ❢♦r♠❛ ❡s♣❡❝✓✏☞❝❛✱ ❡♥☞♠✱ ♣r♦❝✉r❛r

♠✓❡t♦❞♦s q✉❡ s❡ ❛♣❧✐q✉❡♠ ✒❛s ♥♦ss❛s ♥❡❝❡ss✐❞❛❞❡s ❡♠ ✈❡③ ❞❡ ❢✉❣✐r ❡ ✐❣♥♦r✓❛✲❧♦s✳

❈♦♠ r❡❧❛✘❝⑦❛♦ ❛ ♣❛rt❡ ♠❛t❡♠✓❛t✐❝❛✱ ☞③❡♠♦s ✉♠ r❡s✉♠♦ ❞❡ ❢❛t♦s ✐♠♣♦rt❛♥t❡s q✉❡ ♦

♣r♦❢❡ss♦r ❞❡✈❡ ❝♦♥❤❡❝❡r ♣❛r❛ tr❛t❛r ❛s ❞✐✈❡rs❛s s✐t✉❛✘❝⑦♦❡s ❛q✉✐ ❛♣r❡s❡♥t❛❞❛s ❝♦♠ ♠❛✐♦r

s❡❣✉r❛♥✘❝❛✳ ❯♠❛ ✈❡③ q✉❡ ♦ ♣r♦❢❡ss♦r ❝♦♥❤❡❝❡ ❝♦♠♦ ❝❛❞❛ ❝♦♥t❡✓✉❞♦ s❡ ❝♦♠♣♦rt❛ ♥❛s

♠❛✐s ❞✐✈❡rs❛s s✐t✉❛✘❝⑦♦❡s ♣❡r♠✐t❡ q✉❡ ❡❧❡ ♣♦ss❛ s❡♠♣r❡ ❛❝r❡s❝❡♥t❛r ❛❧❣♦ ❛♦ ❛❧✉♥♦ q✉❡ ♥⑦❛♦

❝♦♥t❡♥❤❛ ♥♦ ❧✐✈r♦✱ q✉❡ ♦ ♣r♦❢❡ss♦r ❢❛✘❝❛ ❞♦ ❝♦♥t❡✓✉❞♦ q✉❡ ❥✓❛ ❞♦♠✐♥❛ ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛

❛♦ s❡✉ ❢❛✈♦r✱ ❢❛③❡♥❞♦ ♦ ❛❧✉♥♦ s❡r ❧❡✈❛❞♦ ♣♦r ❡❧❡ ❛ ❜✉s❝❛r ❡ q✉❡r❡r ❛q✉❡❧❡ ❝♦♥❤❡❝✐♠❡♥t♦✳

◆❛ ♣❛rt❡ ❞♦s ♣r♦❜❧❡♠❛s✱ ❡s♣❡r❛♠♦s q✉❡ ♦s ♠❡s♠♦s t❡♥❤❛♠ s❡r✈✐❞♦ ♣❛r❛ ✐❧✉str❛r

❢♦r♠❛s ♠❛✐s ❛tr❛t✐✈❛s ❞❡ ❝♦♠♦ ♠♦t✐✈❛r ♦s ❛❧✉♥♦s✱ ♣♦✐s s❡ ❝♦♠♣❛r❛r♠♦s ✉♠ ♣r♦❢❡ss♦r

❛ ✉♠ ✈❡♥❞❡❞♦r✱ ❛♠❜♦s ❞❡✈❡♠ ❝♦♥s❡❣✉✐r ❛t❡♥✘❝⑦❛♦ ❞♦s s❡✉s ❝❧✐❡♥t❡s✱ ❡♠❜♦r❛ s❛❜❡♠♦s

q✉❡ ♦ ♣r♦❢❡ss♦r ♥⑦❛♦ ✓❡ ❝✉❧♣❛❞♦ ♣❡❧❛ ❢❛❧t❛ ❞❡ ♠♦t✐✈❛✘❝⑦❛♦ ❡ ✐♥t❡r❡ss❡ ❞♦s ❛❧✉♥♦s✱ ♠❛s s❡

❝♦♠♦ ✉♠ ✈❡♥❞❡❞♦r ❡❧❡ ❝♦♥s❡❣✉✐r ✉♠❛ ❜♦❛ ♣r♦♣❛❣❛♥❞❛ ❞♦ s❡✉ ❝♦♥t❡✓✉❞♦✱ t❛♥t♦ ♦ ❛❧✉♥♦

❝♦♠♦ ♦ ♣r♦❢❡ss♦r s❛❡♠ ❣❛♥❤❛♥❞♦✱ ♣♦✐s s❛❜❡♠♦s ❝♦♠♦ ✓❡ ♠❡❧❤♦r ❡♥s✐♥❛r ❛ q✉❡♠ t❡♠



✼✾

s❡❞❡ ❞❡ ❛♣r❡♥❞❡r✱ s❡♥❞♦ ❛ss✐♠ ♣♦rq✉❡ ♥⑦❛♦ ♣r♦❝✉r❛r ❡str❛t✓❡❣✐❛s ♣❛r❛ ❝♦♥s❡❣✉✐r ♠♦str❛r

❛ ✐♠♣♦rt❫❛♥❝✐❛ ❞♦ q✉❡ s❡ ❡♥s✐♥❛❄

❉❡ss❛ ❢♦r♠❛✱ ❡s♣❡r❛♠♦s q✉❡ t❛♥t♦ ♣r♦❢❡ss♦r❡s ❝♦♠♦ ❛❧✉♥♦s s❡ s✐♥t❛♠ ✐♥st✐❣❛❞♦s ❛

❜✉s❝❛r ♥♦✈❛s ❢♦r♠❛s ❞❡ ✈❡r ❛ ♠❛t❡♠✓❛t✐❝❛✱ q✉❡ ❛ ❜❡❧❡③❛ ❞❡ss❛ ♠❛t✓❡r✐❛ ♣♦ss❛ s❡r ♣❛ss❛❞❛

❞❡ ❢♦r♠❛ tr❛❞✐❝✐♦♥❛❧✱ ♣♦r✓❡♠✱ q✉❡ s❡ ♣❛ss❛❞❛ ❞❡ ❢♦r♠❛ ♠❛✐s ❛tr❛t✐✈❛✱ ♣♦ss❛ ❝♦♥tr✐❜✉✐r

❝♦♠ ♥♦✈❛s ♣❡sq✉✐s❛s ❡ ♠❡❧❤♦r❛r ❛ ❢♦r♠❛ ❝♦♠ q✉❡ s❡ ❡♥s✐♥❛ ❡ ❛♣r❡♥❞❡ ❛s s✉❛s ❞❡s❝♦❜❡rt❛s✳
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❊s❝♦❧❛✳

P❖▲❨❆ ●✱A Arte de Resolver Problemas: um novo aspecto do método ma-
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ANEXO 1

Como resolver um problema

Primeiro

✓❊ ♣r❡❝✐s♦ ❝♦♠♣r❡❡♥❞❡r ♦ ♣r♦❜❧❡♠❛✳

❈♦♠♣r❡❡♥s⑦❛♦ ❞♦ ♣r♦❜❧❡♠❛

◗✉❛❧ ✓❡ ❛ ✐♥❝✓♦❣♥✐t❛❄ ◗✉❛✐s s⑦❛♦ ♦s ❞❛❞♦s❄ ◗✉❛❧ ✓❡ ❛ ❝♦♥❞✐❝✐♦♥❛♥t❡❄

✓❊ ♣♦ss✓✏✈❡❧ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐❝✐♦♥❛♥t❡❄ ❆ ❝♦♥❞✐❝✐♦♥❛♥t❡ ✓❡ s✉☞❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r

❛ ✐♥❝✓♦❣♥✐t❛❄ ❖✉ ✓❡ ✐♥s✉☞❝✐❡♥t❡❄ ❖✉ r❡❞✉♥❞❛♥t❡❄ ❖✉ ❝♦♥tr❛❞✐t✓♦r✐❛❄

❚r❛❝❡ ✉♠❛ ☞❣✉r❛✳ ❆❞♦t❡ ✉♠❛ ♥♦t❛✘❝⑦❛♦ ❛❞❡q✉❛❞❛✳

❙❡♣❛r❡ ❛s ❞✐✈❡rs❛s ♣❛rt❡ ❞❛ ❝♦♥❞✐❝✐♦♥❛♥t❡✳ ✓❊ ♣♦ss✓✏✈❡❧ ❛♥♦t✓❛✲❧❛s❄

Segundo

❊♥❝♦♥tr❡ ❛ ❝♦♥❡①⑦❛♦ ❡♥tr❡ ♦s ❞❛❞♦s ❡ ❛ ✐♥❝✓♦❣♥✐t❛✳ ✓❊ ♣♦ss✓✏✈❡❧ q✉❡ s❡❥❛ ♦❜r✐❣❛❞♦

❛ ❝♦♥s✐❞❡r❛r ♣r♦❜❧❡♠❛s ❛✉①✐❧✐❛r❡s s❡ ♥⑦❛♦ ♣✉❞❡r ❡♥❝♦♥tr❛r ✉♠❛ ❝♦♥❡①⑦❛♦ ✐♠❡❞✐❛t❛✳ ✓❊

♣r❡❝✐s♦ ❝❤❡❣❛r ❛☞♥❛❧ ❛ ✉♠ ♣❧❛♥♦ ♣❛r❛ ❛ r❡s♦❧✉✘❝⑦❛♦✳

❊st❛❜❡❧❡❝✐♠❡♥t♦ ❞❡ ✉♠ ♣❧❛♥♦

❏✓❛ ♦ ✈✐✉ ❛♥t❡s❄ ❖✉ ❥✓❛ ✈✐✉ ♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ ❛♣r❡s❡♥t❛❞♦ s♦❜ ✉♠❛ ❢♦r♠❛ ❧✐❣❡✐r❛✲

♠❡♥t❡ ❞✐❢❡r❡♥t❡❄

❈♦♥❤❡❝❡ ❛❧❣✉♠ ♣r♦❜❧❡♠❛ ❝♦rr❡❧❛t♦❄ ❈♦♥❤❡❝❡ ❛❧❣✉♠ ♣r♦❜❧❡♠❛ q✉❡ ❧❤❡ ♣♦❞❡r✐❛ s❡r

✓✉t✐❧❄

❈♦♥s✐❞❡r❡ ❛ ✐♥❝✓♦❣♥✐t❛✦ ❊ ♣r♦❝✉r❡ ♣❡♥s❛r ♥✉♠ ♣r♦❜❧❡♠❛ ❝♦♥❤❡❝✐❞♦ q✉❡ t❡♥❤❛ ❛ ♠❡s♠❛

✐♥❝✓♦❣♥✐t❛ ♦✉ ♦✉tr❛ s❡♠❡❧❤❛♥t❡✳

❊✐s ✉♠ ♣r♦❜❧❡♠❛ ❝♦rr❡❧❛t♦ ❡ ❥✓❛ ❛♥t❡s r❡s♦❧✈✐❞♦✳ ✓❊ ♣♦ss✓✏✈❡❧ ✉t✐❧✐③✓❛✲❧♦❄ ✓❊ ♣♦ss✓✏✈❡❧ ✉t✐❧✐③❛r

♦ s❡✉ r❡s✉❧t❛❞♦❄ ✓❊ ♣♦ss✓✏✈❡❧ ✉t✐❧✐③❛r ♦ s❡✉ ♠✓❡t♦❞♦❄ ❉❡✈❡✲s❡ ✐♥tr♦❞✉③✐r ❛❧❣✉♠ ❡❧❡♠❡♥t♦

❛✉①✐❧✐❛r ♣❛r❛ t♦r♥❛r ♣♦ss✓✏✈❡❧ ❛ s✉❛ ✉t✐❧✐③❛✘❝⑦❛♦❄



✓❊ ♣♦ss✓✏✈❡❧ r❡❢♦r♠✉❧❛r ♦ ♣r♦❜❧❡♠❛❄ ✓❊ ♣♦ss✓✏✈❡❧ r❡❢♦r♠✉❧❛✲❧♦ ❛✐♥❞❛ ❞❡ ♦✉tr❛ ♠❛♥❡✐r❛❄

❱♦❧t❡ ✒❛s ❞❡☞♥✐✘❝⑦♦❡s✳

❙❡ ♥⑦❛♦ ♣✉❞❡r r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦✱ ♣r♦❝✉r❡ ❛♥t❡s r❡s♦❧✈❡r ❛❧❣✉♠ ♣r♦❜❧❡♠❛ ❝♦r✲

r❡❧❛t♦✳ ✓❊ ♣♦ss✓✏✈❡❧ ✐♠❛❣✐♥❛r ✉♠ ♣r♦❜❧❡♠❛ ❝♦rr❡❧❛t♦ ♠❛✐s ❛❝❡ss✓✏✈❡❧❄ ❯♠ ♣r♦❜❧❡♠❛ ♠❛✐s

❣❡♥✓❡r✐❝♦❄ ❯♠ ♣r♦❜❧❡♠❛ ♠❛✐s ❡s♣❡❝✓✏☞❝♦❄ ❯♠ ♣r♦❜❧❡♠❛ ❛♥✓❛❧♦❣♦❄ ✓❊ ♣♦ss✓✏✈❡❧ r❡s♦❧✈❡r

✉♠❛ ♣❛rt❡ ❞♦ ♣r♦❜❧❡♠❛❄

▼❛♥t❡♥❤❛ ❛♣❡♥❛s ✉♠❛ ♣❛rt❡ ❞❛ ❝♦♥❞✐❝✐♦♥❛♥t❡✱ ❞❡✐①❡ ❛ ♦✉tr❛ ❞❡ ❧❛❞♦❀ ❛t✓❡ q✉❡ ♣♦♥t♦

☞❝❛ ❛ss✐♠ ❞❡t❡r♠✐♥❛❞❛ ❛ ✐♥❝✓♦❣♥✐t❛❄ ❈♦♠♦ ♣♦❞❡ ❡❧❛ ✈❛r✐❛r❄ ✓❊ ♣♦ss✓✏✈❡❧ ♦❜t❡r ❞♦s ❞❛❞♦s

❛❧❣✉♠❛ ❝♦✐s❛ ❞❡ ✓✉t✐❧❄ ✓❊ ♣♦ss✓✏✈❡❧ ♣❡♥s❛r ❡♠ ♦✉tr♦s ❞❛❞♦s ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r

❛ ✐♥❝✓♦❣♥✐t❛❄ ✓❊ ♣♦ss✓✏✈❡❧ ✈❛r✐❛r ❛ ✐♥❝✓♦❣♥✐t❛✱ ♦✉ ♦s ❞❛❞♦s✱ ♦✉ t♦❞♦s ❡❧❡s✱ s❡ ♥❡❝❡ss✓❛r✐♦✱ ❞❡

t❛❧ ♠❛♥❡✐r❛ q✉❡ ☞q✉❡♠ ♠❛✐s ♣r✓♦①✐♠♦s ❞❡ s✐❄

❯t✐❧✐③♦✉ t♦❞♦s ♦s ❞❛❞♦s❄ ❯t✐❧✐③♦✉ t♦❞❛ ❛ ❝♦♥❞✐❝✐♦♥❛♥t❡❄ ▲❡✈♦✉ ❡♠ ❝♦♥t❛ t♦❞❛s ❛s

♥♦✘❝⑦♦❡s ❡ss❡♥❝✐❛✐s ✐♠♣❧✐❝❛❞❛s ♥♦ ♣r♦❜❧❡♠❛❄

Terceiro

❊①❡❝✉t❡ ♦ s❡✉ ♣❧❛♥♦✳

❊①❡❝✉❝✘⑦❛♦ ❞♦ ♣❧❛♥♦

❆♦ ❡①❡❝✉t❛r ♦ s❡✉ ♣❧❛♥♦ ❞❡ r❡s♦❧✉✘❝⑦❛♦✱ ✈❡r✐☞q✉❡ ❝❛❞❛ ♣❛ss♦✳ ✓❊ ♣♦ss✓✏✈❡❧ ✈❡r✐☞❝❛r

❝❧❛r❛♠❡♥t❡ q✉❡ ♦ ♣❛ss♦ ❡st✓❛ ❝♦rr❡t♦❄ ✓❊ ♣♦ss✓✏✈❡❧ ❞❡♠♦♥str❛r q✉❡ ❡❧❡ ❡st✓❛ ❝♦rr❡t♦❄

Quarto

❊①❛♠✐♥❡ ❛ s♦❧✉✘❝⑦❛♦ ♦❜t✐❞❛✳

❘❡tr♦s♣❡❝t♦

✓❊ ♣♦ss✓✏✈❡❧ ✈❡r✐☞❝❛r ♦ r❡s✉❧t❛❞♦❄ ✓❊ ♣♦ss✓✏✈❡❧ ✈❡r✐☞❝❛r ♦ ❛r❣✉♠❡♥t♦❄ ✓❊ ♣♦ss✓✏✈❡❧

❝❤❡❣❛r ❛ r❡s✉❧t❛❞♦ ♣♦r ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥t❡❄ ✓❊ ♣♦ss✓✏✈❡❧ ♣❡r❝❡❜❡r ✐ss♦ ♥✉♠ r❡❧❛♥❝❡❄ ✓❊

♣♦ss✓✏✈❡❧ ✉t✐❧✐③❛r ♦ r❡s✉❧t❛❞♦✱ ♦✉ ♠✓❡t♦❞♦✱ ❡♠ ❛❧❣✉♠ ♦✉tr♦ ♣r♦❜❧❡♠❛❄


