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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛ ❉❡✉s✱ q✉❡ ♣❡r♠✐t✐✉ q✉❡ t✉❞♦ ✐ss♦ ❛❝♦♥t❡❝❡ss❡✱ ❛♦ ❧♦♥❣♦ ❞❡ ♠✐♥❤❛

✈✐❞❛✱ ❡ ♥ã♦ s♦♠❡♥t❡ ♥❡st❡s ❛♥♦s ❝♦♠♦ ✉♥✐✈❡rs✐tár✐♦✱ ♠❛s q✉❡✱ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s✱

é ♦ ▼❛✐♦r ▼❡str❡ q✉❡ ❛❧❣✉é♠ ♣♦❞❡ ❝♦♥❤❡❝❡r✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❡s♣♦s❛ ■③❛♥✐✱ ❤❡r♦í♥❛ q✉❡ ♠❡ ❞❡✉ ❛♣♦✐♦✱ ✐♥❝❡♥t✐✈♦ ♥❛s ❤♦r❛s

❞✐❢í❝❡✐s✱ ❞❡ ❞❡sâ♥✐♠♦ ❡ ❝❛♥s❛ç♦✳

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛♥♦❡❧ ❡ ❏❛❝✐♥t❛✱ ♣❡❧♦ ❛♠♦r ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳

❖❜r✐❣❛❞♦ ❛ ♠❡✉s ✐r♠ã♦s ❡ s♦❜r✐♥❤♦s✱ ♣❡❧♦ ❛♣♦✐♦ ❡ s✉♣♦rt❡ ❝♦♥st❛♥t❡✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ P✐❛✉í✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❢❛③❡r ♦ ❝✉rs♦✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❡ ❛♠✐❣♦s ❞♦ ▼❡str❛❞♦ Pr♦❢♠❛t ✷✵✶✸ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧

❞♦ P✐❛✉í✱ ♣❡❧♦s ✐♠♣♦rt❛♥t❡s ❝♦♥s❡❧❤♦s ❡ ❝♦♥tr✐❜✉✐çõ❡s ♥❡st❛ ❝❛♠✐♥❤❛❞❛✳

➚ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛✱ Pr♦❢❛✳ ❉r❛✳ ▲✐❛♥❡✱ s❡♠ ❛ q✉❛❧ ❡st❡ tr❛❜❛❧❤♦ ♥ã♦ s❡r✐❛ r❡❛❧✐✲

③❛❞♦✿ ♣❡❧♦ s✉♣♦rt❡✱ ♣❡❧❛s ❝♦rr❡çõ❡s ❡ ✐♥❝❡♥t✐✈♦s✳

▼❡✉s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛♦s ❛♠✐❣♦s✱ ❝♦♠♣❛♥❤❡✐r♦s ❞❡ tr❛❜❛❧❤♦s ❡ ✐r♠ã♦s ♥❛ ❛♠✐③❛❞❡

q✉❡ ✜③❡r❛♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ q✉❡ ✈ã♦ ❝♦♥t✐♥✉❛r ♣r❡s❡♥t❡s ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ❞✐r❡t♦r❡s ❞❛s ❡s❝♦❧❛s ♦♥❞❡ tr❛❜❛❧❤♦✱ ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦ ♥❡st❡s ❛♥♦s ❞❡ ❧✉t❛✳

➚ ❈❆P❊❙✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ✜♥❛♥❝❡✐r♦ à ♣❡sq✉✐s❛✳

❆ t♦❞♦s q✉❡✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ✜③❡r❛♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✿ ♦ ♠❡✉

♠✉✐t♦ ♦❜r✐❣❛❞♦✳



❚❛❧✈❡③ ♥ã♦ t❡♥❤❛ ❝♦♥s❡❣✉✐❞♦ ❢❛③❡r ♦ ♠❡❧❤♦r✱ ♠❛s ❧✉t❡✐ ♣❛r❛ q✉❡ ♦ ♠❡❧❤♦r ❢♦ss❡ ❢❡✐t♦✳

◆ã♦ s♦✉ ♦ q✉❡ ❞❡✈❡r✐❛ s❡r✱ ♠❛s✱ ●r❛ç❛s ❛ ❉❡✉s✱ ♥ã♦ s♦✉ ♦ q✉❡ ❡r❛ ❛♥t❡s✳

▼❛rt❤✐♥ ▲✉t❤❡r ❑✐♥❣



❘❡s✉♠♦

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ✐♥t❡r✈❡♥çã♦ ♣❛r❛

♦ ❡♥s✐♥♦ ❞❡ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠ ✭▼❉❈✮ ❡ ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠ ✭▼▼❈✮✳ ❆

♣r♦♣♦st❛ ❞❡ ❡♥s✐♥♦ ❞❡s❡♥✈♦❧✈❡✉✲s❡ ❡♠ ❞✉❛s t✉r♠❛s ❞♦ ✻♦ ❛♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧

❡ ❝♦♥s✐st❡ ❡♠ ✉t✐❧✐③❛r ❥♦❣♦s✱ ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s ❡ ♠❛t❡r✐❛✐s ♠❛♥✐♣✉❧❛t✐✈♦s ❡♠ ❢♦r♠❛

❞❡ ♦✜❝✐♥❛s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠❞❝ ❡ ♠♠❝✱ ♣r♦❝✉r❛♥❞♦ ❞❡s♣❡rt❛r ❛ ❝❛♣❛✲

❝✐❞❛❞❡ ❞♦s ❛❧✉♥♦s✱ ❞❡ ❛♥❛❧✐s❛r✱ ✐♥t❡r♣r❡t❛r ❡ ❝♦♥str✉✐r s♦❧✉çõ❡s ♣❛r❛ ♣r♦❜❧❡♠❛s ❢❛③❡♥❞♦

✉s♦ ❞❡ ♠♠❝ ❡ ♠❞❝✳ ❆ ❛♥á❧✐s❡ ❞❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣❧✐❝❛❞❛ ♦❝♦rr❡✉ ❛tr❛✈és ❞♦

♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡✱ ❝✉❥♦s r❡s✉❧t❛❞♦s s❡ ♠♦str❛r❛♠ s❛t✐s❢❛tór✐♦s ♣❛r❛ ❛ ❛♣r❡♥❞✐③❛❣❡♠✳

❊♥t❡♥❞❡✲s❡ q✉❡ ❛ ❛❜♦r❞❛❣❡♠ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡

❥♦❣♦s✱ ❞❡ ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s ❡ ♠❛t❡r✐❛✐s ♠❛♥✐♣✉❧❛t✐✈♦s ❡♠ ❢♦r♠❛ ❞❡ ♦✜❝✐♥❛s ♣♦❞❡

❝♦♥tr✐❜✉✐r ♣❛r❛ ♦ ❡♥s✐♥♦ ❡ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ♠♠❝ ❡ ♠❞❝✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❉✐✈✐s✐❜✐❧✐❞❛❞❡✱ ◆ú♠❡r♦s Pr✐♠♦s✱ ▼❉❈✱ ▼▼❈✳



❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❛✐♠s t♦ ♣r❡s❡♥t ❛♥ ✐♥t❡r✈❡♥t✐♦♥ ✐♥ t❤❡ t❡❛❝❤✐♥❣ ●r❡❛t❡st ❈♦♠♠♦♥ ❉✐✲

✈✐s♦r ✭●❈❉✮ ❛♥❞ ▲❡❛st ❈♦♠♠♦♥ ▼✉❧t✐♣❧❡ ✭▲❈▼✮✳ ❚❤✐s ♣r♦♣♦s❛❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥

t✇♦ ❝❧❛ss❡s ♦❢ t❤❡ ✻t❤ ②❡❛r ♦❢ ❡❧❡♠❡♥t❛r② s❝❤♦♦❧ ❛♥❞ ✐t ✇❛s ✉s❡❞ ❣❛♠❡s✱ ❣❡♦♠❡tr✐❝

♠♦❞❡❧s ❛♥❞ ♠❛♥✐♣✉❧❛t✐✈❡ ♠❛t❡r✐❛❧s ✐♥ ✇♦r❦s❤♦♣s t♦ ❞❡✈❡❧♦♣ t❤❡ ❝♦♥❝❡♣ts ❛❜♦✉t ●❈❉

❛♥❞ ▲❈▼✱ t❤✐s ✇♦r❦ ✐s tr②✐♥❣ t♦ ❛r♦✉s❡ t❤❡ ❛❜✐❧✐t② ♦❢ st✉❞❡♥ts t♦ ❛♥❛❧②③❡✱ ✐♥t❡r♣r❡t

❛♥❞ ❜✉✐❧❞ s♦❧✉t✐♦♥s ♦❢ ♣r♦❜❧❡♠s ❛❜♦✉t t❤❡ ✉s❡ ♦❢ ●❈❉ ❛♥❞ ▲❈▼✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡

♠❡t❤♦❞♦❧♦❣② ❛♣♣❧✐❡❞ ❡✛❡❝t✐✈❡❧② ♦❝❝✉rr❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡t❡st ❛♥❞ ♣♦st t❡st r❡s✉❧ts✱

✇❤❡r❡ t❤❡② ✇❡r❡ s❛t✐s❢❛❝t♦r② ❢♦r ❧❡❛r♥✐♥❣✳ ■t ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ❛♣♣r♦❛❝❤ ❜② s♦❧✈✐♥❣

♣r♦❜❧❡♠s ✉s✐♥❣ ❣❛♠❡s✱ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧s ❛♥❞ ♠❛♥✐♣✉❧❛t✐✈❡ ♠❛t❡r✐❛❧s ✐♥ ✇♦r❦s❤♦♣s ♠❛②

❝♦♥tr✐❜✉t❡ t♦ t❤❡ t❡❛❝❤✐♥❣ ❛♥❞ ❧❡❛r♥✐♥❣ ♦❢ ●❈❉ ❛♥❞ ▲❈▼✳

❑❡②✇♦r❞s✿ ❉✐✈✐s✐♦♥✱ Pr✐♠❡ ◆✉♠❜❡rs✱ ●❈❉✱ ▲❈▼✳



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❈á❧❝✉❧♦ ❞♦ ♠❞❝ ❞❡ 120 ❡ 36 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✷ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❞❡ 40 ❡ 56 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✶ P❧❛♥♦ ♠❡♥s❛❧ ❡❧❛❜♦r❛❞♦ ♣❡❧♦ ▼✉♥✐❝í♣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✷ ❆♣❧✐❝❛çã♦ ❞♦ ♣ré✲t❡st❡ ✻♦❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✸ ❆♣❧✐❝❛çã♦ ❞♦ ♣ré✲t❡st❡ ✻♦❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✹ ❆❧✉♥♦s ▼❛♥✉s❡❛♥❞♦ ♦ ❚❛❜✉❧❡✐r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✺ Pr♦❞✉çã♦ ❞♦s ❛❧✉♥♦s ♥♦ ❚❛❜✉❧❡✐r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✻ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❞♦ 6 ❡ ❞♦ 9 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✼ ❈á❧❝✉❧♦ ❞❡ ♠♠❝ ❡ ♠❞❝ ❞♦ 10 ❡ 15 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✽ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❞♦ 5 ❡ 7 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✾ ❆❧✉♥♦s ❥♦❣❛♥❞♦ ♥❛ ❚r✐❧❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✶✵ ❖r✐❡♥t❛çã♦ ❞❛s ❘❡❣r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✶✶ ❱✐tór✐❛ ❞❛ ❡q✉✐♣❡ r♦s❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✶✷ ❆♣❧✐❝❛çã♦ ❞♦ ♣ós✲t❡st❡ ✻♦❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✶✸ ❆♣❧✐❝❛çã♦ ❞♦ ♣ós✲t❡st❡ ✻♦❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✶ ●rá✜❝♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡ ❡♠ ❝❛❞❛ t✉r♠❛ ✳ ✳ ✳ ✳ ✳ ✹✷
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❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶✶

✶ ❈♦♥t❡ú❞♦s ▼❛t❡♠át✐❝♦s ❡ ❥♦❣♦s ❡♠❜❛s❛❞♦s ♥♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉✲

❧❛r❡s ◆❛❝✐♦♥❛✐s✭P❈◆✮ ✶✸

✶✳✶ ❖s ❝♦♥t❡ú❞♦s ♠❛t❡♠át✐❝♦s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ s❡❣✉♥❞♦ ♦s P❈◆s ✳ ✳ ✶✸

✶✳✷ ■♠♣♦rtâ♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞♦s ❥♦❣♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠

❞❛ ▼❛t❡♠át✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷ ❋✉♥❞❛♠❡♥t❛çã♦ ❚❡ór✐❝❛ ✶✽

✷✳✶ ❉✐✈✐s✐❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ◆ú♠❡r♦s Pr✐♠♦s ❡ ❈♦♠♣♦st♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✸ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✸✳✶ ▼ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠❞❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✹ ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✹✳✶ ▼ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠♠❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ▼❡t♦❞♦❧ó❣✐❝♦ ✸✶

✸✳✶ ❆♠❜✐❡♥t❡ ❊s❝♦❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✷ Pú❜❧✐❝♦✲❆❧✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✸ ▼❡t♦❞♦❧♦❣✐❛ ❛♣❧✐❝❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡ ♣♦r t✉r♠❛ ✹✷

✺ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ✹✹

❘❡❢❡rê♥❝✐❛s ✹✺

❆ ❚❊❙❚❊❙ ✹✼

❆✳✶ P❘➱✲❚❊❙❚❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

❆✳✷ PÓ❙✲❚❊❙❚❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❇ ❙❖❇❘❊ ❆❙ ❖❋■❈■◆❆❙ ✺✸

❇✳✶ ❚❆❇❯▲❊■❘❖ ❉❊ ▼▼❈ ❊ ▼❉❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
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❇✳✶✳✷ ❏✉st✐✜❝❛t✐✈❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❇✳✶✳✸ ❖❜❥❡t✐✈♦ ●❡r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❇✳✶✳✹ ❖❜❥❡t✐✈♦s ❊s♣❡❝í✜❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❇✳✶✳✺ ▼❛t❡r✐❛❧ ❯t✐❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
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✶✶

■♥tr♦❞✉çã♦

❱✐✈❡♠♦s ✉♠ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❛ ❢r❛❣♠❡♥t❛çã♦ ❞♦ s❛❜❡r ❧✐♠✐t❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛

r❡❛❧✐❞❛❞❡✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛ ❡❞✉❝❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❡❞✉❝❛çã♦ ♠❛t❡♠át✐❝❛✱ ♣r❡❝✐s❛

❛❞♦t❛r ✉♠❛ ♥♦✈❛ ♣♦st✉r❛✱ ❜✉s❝❛r ✉♠ ♥♦✈♦ ♣❛r❛❞✐❣♠❛ q✉❡ s✉❜st✐t✉❛ ♦ ❥á ❞❡s❣❛st❛❞♦

❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳ ➱ ♥❡❝❡ssár✐♦ q✉❡r❡r ♠✉❞❛r ❡ ❛❝r❡❞✐t❛r q✉❡ ✐ss♦ é ♣♦ssí✈❡❧❀ é

♥❡❝❡ssár✐♦ t❡r ❛ ❝♦♥✈✐❝çã♦ ❞❡ q✉❡ s❡♠♣r❡ ❤á ✉♠ ♥♦✈♦ ❥❡✐t♦ ❞❡ ❡♥s✐♥❛r✱ q✉❡ s❡♠♣r❡ é

♣♦ssí✈❡❧ ♠✉❞❛r✳

❊♥s✐♥❛r ▼❛t❡♠át✐❝❛ é ❞❡s❡♥✈♦❧✈❡r ♦ r❛❝✐♦❝í♥✐♦ ❧ó❣✐❝♦✱ ❡st✐♠✉❧❛r ♦ ♣❡♥s❛♠❡♥t♦ ✐♥❞❡✲

♣❡♥❞❡♥t❡✱ ❛ ❝r✐❛t✐✈✐❞❛❞❡ ❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ◆ós✱ ❝♦♠♦ ❡❞✉❝❛❞♦r❡s

♠❛t❡♠át✐❝♦s✱ ❞❡✈❡♠♦s ♣r♦❝✉r❛r ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ❛✉♠❡♥t❛r ❛ ♠♦t✐✈❛çã♦ ♣❛r❛ ❛ ❛♣r❡♥✲

❞✐③❛❣❡♠✱ ❞❡s❡♥✈♦❧✈❡r ❛ ❛✉t♦❝♦♥✜❛♥ç❛✱ ❛ ♦r❣❛♥✐③❛çã♦✱ ❛ ❝♦♥❝❡♥tr❛çã♦✱ ❛ ❛t❡♥çã♦✱ ♦ r❛❝✐✲

♦❝í♥✐♦ ❧ó❣✐❝♦✲❞❡❞✉t✐✈♦ ❡ ♦ s❡♥s♦ ❝♦♦♣❡r❛t✐✈♦✱ ♣r♦♠♦✈❡♥❞♦ ❛ s♦❝✐❛❧✐③❛çã♦ ❡ ❛✉♠❡♥t❛♥❞♦

❛ ✐♥t❡r❛çã♦ ❞♦ ✐♥❞✐✈í❞✉♦ ❝♦♠ ♦✉tr❛s ♣❡ss♦❛s✳

❖ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛ t❡♠ ♣❛ss❛❞♦✱ ❛♦ ❧♦♥❣♦ ú❧t✐♠♦s ❞♦s ❛♥♦s✱ ♣♦r s✉❝❡ss✐✈❛s

r❡❢♦r♠❛s❀ ♠❡s♠♦ ❛ss✐♠✱ ❛ ❞✐✜❝✉❧❞❛❞❡ ♥♦ ♣r♦❝❡ss♦ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠ ❝♦♥t✐♥✉❛✳ ❖s

P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭P❈◆✬s✮ ❞❡s❡♠♣❡♥❤❛♠ ✐♠♣♦rt❛♥t❡ ♣❛♣❡❧ ♣❛r❛ q✉❡

❛s ❙❡❝r❡t❛r✐❛s ▼✉♥✐❝✐♣❛✐s ❡ ❊st❛❞✉❛✐s ❞❡ ❊❞✉❝❛çã♦ s❡ ❡s❢♦r❝❡♠ ♣❛r❛ ♠✐♥✐♠✐③❛r t❛✐s

♣r♦❜❧❡♠❛s✱ ❡♥t❡♥❞❡♥❞♦ q✉❡✿

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ❛ ▼❛t❡♠át✐❝❛ ❞❡✈❡rá s❡r ✈✐st❛ ♣❡❧♦ ❛❧✉♥♦ ❝♦♠♦

✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡ ♣♦❞❡ ❢❛✈♦r❡❝❡r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ s❡✉ r❛❝✐♦❝í♥✐♦✱ ❞❡

s✉❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❡①♣r❡ss✐✈❛✱ ❞❡ s✉❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❡stét✐❝❛ ❡ ❞❡ s✉❛ ✐♠❛❣✐♥❛çã♦✳

✭P❈◆✬s✱✶✾✾✼✮

❈♦♠♦ s❡ ✈ê✱ ❞❡ ❝❡rt♦ ♠♦❞♦✱ ♦s P❈◆✬s ❥á ❡stã♦ ❝♦♥s❡❣✉✐♥❞♦ ❛❧❝❛♥ç❛r✱ ❡♠ ♣❛rt❡✱

s❡✉s ♦❜❥❡t✐✈♦s✱ ✐st♦ é✱ ❡stã♦ ❞❡s❛❝♦♠♦❞❛♥❞♦ ♦ ♣r♦❢❡ss♦r✱ ❢❛③❡♥❞♦✲♦ ♣❛r❛r ♣❛r❛ r❡✢❡t✐r

s♦❜r❡ s✉❛ ♣rát✐❝❛ ♣❡❞❛❣ó❣✐❝❛✱ ♦ q✉❡ é ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ✉♠❛ ❡✈❡♥t✉❛❧ ♠✉❞❛♥ç❛ ♥❛

♠❡s♠❛✳

■♥s✐st❡♥t❡♠❡♥t❡✱ q✉❡st✐♦♥❛♠♦✲♥♦s ✲ ♦✉ ♣❡❧♦ ♠❡♥♦s✱ ❞❡✈❡rí❛♠♦s ✲ s♦❜r❡ q✉❛✐s s❡r✐❛♠

♦s ✈❡r❞❛❞❡✐r♦s ❝✉❧♣❛❞♦s ♣♦r t❛✐s ❞✐✜❝✉❧❞❛❞❡s✿ é ♦ s✐st❡♠❛✱ é ♦ ♣r♦❢❡ss♦r ♦✉ é ♦ ❛❧✉♥♦❄

◆❛ ♠✐♥❤❛ ♣rát✐❝❛ ❡❞✉❝❛❝✐♦♥❛❧✱ ♦❜s❡r✈❡✐ q✉❡ t♦❞♦s t❡♠ ✉♠❛ ♣❛r❝❡❧❛ ❞❡ ❝✉❧♣❛✿ ♦ s✐st❡♠❛✱

♣♦r s✉❛s ♣♦❧ít✐❝❛s ♣ú❜❧✐❝❛s ❢❛❧❤❛s❀ ♦ ♣r♦❢❡ss♦r✱ ♣♦r✱ ♠✉✐t❛s ✈❡③❡s✱ t❡r ✉♠❛ ♠á ❢♦r♠❛çã♦✱

♣♦r tr❛❜❛❧❤❛r ❡♠ ár❡❛ ❞✐❢❡r❡♥t❡ ❞❡ s✉❛ ❢♦r♠❛çã♦✱ ♣♦r✱ ♥ã♦ r❛r❛♠❡♥t❡✱ t❡r ✉♠❛ ❝❛r❣❛

❤♦rár✐❛ ❡①t❡♥s❛✱ ❡t❝❀ ❡ ♦ ❛❧✉♥♦✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ t❡♠ ♣♦✉❝❛s ♣❡rs♣❡❝t✐✈❛s ❡♠ r❡❧❛çã♦

❛♦ ❛♣r❡♥❞✐③❛❞♦✱ s❡♥❞♦ t❛♠❜é♠ ✈ít✐♠❛ ❞♦ s✐st❡♠❛ ❡ ❞♦ ♣r♦❢❡ss♦r✳



✶✷

❈♦♠♦ ♣r♦❢❡ss♦r✱ ❛❝r❡❞✐t♦ q✉❡ ♦ ❢r❛❝❛ss♦ ❞♦ s✐st❡♠❛ ❡❞✉❝❛❝✐♦♥❛❧ ♣♦❞❡ s❡r r❡♠❡❞✐❛❞♦

❝♦♠ ❛ ♠✉❞❛♥ç❛ ❞❛s ♣rát✐❝❛s ♣❡❞❛❣ó❣✐❝❛s✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ✧❢❛③❡r ♠❛t❡♠át✐❝❛✧♥❛

s❛❧❛ ❞❡ ❛✉❧❛ ❝♦♥✈✐❞❛♥❞♦ ❡st❡ ❛❧✉♥♦ ❛ ❛♣r❡♥❞❡r ❞✐❢❡r❡♥t❡✱ ❛tr❛✈és ❞❡ r❡❝✉rs♦s ❞✐❞át✐❝♦s✱

❝♦♠♦✿

• ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s❀

• ❛ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛❀

• ❛s t❡❝♥♦❧♦❣✐❛s ❞❛ ✐♥❢♦r♠❛çã♦❀

• ♦s ❥♦❣♦s✳

❉❛í✱ ❞❡❝✐❞✐♠♦s ❞❡s❡♥✈♦❧✈❡r ❡st❡ tr❛❜❛❧❤♦✱ ❢♦❝❛♥❞♦ ♥❛s ❞✐✜❝✉❧❞❛❞❡s ❡♥❢r❡♥t❛❞❛s ♥♦

❡♥s✐♥♦ ❞❛ ❆r✐t♠ét✐❝❛ ❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♥♦ ❝á❧❝✉❧♦ ❞♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ✭♠❞❝✮ ❡ ❞♦

♠í♥✐♠♦ ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ✭♠♠❝✮✱ ❝♦♥t❡ú❞♦s ♠✐♥✐str❛❞♦s ♥♦ ✻♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥✲

t❛❧✳

❆ ♣r♦♣♦st❛ ❢♦✐ ❞❡ ✐♥✈❡st✐❣❛r✱ ❛tr❛✈és ❞❡ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡✱ ♦ ❡♥s✐♥♦ ❡ ❛ ❛♣r❡♥❞✐✲

③❛❣❡♠ ❞❡ss❡s ❝♦♥t❡ú❞♦s ♠❛t❡♠át✐❝♦s✳ ❊ s✉❛ ❡s❝♦❧❤❛ s❡ ❞❡✉ t❡♥❞♦ ❡♠ ✈✐st❛ ❛s q✉❡stõ❡s

❞❡ ♠ú❧t✐♣❧♦s ❡ ❞✐✈✐s♦r❡s ❡st❛r❡♠ ♣r❡s❡♥t❡s ♥♦ ❝♦t✐❞✐❛♥♦ ❞♦s ❛❧✉♥♦s ❡ s✉❛ ❝♦♠♣r❡❡♥sã♦

s❡r ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ t♦♠❛❞❛ ❞❡ ❞❡❝✐sõ❡s✳

❖ ♣r♦❝❡ss♦ ❞❡st❡ ❡st✉❞♦ ❡st❡✈❡ ♥♦rt❡❛❞♦ ♣❡❧♦ ✉s♦ ❞❡ ❥♦❣♦s ❡ ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s

❝♦♠♦ r❡❝✉rs♦ ♠❛♥✐♣✉❧❛t✐✈♦✱ ❛❧é♠ ❞❡ s✉s❝✐t❛r ✉♠❛ r❡❧❡✐t✉r❛ ❞❛ ▼❛t❡♠át✐❝❛ ❞❛♥❞♦ ê♥❢❛s❡

❛ ♥ú♠❡r♦s ♣r✐♠♦s✱ ♣r✐♠♦s ❡♥tr❡ s✐✱ ♠ú❧t✐♣❧♦s ❡ ❞✐✈✐s♦r❡s✱ ❧❡✈❛♥❞♦ ♦ ❛❧✉♥♦ ❛ ❞❡s❝♦❜r✐r✱

❝♦♥❥❡❝t✉r❛r✱ ❡①♣❡r✐♠❡♥t❛r ❡ ❡st❛❜❡❧❡❝❡r r❡❧❛çõ❡s ❡♥tr❡ ❞✐❢❡r❡♥t❡s ❝♦♥t❡ú❞♦s✳

❆ss✐♠✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ r❡❛❧✐③❛✲s❡ ❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ s✉st❡♥t❛çã♦

t❡ór✐❝❛ ❞❛ ♣r♦♣♦st❛ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❢❛③✲s❡ ❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s ❞♦ ♣ré✲t❡st❡ ❡ ♣ós✲

t❡st❡✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ 5 ❝❛♣ít✉❧♦s✱ ❛ss✐♠ ♦r❣❛♥✐③❛❞♦✿ ♦ ♣r✐♠❡✐r♦

❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡ ❛ ❢♦r♠❛ ❝♦♠♦ ♦s P❈◆✬s tr❛t❛♠ ♦s ❈♦♥t❡ú❞♦s ▼❛t❡♠át✐❝♦s❀ ♥♦ s❡✲

❣✉♥❞♦ ❝❛♣ít✉❧♦✱ é ❢❡✐t❛ ❛ s✉st❡♥t❛çã♦ t❡ór✐❝❛ ❞♦s ❝♦♥t❡ú❞♦s ❛❜♦r❞❛❞♦s ♥❛ ✐♥t❡r❢❡rê♥❝✐❛❀

♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ ❡s❜♦ç❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣❧✐❝❛❞❛❀ ❡♥q✉❛♥t♦ ♦ q✉❛rt♦ ❝❛♣ít✉❧♦ ♠♦str❛

♦ r❡s✉❧t❛❞♦ ❛t✐♥❣✐❞♦ ❡♥tr❡ ♦ ♣ré✲t❡st❡ ❡ ♦ ♣ós✲t❡st❡ ♣♦r t✉r♠❛s✳ ❊✱ ♣♦r ✜♠✱ ♥♦ q✉✐♥t♦ ❡

ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ sã♦ ❢❡✐t❛s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ♦ r❡s✉❧t❛❞♦ ❛❧❝❛♥ç❛❞♦✱ ❛♦ t❡♠♣♦

❡♠ q✉❡ s❡ ❞❡st❛❝❛ t❛♠❜é♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❧ú❞✐❝♦ ♥♦ ♣r♦❝❡ss♦ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳
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✶ ❈♦♥t❡ú❞♦s ▼❛t❡♠át✐❝♦s ❡ ❥♦❣♦s

❡♠❜❛s❛❞♦s ♥♦s P❛râ♠❡tr♦s

❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✭P❈◆✮

❆s ✐❞❡✐❛s ❜ás✐❝❛s ❝♦♥t✐❞❛s ♥♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ❡♠ ▼❛t❡♠át✐❝❛

r❡✢❡t❡♠✱ ♠✉✐t♦ ♠❛✐s ❞♦ q✉❡ ✉♠❛ ♠❡r❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♥t❡ú❞♦s✱ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✜❧♦✲

s♦✜❛ ❞❡ ❡♥s✐♥♦ ❡ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✳ ❈♦♠♦ ♥ã♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ s❡r✱ ❛♣♦♥t❛♠ ♣❛r❛ ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠✉❞❛♥ç❛s ✉r❣❡♥t❡s ♥ã♦ s♦♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛♦ q✉❡ ❡♥s✐♥❛r✱ ♠❛s✱ ♣r✐♥✲

❝✐♣❛❧♠❡♥t❡✱ ❡♠ ❝♦♠♦ ❡♥s✐♥❛r ❡ ❛✈❛❧✐❛r ❡✱ ❛✐♥❞❛✱ ❝♦♠♦ ♦r❣❛♥✐③❛r ❛s s✐t✉❛çõ❡s ❞❡ ❡♥s✐♥♦

❡ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✳

✶✳✶ ❖s ❝♦♥t❡ú❞♦s ♠❛t❡♠át✐❝♦s ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧

s❡❣✉♥❞♦ ♦s P❈◆s

◆♦s P❈◆s✱ ♦s ❝♦♥t❡ú❞♦s ❛♣❛r❡❝❡♠ ♦r❣❛♥✐③❛❞♦s ❡♠ ❜❧♦❝♦s✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠♦❞♦

tr❛❞✐❝✐♦♥❛❧✱ ❛ s❛❜❡r✿

• ◆ú♠❡r♦s ❡ ♦♣❡r❛çõ❡s ✭❆r✐t♠ét✐❝❛ ❡ ➪❧❣❡❜r❛✮❀

• ❊s♣❛ç♦ ❡ ❢♦r♠❛s ✭●❡♦♠❡tr✐❛✮❀

• ●r❛♥❞❡③❛s ❡ ♠❡❞✐❞❛s ✭❆r✐t♠ét✐❝❛✱ ➪❧❣❡❜r❛ ❡ ●❡♦♠❡tr✐❛✮❀

• ❚r❛t❛♠❡♥t♦ ❞❛ ✐♥❢♦r♠❛çã♦ ✭❊st❛tíst✐❝❛✱ ❈♦♠❜✐♥❛tór✐❛ ❡ Pr♦❜❛❜✐❧✐❞❛❞❡✮✳

❋✐❝❛ ❡✈✐❞❡♥t❡✱ ♣♦✐s✱ ❛ ♦r✐❡♥t❛çã♦ ❞❡ s❡ ♣❡♥s❛r ❡ ❞❡ s❡ ♦r❣❛♥✐③❛r ❛s s✐t✉❛çõ❡s ❞❡

❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✱ ♣r✐✈✐❧❡❣✐❛♥❞♦ ❛s ❝❤❛♠❛❞❛s ✐♥tr❛❝♦♥❡①õ❡s ❞❛s ❞✐❢❡r❡♥t❡s ár❡❛s ❞❛

▼❛t❡♠át✐❝❛ ❡ ❛s ✐♥t❡r❝♦♥❡①õ❡s ❝♦♠ ❛s ❞❡♠❛✐s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♦ q✉❡ ❡♥t❡♥❞❡♠♦s

❝♦♠♦ ✉♠ ❝❛♠✐♥❤♦ ♣♦ssí✈❡❧ ❡ ❞❡s❡❥á✈❡❧ ♣❛r❛ ♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✳

❆s ✐♥tr❛❝♦♥❡①õ❡s ❢❛✈♦r❡❝❡♠ ✉♠❛ ✈✐sã♦ ♠❛✐s ✐♥t❡❣r❛❞❛✱ ♠❡♥♦s ❝♦♠♣❛rt✐♠❡♥t❛❧✐③❛❞❛

❞❛ ▼❛t❡♠át✐❝❛✳ ❆❧❣✉♠❛s ♦r✐❡♥t❛çõ❡s ❞❡ ❝✉♥❤♦ ❞✐❞át✐❝♦ sã♦ ❝♦❧♦❝❛❞❛s ❛♦ ♣r♦❢❡ss♦r✱

❛tr❛✈és ❞❡ ❡①❡♠♣❧♦s ♣rát✐❝♦s✱ ♠♦str❛♥❞♦ q✉❡ é ♣♦ssí✈❡❧ ✐♥t❡r❧✐❣❛r ❆r✐t♠ét✐❝❛ ❝♦♠ ➪❧✲

❣❡❜r❛ ♦✉ ❆r✐t♠ét✐❝❛ ❝♦♠ ●❡♦♠❡tr✐❛ ❡ ➪❧❣❡❜r❛✱ ♥✉♠❛ ♠❡s♠❛ ❛t✐✈✐❞❛❞❡✳ P♦r ♦✉tr♦



✶✹

❧❛❞♦✱ ❛s ✐♥t❡r❝♦♥❡①õ❡s tê♠ ♥♦s ❚❡♠❛s ❚r❛♥s✈❡rs❛✐s ✲ ➱t✐❝❛✱ ❙❛ú❞❡✱ ▼❡✐♦ ❆♠❜✐❡♥t❡✱

P❧✉r❛❧✐❞❛❞❡ ❈✉❧t✉r❛❧ ❡ ❖r✐❡♥t❛çã♦ ❙❡①✉❛❧ ✲ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ s❡ ❝♦♥✲

❝r❡t✐③❛r❡♠✳ P❛r❛ ✐ss♦✱ t♦r♥❛✲s❡ ♥❡❝❡ssár✐♦ q✉❡ ♦ ♣r♦❢❡ss♦r tr❛❜❛❧❤❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❝♦♠

❝♦❧❡❣❛s ❞❡ ♦✉tr❛s ❞✐s❝✐♣❧✐♥❛s✱ ✐♥t❡❣r❛♥❞♦ ✉♠❛ ❡q✉✐♣❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✳ ❆ ✐♥t❡r❛çã♦ ❝♦♠

s❡✉s ❝♦❧❡❣❛s ♣❡r♠✐t✐rá q✉❡ ♦s ♣r♦❥❡t♦s ❞❡s❡♥✈♦❧✈✐❞♦s s❡❥❛♠ ♠❛✐s ✐♥t❡r❡ss❛♥t❡s ❡ ♠❛✐s

✈♦❧t❛❞♦s ❛♦s ♣r♦❜❧❡♠❛s ❞❛ r❡❛❧✐❞❛❞❡✳

❖s ♦❜❥❡t✐✈♦s ♣❛r❛ ♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s P❈◆s✱ ❡ ❛q✉✐ tr❛③✐✲

❞♦s ❞❡ ♠♦❞♦ r❡s✉♠✐❞♦✱ ✈✐s❛♠ ❧❡✈❛r ♦ ❛❧✉♥♦ ❛ ❝♦♠♣r❡❡♥❞❡r ❡ tr❛♥s❢♦r♠❛r ♦ ♠✉♥❞♦ à

s✉❛ ✈♦❧t❛✱ ❡st❛❜❡❧❡❝❡r r❡❧❛çõ❡s q✉❛❧✐t❛t✐✈❛s ❡ q✉❛♥t✐t❛t✐✈❛s✱ r❡s♦❧✈❡r s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛✱

❝♦♠✉♥✐❝❛r✲s❡ ♠❛t❡♠❛t✐❝❛♠❡♥t❡✱ ❡st❛❜❡❧❡❝❡r ❛s ✐♥tr❛❝♦♥❡①õ❡s ♠❛t❡♠át✐❝❛s ❡ ❛s ✐♥t❡r✲

❝♦♥❡①õ❡s ❝♦♠ ❛s ❞❡♠❛✐s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❞❡s❡♥✈♦❧✈❡r ❛ ❛✉t♦❝♦♥✜❛♥ç❛ ♥♦ ❢❛③❡r

♠❛t❡♠át✐❝♦ ❡ ✐♥t❡r❛❣✐r ❛❞❡q✉❛❞❛♠❡♥t❡ ❝♦♠ s❡✉s ♣❛r❡s✳ ❆ ▼❛t❡♠át✐❝❛ ♣♦❞❡ ❝♦❧❛❜♦r❛r

♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈❛s ❝♦♠♣❡tê♥❝✐❛s✱ ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s✱ ♣❛r❛ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞❡ ❞✐❢❡r❡♥t❡s t❡❝♥♦❧♦❣✐❛s ❡ ❧✐♥❣✉❛❣❡♥s q✉❡ ♦ ♠✉♥❞♦ ❣❧♦❜❛❧✐③❛❞♦ ❡①✐❣❡ ❞❛s

♣❡ss♦❛s✿

P❛r❛ t❛❧✱ ♦ ❡♥s✐♥♦ ❞❡ ▼❛t❡♠át✐❝❛ ♣r❡st❛rá s✉❛ ❝♦♥tr✐❜✉✐çã♦ à ♠❡❞✐❞❛ q✉❡ ❢♦✲

r❡♠ ❡①♣❧♦r❛❞❛s ♠❡t♦❞♦❧♦❣✐❛s q✉❡ ♣r✐♦r✐③❡♠ ❛ ❝r✐❛çã♦ ❞❡ ❡str❛té❣✐❛s✱ ❛ ❝♦♠✲

♣r♦✈❛çã♦✱ ❛ ❥✉st✐✜❝❛t✐✈❛✱ ❛ ❛r❣✉♠❡♥t❛çã♦✱ ♦ ❡s♣ír✐t♦ ❝rít✐❝♦ ❡ ❢❛✈♦r❡ç❛♠ ❛ ❝r✐✲

❛t✐✈✐❞❛❞❡✱ ♦ tr❛❜❛❧❤♦ ❝♦❧❡t✐✈♦✱ ❛ ✐♥✐❝✐❛t✐✈❛ ♣❡ss♦❛❧ ❡ ❛ ❛✉t♦♥♦♠✐❛ ❛❞✈✐♥❞❛ ❞♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❝♦♥✜❛♥ç❛ ♥❛ ♣ró♣r✐❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝♦♥❤❡❝❡r ❡ ❡♥❢r❡♥t❛r

❞❡s❛✜♦s✳✭▼❊❈✴❙❊❋✱ ✶✾✾✼✱♣✳✸✶✮✳

❖s ❝♦♥t❡ú❞♦s ♥♦s P❈◆s ♥ã♦ sã♦ ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ✉♠❛ ❧✐st❛❣❡♠✱ ♠❛s ❝♦♠♦ ✉♠ ♠❡✐♦

♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛t✐t✉❞❡s ♣♦s✐t✐✈❛s ❞✐❛♥t❡ ❞♦ s❛❜❡r ❡♠ ❣❡r❛❧ ❡ ❞♦ s❛❜❡r ♠❛t❡♠át✐❝♦✱ ❡♠

♣❛rt✐❝✉❧❛r✱ ♦ ❣♦st♦ ♣❡❧❛ ▼❛t❡♠át✐❝❛ ❡ ♦ ✐♥❝❡♥t✐✈♦ ❛ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❜✉s❝❛ ❡①♣❧♦r❛tó✲

r✐❛✱ ❞❡s❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ❛t✐t✉❞❡ ✐♥✈❡st✐❣❛t✐✈❛ ❞✐❛♥t❡ ❞❡ s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ ❢♦r♥❡❝✐❞❛s

♣❡❧♦ ♣r♦❢❡ss♦r✳ ❙ã♦ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ss❛ ❝♦♠♣r❡❡♥sã♦ ♠❛✐s ❛♠♣❧❛ ❞♦ q✉❡ é ❡♥s✐♥❛r ❡

❛♣r❡♥❞❡r ❡♠ ▼❛t❡♠át✐❝❛✳

❆♦ ❛♥❛❧✐s❛r✲s❡ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ❡♠ ▼❛t❡♠át✐❝❛✱ ♣❡r❝❡❜❡✲s❡

✐❞❡✐❛s ❜ás✐❝❛s✱ ❛ s❛❜❡r✿

• ❡❧✐♠✐♥❛çã♦ ❞♦ ❡♥s✐♥♦ ♠❡❝â♥✐❝♦ ❞❛ ▼❛t❡♠át✐❝❛❀

• ♣r✐♦r✐❞❛❞❡ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s❀

• ❝♦♥t❡ú❞♦ ❝♦♠♦ ♠❡✐♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✐❞❡✐❛s ♠❛t❡♠át✐❝❛s ❢✉♥❞❛♠❡♥t❛✐s ✭♣r♦♣♦r✲

❝✐♦♥❛❧✐❞❛❞❡✱ ❡q✉✐✈❛❧ê♥❝✐❛✱ ✐❣✉❛❧❞❛❞❡✱ ✐♥❝❧✉sã♦✱ ❢✉♥çã♦✱ ❡♥tr❡ ♦✉tr❛s✮❀

• ê♥❢❛s❡ ♥♦ ❡♥s✐♥♦ ❞❛ ●❡♦♠❡tr✐❛❀

• ✐♥tr♦❞✉çã♦ ❞❡ ♥♦çõ❡s ❞❡ ❊st❛tíst✐❝❛ ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ❡st✐♠❛t✐✈❛❀

• ♦r❣❛♥✐③❛çã♦ ❞♦s ❝♦♥t❡ú❞♦s ❡♠ ❡s♣✐r❛❧ ❡ ♥ã♦ ❡♠ ❢♦r♠❛ ❧✐♥❡❛r✱ ❞❡s♣r✐✈✐❧❡❣✐❛♥❞♦ ❛

✐❞❡✐❛ ❞❡ ♣ré✲r❡q✉✐s✐t♦s ❝♦♠♦ ❝♦♥❞✐çã♦ ú♥✐❝❛ ♣❛r❛ ❛ ♦r❣❛♥✐③❛çã♦ ❞♦s ♠❡s♠♦s❀
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• ✉s♦ ❞❛ ❤✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛ ❝♦♠♦ ❛✉①✐❧✐❛r ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ ❝♦♥❝❡✐t♦s ♠❛t❡✲

♠át✐❝♦s❀

• r❡✈✐❣♦r❛♠❡♥t♦ ❞♦ ❝á❧❝✉❧♦ ♠❡♥t❛❧✱ ❡♠ ❞❡tr✐♠❡♥t♦ ❞❛ ▼❛t❡♠át✐❝❛ ❞♦ ✧♣❛♣❡❧ ❡

❧á♣✐s✧❀

• ✉s♦ ❞❡ r❡❝✉rs♦s ❞✐❞át✐❝♦s ✭❝❛❧❝✉❧❛❞♦r❛s✱ ❝♦♠♣✉t❛❞♦r❡s✱ ❥♦❣♦s✮ ❞✉r❛♥t❡ t♦❞♦ ❊♥✲

s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧❀

• ê♥❢❛s❡ ❛♦ tr❛❜❛❧❤♦ ❡♠ ♣❡q✉❡♥♦s ❣r✉♣♦s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛❀

• ❛t❡♥çã♦ ❛♦s ♣r♦❝❡❞✐♠❡♥t♦s ❡ às ❛t✐t✉❞❡s ❛ s❡r❡♠ tr❛❜❛❧❤❛❞❛s✱ ❛❧é♠ ❞♦s ❝♦♥t❡ú❞♦s

♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦s✱ ❝♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛❀

• ❛✈❛❧✐❛çã♦ ❝♦♠♦ ♣r♦❝❡ss♦ ❝♦♥tí♥✉♦ ♥♦ ❢❛③❡r ♣❡❞❛❣ó❣✐❝♦✳

❆s ✐❞❡✐❛s ❛❝✐♠❛ ❛♣r❡s❡♥t❛❞❛s ♥ã♦ sã♦ ♥♦✈❛s ♣❛r❛ q✉❡♠ ♣❡sq✉✐s❛ ❡ ❛❝♦♠♣❛♥❤❛ ❛s

t❡♥❞ê♥❝✐❛s ❞❛ ❊❞✉❝❛çã♦ ▼❛t❡♠át✐❝❛ ♥♦ ♠✉♥❞♦✳ ▼✉✐t♦s ♣❛ís❡s ❥á ♣❛ss❛r❛♠ ♣♦r ❡ss❛s

r❡❢♦r♠✉❧❛çõ❡s✱ ❝♦♠ ♠❛✐♦r ♦✉ ♠❡♥♦r ❣r❛✉ ❞❡ s✉❝❡ss♦✳ ◆♦s P❈◆s✱ ❤á ❛✈❛♥ç♦s ✐♠♣♦r✲

t❛♥t❡s✱ ❝❛s♦ s❡ ❝♦♥s✐❣❛ ❡♥t❡♥❞❡r ♦s ♣❛râ♠❡tr♦s ❝♦♠♦ t❛❧ ❡ ♥ã♦ ❝♦♠♦ ✉♠❛ ❧✐st❛❣❡♠ ❞❡

❝♦♥t❡ú❞♦s✳

✶✳✷ ■♠♣♦rtâ♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞♦s ❥♦❣♦s ♥♦ ♣r♦❝❡ss♦

❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ▼❛t❡♠át✐❝❛

❊♥tr❡ ♦s r❡❝✉rs♦s ❞✐❞át✐❝♦s ❝✐t❛❞♦s ♥♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭P❈◆s✮✱

❞❡st❛❝❛♠✲s❡ ♦s ✧❥♦❣♦s✧✳ ❙❡❣✉♥❞♦ ♦s P❈◆s✱ ✈♦❧✉♠❡ ✸✱ ♥ã♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ú♥✐❝♦ ❡

♠❡❧❤♦r ♣❛r❛ ♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✱ ♥♦ ❡♥t❛♥t♦✱ ❝♦♥❤❡❝❡r ❞✐✈❡rs❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡

tr❛❜❛❧❤♦ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ q✉❡ ♦ ♣r♦❢❡ss♦r ❝♦♥str✉❛ s✉❛ ♣rát✐❝❛✿

❋✐♥❛❧♠❡♥t❡✱ ✉♠ ❛s♣❡❝t♦ r❡❧❡✈❛♥t❡ ♥♦s ❥♦❣♦s é ♦ ❞❡s❛✜♦ ❣❡♥✉í♥♦ q✉❡ ❡❧❡s ♣r♦✲

✈♦❝❛♠ ♥♦ ❛❧✉♥♦✱ q✉❡ ❣❡r❛ ✐♥t❡r❡ss❡ ❡ ♣r❛③❡r✳ P♦r ✐ss♦✱ é ✐♠♣♦rt❛♥t❡ q✉❡ ♦s

❥♦❣♦s ❢❛ç❛♠ ♣❛rt❡ ❞❛ ❝✉❧t✉r❛ ❡s❝♦❧❛r✱ ❝❛❜❡♥❞♦ ❛♦ ♣r♦❢❡ss♦r ❛♥❛❧✐s❛r ❡ ❛✈❛❧✐❛r

❛ ♣♦t❡♥❝✐❛❧✐❞❛❞❡ ❡❞✉❝❛t✐✈❛ ❞♦s ❞✐❢❡r❡♥t❡s ❥♦❣♦s ❡ ♦ ❛s♣❡❝t♦ ❝✉rr✐❝✉❧❛r q✉❡ s❡

❞❡s❡❥❛ ❞❡s❡♥✈♦❧✈❡r✳ ✭P❈◆✱ ✶✾✾✼✱✹✽✲✹✾✮

❊♥t❡♥❞❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡✈❡ ❛❝♦♥t❡❝❡r ❞❡ ❢♦r♠❛ ✐♥t❡r❡ss❛♥t❡ ❡

♣r❛③❡r♦s❛ ❡ ✉♠ r❡❝✉rs♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ ✐ss♦ sã♦ ♦s ❥♦❣♦s✳ ❏á q✉❡ sã♦ tã♦ ✐♠♣♦rt❛♥t❡s✱

❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ ❞❡✈❡♠♦s ♦❝✉♣❛r ✉♠ ❤♦rár✐♦ ❞❡♥tr♦ ❞❡ ♥♦ss♦ ♣❧❛♥❡❥❛♠❡♥t♦✱ ❞❡ ♠♦❞♦ ❛

♣❡r♠✐t✐r q✉❡ ♦ ♣r♦❢❡ss♦r ♣♦ss❛ ❡①♣❧♦r❛r t♦❞♦ ❡ss❡ ♣♦t❡♥❝✐❛❧ ❧ú❞✐❝♦✱ ♣r♦❝❡ss♦s ❞❡ s♦❧✉çã♦✱

r❡❣✐str♦s ❡ ❞✐s❝✉ssõ❡s s♦❜r❡ ♣♦ssí✈❡✐s ❝❛♠✐♥❤♦s q✉❡ ♣♦❞❡rã♦ s✉r❣✐r✳ ❖s ❥♦❣♦s ♣♦❞❡♠ s❡r

✉t✐❧✐③❛❞♦s ♣❛r❛ ✐♥tr♦❞✉③✐r✱ ❛♠❛❞✉r❡❝❡r ❝♦♥t❡ú❞♦s ❡ ♣r❡♣❛r❛r ♦ ❛❧✉♥♦ ♣❛r❛ ❛♣r♦❢✉♥❞❛r

♦s ✐t❡♥s ❥á tr❛❜❛❧❤❛❞♦s✳ ❉❡✈❡♠ s❡r ❡s❝♦❧❤✐❞♦s ❡ ♣r❡♣❛r❛❞♦s ❝♦♠ ❝✉✐❞❛❞♦ ♣❛r❛ ❧❡✈❛r ♦

❡st✉❞❛♥t❡ ❛ ❛❞q✉✐r✐r ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s ❞❡ ✐♠♣♦rtâ♥❝✐❛✳



✶✻

❉❡✈❡♠♦s ✉t✐❧✐③á✲❧♦s ♥ã♦ ❝♦♠♦ ✐♥str✉♠❡♥t♦s r❡❝r❡❛t✐✈♦s ♥❛ ❛♣r❡♥❞✐③❛❣❡♠✱ ♠❛s ❝♦♠♦

❢❛❝✐❧✐t❛❞♦r❡s✱ ❝♦❧❛❜♦r❛♥❞♦ ♣❛r❛ tr❛❜❛❧❤❛r ♦s ❜❧♦q✉❡✐♦s q✉❡ ♦s ❛❧✉♥♦s ❛♣r❡s❡♥t❛♠ ❡♠

r❡❧❛çã♦ ❛ ❛❧❣✉♥s ❝♦♥t❡ú❞♦s ♠❛t❡♠át✐❝♦s✿

❖✉tr♦ ♠♦t✐✈♦ ♣❛r❛ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ❥♦❣♦s ♥❛s ❛✉❧❛s ❞❡ ♠❛t❡♠át✐❝❛ é ❛ ♣♦ss✐✲

❜✐❧✐❞❛❞❡ ❞❡ ❞✐♠✐♥✉✐r ❜❧♦q✉❡✐♦s ❛♣r❡s❡♥t❛❞♦s ♣♦r ♠✉✐t♦s ❞❡ ♥♦ss♦s ❛❧✉♥♦s q✉❡

t❡♠❡♠ ❛ ▼❛t❡♠át✐❝❛ ❡ s❡♥t❡♠✲s❡ ✐♥❝❛♣❛❝✐t❛❞♦s ♣❛r❛ ❛♣r❡♥❞ê✲❧❛✳ ❉❡♥tr♦ ❞❛ s✐✲

t✉❛çã♦ ❞❡ ❥♦❣♦✱ ♦♥❞❡ é ✐♠♣♦ssí✈❡❧ ✉♠❛ ❛t✐t✉❞❡ ♣❛ss✐✈❛ ❡ ❛ ♠♦t✐✈❛çã♦ é ❣r❛♥❞❡✱

♥♦t❛♠♦s q✉❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❡♠ q✉❡ ❡st❡s ❛❧✉♥♦s ❢❛❧❛♠ ▼❛t❡♠át✐❝❛✱ ❛♣r❡✲

s❡♥t❛♠ t❛♠❜é♠ ✉♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❡ ❛t✐t✉❞❡s ♠❛✐s ♣♦s✐t✐✈❛s ❢r❡♥t❡ ❛ s❡✉s

♣r♦❝❡ss♦s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✳ ✭❇♦r✐♥✱✶✾✾✻✱✾✮

▼♦✉r❛✱ ✶✾✾✶✱ ❛✜r♠❛ q✉❡ ✧♦ ❥♦❣♦ ❛♣r♦①✐♠❛✲s❡ ❞❛ ▼❛t❡♠át✐❝❛ ✈✐❛ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ ❤❛❜✐❧✐❞❛❞❡s ❞❡ r❡s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s✧✳

❆ss✐♠✱ ❞❡✈❡♠♦s ❡s❝♦❧❤❡r ❥♦❣♦s q✉❡ ❡st✐♠✉❧❡♠ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡ q✉❛♥❞♦ ♦ ❝♦♥t❡ú❞♦ ❛ s❡r ❡st✉❞❛❞♦ ❢♦r ❛❜str❛t♦✱ ❞✐❢í❝✐❧ ❡ ❞❡s✈✐♥❝✉❧❛❞♦ ❞❛ ♣rát✐❝❛

❞✐ár✐❛✱ ♥ã♦ ♥♦s ❡sq✉❡❝❡♥❞♦ ❞❡ r❡s♣❡✐t❛r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝❛❞❛ ❝♦♠✉♥✐❞❛❞❡ ❡ ♦ q✉❡r❡r ❞❡

❝❛❞❛ ❛❧✉♥♦✳ ❊ss❛s ❛t✐✈✐❞❛❞❡s✱ ♥❡♠ ♠✉✐t♦ ❢á❝❡✐s ♥❡♠ ♠✉✐t♦ ❞✐❢í❝❡✐s✱ ❞❡✈❡♠ s❡r t❡st❛❞❛s

❛♥t❡s ❞❡ s✉❛ ❛♣❧✐❝❛çã♦✱ ❛ ✜♠ ❞❡ ❡♥r✐q✉❡❝❡r ❛s ❡①♣❡r✐ê♥❝✐❛s ❛tr❛✈és ❞❡ ♣r♦♣♦st❛s ❞❡

♥♦✈❛s ❛t✐✈✐❞❛❞❡s✱ ♣r♦♣✐❝✐❛♥❞♦ ♠❛✐s ❞❡ ✉♠❛ s✐t✉❛çã♦✳

❖s ❥♦❣♦s ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✐r❡t❛ ❝♦♠ ♦ ♣❡♥s❛♠❡♥t♦ ♠❛t❡♠át✐❝♦✳ ❊♠ ❛♠✲

❜♦s✱ t❡♠♦s r❡❣r❛s✱ ✐♥str✉çõ❡s✱ ♦♣❡r❛çõ❡s✱ ❞❡✜♥✐çõ❡s✱ ❞❡❞✉çõ❡s✱ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✱ ✉t✐❧✐✲

③❛çã♦ ❞❡ ♥♦r♠❛s ❡ ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s ✭r❡s✉❧t❛❞♦s✮✳

❖ tr❛❜❛❧❤♦ ❝♦♠ ❥♦❣♦s ♠❛t❡♠át✐❝♦s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛ ♥♦s tr❛③ ❛❧❣✉♥s ❜❡♥❡❢í❝✐♦s✿

• ❝♦♥s❡❣✉✐♠♦s ❞❡t❡❝t❛r ♦s ❛❧✉♥♦s q✉❡ ❡stã♦ ❝♦♠ ❞✐✜❝✉❧❞❛❞❡s r❡❛✐s❀

• ♦ ❛❧✉♥♦ ❞❡♠♦♥str❛ ♣❛r❛ s❡✉s ❝♦❧❡❣❛s ❡ ♣r♦❢❡ss♦r❡s s❡ ♦ ❛ss✉♥t♦ ❢♦✐ ❜❡♠ ❛ss✐♠✐❧❛❞♦❀

• ❡①✐st❡ ✉♠❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ♦s ❥♦❣❛❞♦r❡s ❡ ♦s ❛❞✈❡rsár✐♦s✱ ♣♦✐s ❛❧♠❡❥❛♠ ✈❡♥❝❡r

❡✱ ♣❛r❛ ✐ss♦✱ ❛♣❡r❢❡✐ç♦❛♠✲s❡ ❡ ✉❧tr❛♣❛ss❛♠ s❡✉s ❧✐♠✐t❡s❀

• ❞✉r❛♥t❡ ♦ ❞❡s❡♥r♦❧❛r ❞❡ ✉♠ ❥♦❣♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❛❧✉♥♦ s❡ t♦r♥❛ ♠❛✐s ❝rít✐❝♦✱

❛❧❡rt❛ ❡ ❝♦♥✜❛♥t❡✱ ❡①♣r❡ss❛♥❞♦ ♦ q✉❡ ♣❡♥s❛✱ ❡❧❛❜♦r❛♥❞♦ ♣❡r❣✉♥t❛s ❡ t✐r❛♥❞♦ ❝♦♥✲

❝❧✉sõ❡s s❡♠ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ✐♥t❡r❢❡rê♥❝✐❛ ♦✉ ❛♣r♦✈❛çã♦ ❞♦ ♣r♦❢❡ss♦r❀

• ♥ã♦ ❡①✐st❡ ♦ ♠❡❞♦ ❞❡ ❡rr❛r✱ ♣♦✐s ♦ ❡rr♦ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❞❡❣r❛✉ ♥❡❝❡ssár✐♦ ♣❛r❛

s❡ ❝❤❡❣❛r ❛ ✉♠❛ r❡s♣♦st❛ ❝♦rr❡t❛❀

• ♦ ❛❧✉♥♦ s❡ ❡♠♣♦❧❣❛ ❝♦♠ ♦ ❝❧✐♠❛ ❞❡ ✉♠❛ ❛✉❧❛ ❞✐❢❡r❡♥t❡✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛♣r❡♥❞❛

s❡♠ ♣❡r❝❡❜❡r✳

▼❛s ❞❡✈❡♠♦s✱ t❛♠❜é♠✱ t❡r ❛❧❣✉♥s ❝✉✐❞❛❞♦s ❛♦ ❡s❝♦❧❤❡r ♦s ❥♦❣♦s ❛ s❡r❡♠ ❛♣❧✐❝❛❞♦s✿

• ♥ã♦ t♦r♥❛r ♦ ❥♦❣♦ ❛❧❣♦ ♦❜r✐❣❛tór✐♦❀

• ❡s❝♦❧❤❡r ❥♦❣♦s ❡♠ q✉❡ ♦ ❢❛t♦r s♦rt❡ ♥ã♦ ✐♥t❡r✜r❛ ♥❛s ❥♦❣❛❞❛s✱ ♣❡r♠✐t✐♥❞♦ q✉❡

✈❡♥ç❛ ❛q✉❡❧❡ q✉❡ ❞❡s❝♦❜r✐r ❛s ♠❡❧❤♦r❡s ❡str❛té❣✐❛s❀
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• ✉t✐❧✐③❛r ❛t✐✈✐❞❛❞❡s q✉❡ ❡♥✈♦❧✈❛♠ ❞♦✐s ♦✉ ♠❛✐s ❛❧✉♥♦s✱ ♣❛r❛ ♦♣♦rt✉♥✐③❛r ❛ ✐♥t❡r❛çã♦

s♦❝✐❛❧❀

• ❡st❛❜❡❧❡❝❡r r❡❣r❛s✱ q✉❡ ♣♦❞❡♠ ♦✉ ♥ã♦ s❡r ♠♦❞✐✜❝❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞❡ ✉♠❛ r♦❞❛❞❛❀

• tr❛❜❛❧❤❛r ❛ ❢r✉str❛çã♦ ♣❡❧❛ ❞❡rr♦t❛ ♥❛ ❝r✐❛♥ç❛✱ ♥♦ s❡♥t✐❞♦ ❞❡ ♠✐♥✐♠✐③á✲❧❛❀

• ❡st✉❞❛r ♦ ❥♦❣♦ ❛♥t❡s ❞❡ ❛♣❧✐❝á✲❧♦ ✭♦ q✉❡ só é ♣♦ssí✈❡❧✱ ❥♦❣❛♥❞♦✮✳

▼✉✐t♦s ♦✉✈✐♠♦s ❢❛❧❛r ❡ ❢❛❧❛♠♦s ❡♠ ✈✐♥❝✉❧❛r t❡♦r✐❛ à ♣rát✐❝❛✱ ♠❛s q✉❛s❡ ♥ã♦ ♦

❢❛③❡♠♦s✳ ❯t✐❧✐③❛r ❥♦❣♦s ❝♦♠♦ r❡❝✉rs♦ ❞✐❞át✐❝♦ é ✉♠❛ ❝❤❛♥❝❡ q✉❡ t❡♠♦s ❞❡ ❢❛③ê✲❧♦✳ ❊❧❡s

♣♦❞❡♠ s❡r ✉s❛❞♦s ♥❛ ❝❧❛ss❡ ❝♦♠♦ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞❛ ♣rát✐❝❛ ❤❛❜✐t✉❛❧ ❞❛ ❛✉❧❛✳ ❙ã♦

r❡❝✉rs♦s ✐♥t❡r❡ss❛♥t❡s ❡ ❡✜❝✐❡♥t❡s✱ q✉❡ ❛✉①✐❧✐❛♠ ♦s ❛❧✉♥♦s✳

▼✐❣✉❡❧ ❞❡ ●✉③♠á♥✱ ✶✾✽✻✱ ❡①♣r❡ss❛ ♠✉✐t♦ ❜❡♠ ♦ s❡♥t✐❞♦ q✉❡ ❡ss❛ ❛t✐✈✐❞❛❞❡ t❡♠ ♥❛

❡❞✉❝❛çã♦ ♠❛t❡♠át✐❝❛✿ ✧❖ ✐♥t❡r❡ss❡ ❞♦s ❥♦❣♦s ♥❛ ❡❞✉❝❛çã♦ ♥ã♦ é ❛♣❡♥❛s ❞✐✈❡rt✐r✱ ♠❛s

s✐♠ ❡①tr❛✐r ❞❡ss❛ ❛t✐✈✐❞❛❞❡ ♠❛tér✐❛s s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❡r❛r ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦✱ ✐♥t❡r❡ss❛r

❡ ❢❛③❡r ❝♦♠ q✉❡ ♦s ❡st✉❞❛♥t❡s ♣❡♥s❡♠ ❝♦♠ ❝❡rt❛ ♠♦t✐✈❛çã♦✧✳



✶✽

✷ ❋✉♥❞❛♠❡♥t❛çã♦ ❚❡ór✐❝❛

❖ ♥♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥❡st❡ tr❛❜❛❧❤♦ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s

N = {1, 2, 3, 4, ....}✳

P♦ré♠✱ ✐r❡♠♦s ♥♦s ❢✉♥❞❛♠❡♥t❛r ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ ❢♦r♠❛❞♦ ♣❡❧♦

③❡r♦ ❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❝✉❥♦ ♠ó❞✉❧♦ é ♥❛t✉r❛❧✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r

Z = {...,−2,−1, 0, 1, 2, 3, 4, ...}✳

❆❧é♠ ❞♦ ♠❛✐s✱ ❞❡s❝r❡✈❡r❡♠♦s s♦❜r❡ q✉❛tr♦ ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s✱ q✉❡ ❛♣❛r❡❝❡rã♦

❡♠ ❞❡st❛q✉❡ ❞✉r❛♥t❡ ❡st❡ tr❛❜❛❧❤♦✿ ❉✐✈✐s✐❜✐❧✐❞❛❞❡✱ ◆ú♠❡r♦s Pr✐♠♦s✱ ▼á①✐♠♦ ❉✐✈✐s♦r

❈♦♠✉♠ ❡ ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠✱ ❛ss✐♠ ❝♦♠♦ ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❡❧❡s✳ ❈♦♠♦

✈❡r❡♠♦s ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✳

✷✳✶ ❉✐✈✐s✐❜✐❧✐❞❛❞❡

❆♥t❡s ❞❛s ❞❡✜♥✐çõ❡s s♦❜r❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡✱ ❣♦st❛rá❛♠♦s ❞❡ ❡♥✉♥❝✐❛r ✉♠❛ ♣r♦♣r✐❡✲

❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s q✉❡ ✉t✐❧✐③❛r❡♠♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ é ♦

♣r✐♥❝í♣✐♦ ❞❛ ❜♦❛ ♦r❞❡♥❛çã♦✱ q✉❡ ❛✜r♠❛ ♦ s❡❣✉✐♥t❡✿

❆①✐♦♠❛ ✷✳✶✳ Pr✐♥❝í♣✐♦ ❞❛ ❇♦❛ ❖r❞❡♥❛çã♦✿ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ B ⊆ N

♣♦ss✉✐ ✉♠ ❡❧❡♠❡♥t♦ ♠❡♥♦r q✉❡ t♦❞♦s ♦s ♦✉tr♦s ❡❧❡♠❡♥t♦s ❞❡st❡✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ❜ ∈ B

t❛❧ q✉❡ b ≤ n ♣❛r❛ t♦❞♦ n ∈ B✳

P♦r ❡①❡♠♣❧♦✱ s❡ B é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s í♠♣❛r❡s✱ ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ B é ♦

♥ú♠❡r♦ 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♥ã♦ ❣♦③❛♠

❞❛ ❜♦❛ ♦r❞❡♥❛çã♦✳

❖ ♣r✐♥❝í♣✐♦ ❞❛ ❜♦❛ ♦r❞❡♥❛çã♦ ♣❛r❡❝❡ s❡r ✐♥♦❝❡♥t❡ ❡ ♥❛t✉r❛❧✱ ♠❛s ♠✉✐t♦s ❞♦s ✐♠♣♦r✲

t❛♥t❡s r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ♣r♦❝❡❞❡♠ ❞♦ ♠❡s♠♦✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡ x ❡ y sã♦ ✐♥t❡✐r♦s✱ ❞✐③❡♠♦s q✉❡ x ❞✐✈✐❞❡ y✱ ❞❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s

♣♦r x | y✱ s❡ ❡①✐st✐r ✉♠ ✐♥t❡✐r♦ z t❛❧ q✉❡ y ❂ x · z✳
❙❡ x ♥ã♦ ❞✐✈✐❞❡ y ❡s❝r❡✈❡r❡♠♦s x ∤ y✳

❊①❡♠♣❧♦ ✷✳✶✳ ❛✮ 3 ❞✐✈✐❞❡ 15✱ ♣♦✐s ❡①✐st❡ z = 5 t❛❧ q✉❡ 15 = 3 · 5
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❜✮ 4 ♥ã♦ ❞✐✈✐❞❡ 9✱ ♣♦✐s ♥ã♦ ❡①✐st❡ ✉♠ z t❛❧ q✉❡ 9 = 4 · z✳

❊①✐st❡♠ ♦✉tr❛s ❧✐♥❣✉❛❣❡♥s ♣❛r❛ ❡①♣r❡ss❛r ❛ r❡❧❛çã♦ ❞❡ ❞✐✈✐s✐❜✐❧✐❞❛❞❡ x | y✳
P♦❞❡♠♦s ❞✐③❡r✿

• x é ✉♠ ❞✐✈✐s♦r ❞❡ y❀

• x é ✉♠ ❢❛t♦r ❞❡ y❀

• y é ♠ú❧t✐♣❧♦ ❞❡ x✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡ ①✱ ② ❡ ③ sã♦ ✐♥t❡✐r♦s✱ x | y ❡ y | z✱ ❡♥tã♦ x | z✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ x | y ❡ y | z✱ ❡①✐st❡♠ ✐♥t❡✐r♦s q ❡ t ❝♦♠ y ❂ q · x ❡ z = t · y✳
❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ y ♥❛ ❡q✉❛çã♦ z = t · y✱ ❡♥❝♦♥tr❛r❡♠♦s z = t · q · x q✉❡ ✐♠♣❧✐❝❛

x | z✳

❊①❡♠♣❧♦ ✷✳✷✳ ❚❡♠♦s q✉❡ 4 | 8 ❡ 8 | 32✱ ❧♦❣♦ 4 | 32✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥ã♦ ❡①✐st❡ z t❛❧

q✉❡ 14 = 5 · z✱ ❧♦❣♦ 5 ∤ 14✳

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡ x, y, z,m ❡ n sã♦ ✐♥t❡✐r♦s✱z | x ❡ z | y ❡♥tã♦ z | (m · x+ n · y)✳

❉❡♠♦♥str❛çã♦✳ ❙❡ z | x ❡ z | y ✐♠♣❧✐❝❛ q✉❡ x = q · z ❡ y = t · z✳ ▼✉❧t✐♣❧✐❝❛♥❞♦✲s❡ ❡st❛s

❞✉❛s ❡q✉❛çõ❡s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r m ❡ n✱ ❡♥❝♦♥tr❛r❡♠♦s m ·x = m ·q ·z ❡ n ·y = n ·t ·z✳
❙♦♠❛♥❞♦ ❡ss❛s ❡q✉❛çõ❡s✱ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦✱ ♦❜t❡♠♦s m · x+ n · y = (m · q + n · t) · z✱
♦ q✉❡ ♥♦s ❞✐③ q✉❡ z | (m · x+ n · y)✳

❊①❡♠♣❧♦ ✷✳✸✳ ❚❡♠♦s q✉❡ 4 | 12 ❡ 4 | 28✱ ❧♦❣♦ 3 | (6 · 12 + 5 · 28)✳

❚❡♦r❡♠❛ ✷✳✶✳ ❆ ❞✐✈✐sã♦ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✐✮ m | m
✐✐✮ w | m ⇒ x · w | x ·m✱ x 6= 0

✐✐✐✮ x · w | x ·m ❡ x 6= 0 ⇒ w | m
✐✈✮ 1 | m
✈✮ m | 0
✈✐✮ w | m ❡ m 6= 0 ⇒ |w| ≤ |m|
✈✐✐✮ w | m ❡ m | w ⇒ |w| = |m|
✈✐✐✐✮ w | m ❡ w 6= 0 ⇒ (m/w) | m✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❈♦♠♦ m = 1 ·m ❞❛ ❞❡✜♥✐çã♦ s❡❣✉❡ q✉❡ m | m✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛ m = 0✳

✐✐✮ ❙❡ w | m✱ ❧♦❣♦ m = y ·w ♣❛r❛ ❛❧❣✉♠ y ✐♥t❡✐r♦✳ ▲♦❣♦ x ·m = y · x ·w ♦ q✉❡ ❝♦♥❝❧✉✐ ❛

❞❡♠♦♥str❛çã♦✳ ✐✐✐✮ ❙❡ x · w | x ·m✱ ❡♥tã♦ x ·m = y · x ·m ♣❛r❛ ❛❧❣✉♠ y ✐♥t❡✐r♦✳ ❈♦♠♦

x 6= 0✳ ❉✐✈✐❞✐❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ♣♦r x ❧♦❣♦ m = y · w ♦ q✉❡ ❞❡♠♦♥str❛ ♦ ✐t❡♠✳

❆❣♦r❛✱ ❞❡♠♦♥str❛r❡♠♦s ✈✐✐✐✮✳ ❙❡ w | m ✐♠♣❧✐❝❛ m = q · w ❡ ♣♦rt❛♥t♦ m/w é ✉♠

✐♥t❡✐r♦✳ ❈♦♠♦ (m/w) · w = m ❞❛ ❞❡✜♥✐çã♦ t❡♠♦s q✉❡ (m/w) | m✳ ❖s ✐t❡♥s ✐✈✮✱ ✈✮✱ ✈✐✮

❡ ✈✐✐✮ sã♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❡ ♥ã♦ ✐r❡♠♦s ❞❡♠♦♥strá✲❧❛s✳
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❊✱ ♣❛r❛ ✜♥❛❧✐③❛r ❡st❡ tó♣✐❝♦✱ ♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞✐③ ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ❝❛s♦ ❣❡r❛❧

❞❛ ❞✐✈✐sã♦ ❞❡ ✉♠ ✐♥t❡✐r♦ b ♣♦r ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ a✳

❚❡♦r❡♠❛ ✷✳✷✳ ✭❉✐✈✐sã♦ ❊✉❝❧✐❞✐❛♥❛✮✳ ❙❡❥❛♠ a ❡ b ❞♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❝♦♠ a 6= 0✳

❊①✐st❡♠ ❞♦✐s ú♥✐❝♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s q ❡ r t❛✐s q✉❡ b = a · q + r❀ ❝♦♠ 0 ≤ r < a✳

❙❡ a ∤ b✱ ❡♥tã♦ r s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡str✐t❛ 0 < r < a

❉❡♠♦♥str❛çã♦✳ P❛r❛ s✐♠♣❧✐✜❝❛r✱ s✉♣♦♥❤❛♠♦s q✉❡ b ♣♦s✐t✐✈♦✳ ❙❡ b < a✱ ❞❡✈❡♠♦s t♦♠❛r

q = 0 ❡ r = b✳ ❙❡ b = a✱ ❡♥tã♦ t♦♠❛♠♦s q = 1 ❡ r = 0✳ ❈♦♠ ✐ss♦✱ ❣❛r❛♥t✐r❡♠♦s q✉❡

b > a > 0✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

K = {b− aq ∈ Z; b− aq ≥ 0} ⊆ N ∪ {0} ✭✷✳✶✮

◆♦t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ K é ♥ã♦ ✈❛③✐♦✱ ♣♦✐s b − a ∈ K✱ ❥á q✉❡ b − a > 0✳ ❉❡ss❛

❢♦r♠❛✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ❜♦❛ ♦r❞❡♥❛çã♦✱ t❡♠♦s q✉❡ K ❛❞♠✐t❡ ✉♠ ♠❡♥♦r ❡❧❡♠❡♥t♦✱ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r r✳ ❈❧❛r❛♠❡♥t❡ r = b− aq ≥ 0✱ ♣❛r❛ ❛❧❣✉♠ q ≥ 0✳ ❆❧é♠ ❞✐ss♦✱ r < a

♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱

r = b− aq ≥ a ⇒ b− a(q + 1) ≥ 0 ✭✷✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

a > 0 ⇒ b− a(q + 1) < b− aq. ✭✷✳✸✮

❉❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2.2) ❡ (2.3)✱ s❡❣✉❡ q✉❡

0 ≤ b− a(q + 1) < b− aq✱

❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ r = b− aq é ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❞❡ K✳

❆❣♦r❛✱ ♣r♦✈❛r❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ q✉❡ r ❡ q✱ ❡s❝♦❧❤✐❞♦s ❞❡st❛ ❢♦r♠❛✱ sã♦ ú♥✐❝♦s✳ ❈♦♠

❡❢❡✐t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡♠ ♦✉tr♦s ✐♥t❡✐r♦s r1 ❡ q1✱ t❛✐s q✉❡

b = aq1 + r1✱ 0 ≤ r1 < a✳

❊♥tã♦✱ r❡s✉❧t❛ q✉❡ aq + r = aq1 + r1✳ ▲♦❣♦✱

(r − r1) = (q1 − q)a; ✭✷✳✹✮

s❡♥❞♦ ❛ss✐♠✱ r− r1 é ♠ú❧t✐♣❧♦ ❞❡ a✳ ▼❛s✱ ❡♠ ✈✐rt✉❞❡ ❞❡ −a < r− r1 < a✱ ♦ ú♥✐❝♦ ✈❛❧♦r

q✉❡ r− r1 ♣♦❞❡ t♦♠❛r✱ s❡♥❞♦ ❡st❡ ♠ú❧t✐♣❧♦ ❞❡ a✱ é r− r1 = 0✳ P♦t❛♥t♦✱ r = r1✱ ❞❡ ♦♥❞❡

❞❡❞✉③ ❞✐r❡t❛♠❡♥t❡ ❞❡ (2.4) q✉❡ q = q1✳

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❖s ♥ú♠❡r♦s q ❡ r ♥♦ ❡♥✉❝✐❛❞♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ sã♦ ❝❤❛♠❛❞♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ q✉♦❝✐❡♥t❡ ❡ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ b ♣♦r a✳



✷✶

✷✳✷ ◆ú♠❡r♦s Pr✐♠♦s ❡ ❈♦♠♣♦st♦s

❉❡✜♥✐çã♦ ✷✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n ♠❛✐♦r q✉❡ ✶ é ♣r✐♠♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ n ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❞✐✈✐s♦r❡s ♣♦s✐t✐✈♦s ❞✐st✐♥t♦s✱ ♦ 1 ❡ ♦ ♣ró♣r✐♦ n❀ ❡✱

s❡ ♦ ✐♥t❡✐r♦ n ❛❞♠✐t❡ ♦✉tr♦s ❞✐✈✐s♦r❡s ❛❧é♠ ❞❡ 1 ❡ n✱ ♦ ♠❡s♠♦ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦st♦✳

❖❜s❡r✈❛çã♦ ✷✳✷✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♦ ♥ú♠❡r♦ 1 ♥ã♦ é ❝♦♥s✐❞❡r❛❞♦ ♥❡♠ ♣r✐♠♦ ❡ ♥❡♠

❝♦♠♣♦st♦✳

❊①❡♠♣❧♦ ✷✳✹✳ ❖s ♥ú♠❡r♦s 2, 3, 5, 7, 11 ❡ 13 sã♦ ♣r✐♠♦s ❡ ♦s ♥ú♠❡r♦s 4, 6, 8, 9, 10, 15 ❡

174 sã♦ ❝♦♠♣♦st♦s✳

Pr♦♣♦s✐çã♦ ✷✳✸✳ ❙❡❥❛ n > 1 ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳ ❊♥tã♦

❛✮ ♦ ♠❡♥♦r ❞✐✈✐s♦r ❞❡ n ❞✐❢❡r❡♥t❡ ❞❡ 1 é ✉♠ ♥ú♠❡r♦ ♣r✐♠♦❀

❜✮ s❡ n é ❝♦♠♣♦st♦✱ ♦ s❡✉ ♠❡♥♦r ❞✐✈✐s♦r ❞✐❢❡r❡♥t❡ ❞❡ 1 ♥ã♦ é ♠❛✐♦r q✉❡
√
n✳ ❖✉ ♠❡❧❤♦r✱

s❡ n ♥ã♦ ♣♦ss✉✐ ❞✐✈✐s♦r❡s ❞✐❢❡r❡♥t❡s ❞❡ 1✱ ♠❡♥♦r❡s ♦✉ ✐❣✉❛❧ q✉❡
√
n✱ ❡♥tã♦ n é ♣r✐♠♦✳

❉❡♠♦♥str❛çã♦✳ ■♥✐♥✐❝✐r❡♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞❡ ❛✮✳ ❙❡❥❛ p ♦ ♠❡♥♦r ❞✐✈✐s♦r ❞❡ n✱ ❞✐❢❡r❡♥t❡

❞❡ 1✳ ❙❡ ♣ ❢♦ss❡ ❝♦♠♣♦st♦✱ t❡r✐❛ ❛❧❣✉♠ ❞✐✈✐s♦r q t❛❧ q✉❡ 1 < q < p❀ ♠❛s

q | p ❡ p | n✱

♦ q✉❡ ♥♦s ❞✐③ q✉❡ q | n✱ ✐st♦ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❧❡✈❛♥t❛❞❛ ❡♠ ♣✳

◆❛ ♣r♦✈❛ ❞❡ ❜✮ ❞❡♥♦t❛r❡♠♦s ♣♦r ♣ ♦ ♠❡♥♦r ❞✐✈✐s♦r ❞❡ ♥✱ ❞✐❢❡r❡♥t❡ ❞❡ 1✳ ▲♦❣♦✱

n = pq ❝♦♠ q ≥ p✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r ♣✱ ♦❜t❡r❡♠♦s

n = pq ≥ p2✱

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✈❛❧❡
√
n ≥ p✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❯♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣ é ♣r✐♠♦✳ ❊♥tã♦✱ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡

♣r♦♣r✐❡❞❛❞❡✿

p | ab ⇒ p | a ♦✉ p | b

♦♥❞❡ a, b ∈ Z✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡✱ ♣ ♣r✐♠♦✱ s❡ p ∤ a✱ ❡♥tã♦ (p, a) = 1✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

p | b✳

✷✳✸ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠

❉❛❞♦s ❞♦✐s ♦✉ ♠❛✐s ♥ú♠❡r♦s ♥❛t✉r❛✐s ♥ã♦ ♥✉❧♦s✱ ❞❡♥♦♠✐♥❛✲s❡ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦✲

♠✉♠ ✭▼❉❈✮ ♦ ♠❛✐♦r ♥ú♠❡r♦ q✉❡ é ❞✐✈✐s♦r ❞❡ t♦❞♦s ❡❧❡s✳

❊♥t❡♥❞❛✱ ♣♦r ❞✐✈✐s♦r✱ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ♥ã♦ ♥✉❧♦✱ q✉❡✱ ❛♦ ❞✐✈✐❞✐r ✉♠ ♦✉tr♦ ♥ú♠❡r♦

♥❛t✉r❛❧✱ ♣r♦❞✉③ ✉♠❛ ❞✐✈✐sã♦ ❝♦♠ r❡st♦ ✐❣✉❛❧ ❛ ③❡r♦✱ ✐st♦ é✱ ♣r♦❞✉③ ✉♠❛ ❞✐✈✐sã♦ ❡①❛t❛✳



✷✷

❈♦♠ ❡st❡ s❡♥t✐❞♦✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❞✐✈✐s♦r❡s ❞❡ ✉♠ ♥ú♠❡r♦

♥❛t✉r❛❧ q✉❛❧q✉❡r é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❈❛s♦ ♦ ♥ú♠❡r♦ ✶ s❡❥❛ ♦ ú♥✐❝♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s✱

❞✐③❡♠♦s q✉❡ ♦s ♥ú♠❡r♦s ❞❡st❡ ❝♦♥❥✉♥t♦ sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✳

❆ ❢❛t♦r❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❡♠ ✉♠ ♣r♦❞✉t♦ ❞❡ ♣r✐♠♦s ❡✈✐❞❡♥❝✐❛ ♦s s❡✉s

❞✐✈✐s♦r❡s✳ ❉♦✐s ♦✉ ♠❛✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s tê♠✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠ ❞✐✈✐s♦r ♣♦s✐t✐✈♦ ❝♦♠✉♠

✭♦ ♥ú♠❡r♦ 1✮✳ ❙❡ ❡ss❡s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❛♣r❡s❡♥t❛♠ ❢❛t♦r❡s ♣r✐♠♦s ❡♠ ❝♦♠✉♠ ♥❛s s✉❛s

❢❛t♦r❛çõ❡s✱ ❡♥tã♦ ❡❧❡s t❡rã♦ ♦✉tr♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❛❧é♠ ❞♦ ♥ú♠❡r♦ 1✳ ❉♦s ❞✐✈✐s♦r❡s

❝♦♠✉♥s✱ ✉♠ ❞❡❧❡s ♠❡r❡❝❡ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧✿ ♦ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠✳

❊①❡♠♣❧♦ ✷✳✺✳ ❖❜s❡r✈❛♥❞♦ q✉❡ 10 = 2.5 ❡ 15 = 3.5 t❡♠♦s q✉❡ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠

❞❡ 10 ❡ 15 é ✐❣✉❛❧ ❛ 5✱ ❞❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ❝♦♠♦ mdc(10, 15) = 5 ♦✉ s✐♠♣❧❡♠❡♥t❡ ♣♦r

(10, 15) = 5✳

◆❛ ❞❡✜♥✐çã♦ 2.1✱ ❡①✐st❡ ❛ r❡str✐çã♦ ❞❡ q✉❡ ♦ ❞✐✈✐s♦r s❡❥❛ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ◗✉❛♥❞♦

❡s❝r❡✈❡♠♦s ❛ ♥♦t❛çã♦ x | y✱ ✜❝❛ ❡♥t❡♥❞✐❞♦✱ ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ q✉❡ x 6= 0✳

❊①❡♠♣❧♦ ✷✳✻✳ ▼♦str❡ q✉❡ s❡ x ❞✐✈✐❞❡ y ❡♥tã♦ −x t❛♠❜é♠ ❞✐✈✐❞❡ y✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✿

x | y ⇐⇒ ∃ ③ ∈ Z; ② ❂ ①✳③ ⇐⇒ y = (−x).(−z) ⇐⇒ −x | y✳

❉❡ ♣♦ss❡ ❞♦ ❡①❡♠♣❧♦ 2.6✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s ❞✐✈✐s♦r❡s ❞❡ t♦❞♦ ✐♥t❡✐r♦ ♦❝♦rr❡ ❡♠

♣❛r❡s✳ ❆ss✐♠✱ ♣❛r❛ ♦❜t❡r ♦s ❞✐✈✐s♦r❡s ❞❡ ✉♠ ✐♥t❡✐r♦✱ ❜❛st❛ ♣r♦❝✉r❛r♠♦s ♦s ❞✐✈✐s♦r❡s

♣♦s✐t✐✈♦s ❡✱ ❡♥tã♦✱ ❛❞✐❝✐♦♥❛♠♦s ❛ ❡❧❡s ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ✐♥t❡✐r♦s ♥❡❣❛t✐✈♦s✳

P♦r ❡st❛ r❛③ã♦✱ ❞❛q✉✐ ♣♦r ❞✐❛♥t❡✱ ✐r❡♠♦s ❧✐♠✐t❛r ♥♦ss❛s ❝♦♥s✐❞❡r❛çõ❡s ❛♦s ❞✐✈✐s♦r❡s

♣♦s✐t✐✈♦s ❞♦s ♥ú♠❡r♦s✳

❆❣♦r❛✱ s❡rá ❞❡s❡♥✈♦❧✈✐❞❛ ❛ t❡♦r✐❛ s♦❜r❡ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠ ✭▼✳❉✳❈✮✱ q✉❡ é

✉♠ ❝❛s♦ s✐❣♥✐✜❝❛♥t❡ ❞♦ ❆❧❣♦r✐t♠♦ ❞❛ ❉✐✈✐sã♦ ♦♥❞❡ ♦ r❡st♦ é ③❡r♦✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❙❡ a ❡ b sã♦ ✐♥t❡✐r♦s ❛r❜✐trár✐♦s✱ ❡♥tã♦ ✉♠ ✐♥t❡✐r♦ d é ❞✐t♦ ✉♠ ❞✐✈✐s♦r

❝♦♠✉♠ ❞❡ a ❡ b s❡ d | a ❡ d | b✳

❈♦♠♦ 1 é ✉♠ ❞✐✈✐s♦r ❞❡ q✉❛❧q✉❡r ✐♥t❡✐r♦✱ ❡♥tã♦ 1 é ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✳ ❆ss✐♠✱

♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s é ♥ã♦ ✈❛③✐♦✳

❈♦♠♦ t♦❞♦ ✐♥t❡✐r♦ ❞✐✈✐❞❡ ♦ ③❡r♦ ❡ s❡ a = b = 0✱ ❡♥tã♦ t♦❞♦ ✐♥t❡✐r♦ s❡r✈❡ ❝♦♠♦

❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s q✉❡ sã♦ ❞✐✈✐s♦r❡s ❞❡ a ❡ b

é ✐♥✜♥✐t♦✳

❊♥tr❡t❛♥t♦✱ s❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s ❞✐✈✐s♦r❡s ❞❡ a ❡ b é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❡①✐st❡

s♦♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❞✐✈✐s♦r❡s ❝♦♠✉♥s✳ ❆ss✐♠✱ ❡①✐st❡ ♦ ♠❛✐♦r ❞❡❧❡s✱ ❝❤❛♠❛❞♦

♦ ♠❛✐♦r ❞✐✈✐s♦r ❝♦♠✉♠ ❡♥tr❡ a ❡ b✳ ❋♦r♠❛❧♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿



✷✸

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛♠ ❞❛❞♦s ❞♦✐s ✐♥t❡✐r♦s a ❡ b✱ ❞✐st✐♥t♦s ♦✉ ♥ã♦✳ ❯♠ ♥ú♠❡r♦ ✐♥t❡✐r♦

d s❡rá ❞✐t♦ ♦ ▼á①✐♠♦ ❉✐✈✐s♦r ❈♦♠✉♠ ❞❡ a ❡ b✱ ❞❡♥♦t❛❞♦ ♣♦r mdc(a, b) ♦✉ (a, b)✱

s❡ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡s✿

✐✮ d é ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✱ ♦✉ s❡❥❛✱ d | a ❡ d | b❀
✐✐✮ ❙❡ c é t❛❧ q✉❡ c | a ❡ c | b ❡♥tã♦ c ≤ d✳

❊ss❛ é✱ ❜❛s✐❝❛♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♣♦r ❊✉❝❧✐❞❡s ❡ s❡ ❝♦♥st✐t✉✐ ❡♠ ✉♠ ❞♦s ♣✐❧❛r❡s

❞❡ s✉❛ ❛r✐t♠ét✐❝❛✳

P♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ d é ✉♠ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b

✭❞♦♥❞❡✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✉t✐❧✐③❛r❡♠♦s ❝♦♠♦ (a, b)✮✱ ♥ã♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♥✉❧♦s✱ s❡

♣♦ss✉✐r ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ s❡❣✉✐r✿

• c é ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ ❞❡ b❀

• c é ❞✐✈✐sí✈❡❧ ♣♦r t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ ❞❡ b✱ ♦✉ s❡❥❛✱ s❡ d é ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠

❞❡ a ❡ ❞❡ b✱ ❡♥tã♦ d ❞✐✈✐❞❡ c❀

• Pr♦♣r✐❡❞❛❞❡ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ♠❞❝✿ t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ ❞♦✐s ♦✉ ♠❛✐s ♥ú♠❡r♦s

✐♥t❡✐r♦s é ❞✐✈✐s♦r ❞♦ ♠✳❞✳❝✳ ❞❡st❡s ♥ú♠❡r♦s❀

• ❉✐③❡♠♦s q✉❡ ❞♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s a ❡ b sã♦ ♣r✐♠♦s ❡♥tr❡ s✐ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

(a, b) = 1❀

• s❡ ♣ é ♣r✐♠♦✱ ❡♥tã♦

(a, b) =

{

1, s❡ p ∤ a,

p, s❡ p | a.

• ❙❡ ❛ ❞✐✈✐❞❡ ❝✱ ❡♥tã♦ ✭❛✱❜✮ ❞✐✈✐❞❡ ✭❝✱❜✮❀

• ❙❡ ✭❛✱❜✮ ❂ ✶✱ ❡♥tã♦ ✭❛❝✱❜✮ ❂ ✭❝✱❜✮❀

• ❖ ▲❡♠❛ ❞❡ ❊✉❝❧✐❞❡s ❞✐③ q✉❡✿ s❡❥❛♠ ❛✱ ❜✱ ♥ ♣❡rt❡♥❝❡♥t❡s ❛♦s ■♥t❡✐r♦s✳ ❙❡ ❡①✐st❡

✭❛✱❜ − ♥❛✮✱ ❡♥tã♦ ✭❛✱❜✮ ❡①✐st❡ ❡ ✭❛✱❜✮ ❂ ✭❛✱❜ − ♥❛✮❀

• ❉♦✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s ❛ ❡ ❜ sã♦ ♣r✐♠♦s ❡♥tr❡ s✐ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ♥ú♠❡r♦s

✐♥t❡✐r♦s ♥ ❡ ♠ t❛✐s q✉❡ ♥❛ ✰ ♠❜ ❂ ✶✳

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❙❡❥❛♠ a ❡ b ❞♦✐s ✐♥t❡✐r♦s✳ ❊♥tã♦ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✳

✐✮ ❙❡ a é ♠ú❧t✐♣❧♦ ❞❡ b✱ ❡♥tã♦ (a, b) = b✳

✐✐✮ ❙❡ a = bq + c, c 6= 0✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞♦s ♥ú♠❡r♦s a ❡ b

❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞♦s ♥ú♠❡r♦s b ❡ c✳ P❛rt✐❝✉✲

❧❛r♠❡♥t❡✱ (a, b) = (b, c)✳



✷✹

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❝♦♠ ❛ ♣r♦✈❛ ❞❡ i)✳ ❈♦♠ ❡❢❡✐t♦✱ t♦❞♦ ❞✐✈✐s♦r

❝♦♠✉♠ ❞♦s ♥ú♠❡r♦s a ❡ b é ✉♠ ❞✐✈✐s♦r ❞❡ b✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✉s❛♥❞♦ q✉❡ a é ♠ú❧t✐♣❧♦ ❞❡ b✱ t♦❞♦ ❞✐✈✐s♦r ❞❡ b é t❛♠❜é♠ ✉♠

❞✐✈✐s♦r ❞❡ a✱ ♦✉ s❡❥❛✱ ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠ ❞♦s ♥ú♠❡r♦s a ❡ b✳ P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s

❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞♦s ♥ú♠❡r♦s a ❡ b é ✐❣✉❛❧ ❛♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐✈✐s♦r❡s ❞❡ b✳ ❈♦♠♦ ♦

♠❛✐♦r ❞✐✈✐s♦r ❞❡ b é ❡❧❡ ♠❡s♠♦✱ r❡s✉❧t❛ q✉❡ (a, b) = b✳

P♦r ✜♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❜✮✳ ❯t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ ❞❡ s❡ a | b ❡ a | c ❡♥tã♦ a | (b+ c)

❡ a | (b − c)✱ ♣❛r❛ a✱ b ❡ c ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ ❧♦❣♦ t❡♠♦s q✉❡ t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a

❡ b t❛♠❜é♠ ❞✐✈✐❞❡ c ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ é ✉♠ ❞✐✈✐s♦r ❞❡ b ❡ c✳ P❡❧❛ ♠❡s♠❛ r❛③ã♦✱

t♦❞♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ b ❡ c t❛♠❜é♠ ❞✐✈✐❞❡ a ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ é ✉♠ ❞✐✈✐s♦r ❞❡ a

❡ b✳ P♦rt❛♥t♦✱ ♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ❞❡ a ❡ b sã♦ ♦s ♠❡s♠♦s q✉❡ ♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s

❞❡ b ❡ c✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ t❛♠❜é♠ ❝♦✐♥❝✐❞❡♠ ♦s ♠❛✐♦r❡s ❞✐✈✐s♦r❡s ❝♦♠✉♥s✱ ♦✉ s❡❥❛✱

(a, b) = (b, c)✳

❚❡♦r❡♠❛ ✷✳✸✳ ✭❚❡♦r❡♠❛ ❞❡ ❇❛❝❤❡t✲❇é③♦✉t✮ ❙❡❥❛ d ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✱

❡♥tã♦ ❡①✐st❡♠ ✐♥t❡✐r♦s x0 ❡ y0 t❛✐s q✉❡ d = x0a ✰ y0b✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s xa+ yb ♦♥❞❡ x

❡ y sã♦ ✐♥t❡✐r♦s✳ ❊st❡ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡✐r♦s✱ ✐♥❝❧✉✐ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡ ♥❡❣❛t✐✈♦s✳ ❆❧é♠

❞✐ss♦✱ ❡s❝♦❧❤❡♥❞♦ x = y = 0✱ ✈❡♠♦s q✉❡ M ❝♦♥té♠ ♦ ③❡r♦✳ ❱❛♠♦s ❡s❝♦❧❤❡r x0 ❡

y0 t❛✐s q✉❡ c = x0a + y0b s❡❥❛ ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦ M ✳

❱❛♠♦s ♣r♦✈❛r q✉❡ c | a ❡ c | b✳ ❈♦♠♦ ❛s ❞❡♠♦♥str❛ççõ❡s sã♦ s✐♠✐❧❛r❡s✱ ♠♦str❛r❡♠♦s

❛♣❡♥❛s q✉❡ c | a✳ ❆ ♣r♦✈❛ é ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ c ∤ a✳ ◆❡st❡ ❝❛s♦✱

♣❡❧♦ ❚❡♦r❡♠❛ 2.2✱ ❡①✐st❡♠ q ❡ r t❛✐s q✉❡ a = qc + r ❝♦♠ 0 < r < c✳ P♦rt❛♥t♦

r = a − qc = a − q(x0a + y0b) = (1 − qx0)a + (−qy0b)b✳ ■st♦ ♠♦str❛ q✉❡ r ∈ M ✱ ♣♦✐s

(1 − qx0) ❡(−qy0) sã♦ ✐♥t❡✐r♦s✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ✉♠❛ ✈❡③ q✉❡ 0 < r < c ❡ c é

♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ♣♦s✐t✐✈♦ ❞❡ M ✳ ▲♦❣♦✱ c | a ❡ ❞❡ ❢♦r♠❛ ❛♥❛❧ó❣❛ s❡ ♣r♦✈❛ q✉❡ c | b✳
❈♦♠♦ d é ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ a ❡ b✱ ❡①✐st❡♠ ✐♥t❡✐r♦s t1 ❡ t2 t❛✐s q✉❡ a = t1d

❡ b = t2d ❡✱ ♣♦rt❛♥t♦ c = x0a + y0b = x0t1d + y0t2d = d(x0t1 + y0t2)✱ ♦ q✉❡ ✐♠♣❧✐❝❛

d | c✳ ❉♦ ❚❡♦r❡♠❛ 2.1✭✈✐✮✱ t❡♠♦s q✉❡ d ≤ c ✭❛♠❜♦s sã♦ ♣♦s✐t✐✈♦s✮ ❡ ❝♦♠♦ d < c ♥ã♦ é

♣♦ssí✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ d é ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠✱ ❝♦♥❝❧✉✐♠♦s q✉❡ d = x0a+ y0b✳

Pr♦♣♦s✐çã♦ ✷✳✻✳ ❙❡❥❛♠ d✱t ∈ N✳ ❊♥tã♦✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

❛✮ ❙❡ d | a ❡ d | b✱ ❡♥tã♦ d | (a, b)✳

❜✮ ❖ (a, b) é ♦ ♠❡♥♦r ✈❛❧♦r ♣♦s✐t✐✈♦ ❞❡ ax + by✱ ♦♥❞❡ x ❡ y ♣❡r❝♦rr❡♠ t♦❞♦s ♦s

♥ú♠❡r♦s ✐♥t❡✐r♦s✳

❝✮ (ta, tb) = t(a, b)✳

❞✮ ❙❡ d | a ❡ d | b✱ ❡♥tã♦ (a
d
, b
d
) = 1

d
(a, b)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ( a

(a,b)
, b
(a,b)

) = 1✳

❡✮ ❙❡ (a, c) = (b, c) = 1✱ ❡♥tã♦ (ab, c) = 1



✷✺

❢✮ ❙❡ c | ab ❡ (b, c) = 1✱ ❡♥tã♦ c | a✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ ❞❡ a) é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ✐❣✉❛❧❞❛❞❡ (a, b) = ax0 + by0

❛♥✉❝✐❛❞❛ ♥♦ ❚❡♦r❡♠❛ 2.3❀ ❛ss✐♠ ❝♦♠♦ b) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ❛

❡st❡ t❡♦r❡♠❛✳

P❛r❛ ♣r♦✈❛r c)✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡

(ta)x+ (tb)y = t(ax+ by) ♦♥❞❡ x, y ∈ Z✳

❯s❛♥❞♦ ♦ ✐t❡♠ a) ❡ ♦ ❢❛t♦ ❞❡ t s❡r ♣♦s✐t✐✈♦✱ ❞❡ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡❣✉❡ q✉❡

(ta, tb) = min{(ta)x+ (b)y > 0; x, y ∈ Z}

= min{ax+ by; x, y ∈ Z}

= (a, b)✳

❆ ❛✜r♠❛çã♦ ❢❡✐t❛ ❡♠ d) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ c)✱ ♦❜s❡r✈❛♥❞♦ q✉❡

(a, b) = (da
d
, d b

d
) = d(a

d
, b
d
)✳

❈♦♥t✐♥✉❛♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞❡ e)✳ ❞❡ (a, c) = (b, c) = 1✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ✐♥t❡✐r♦s xk ❡

yk✱ k = 1, 2, t❛✐s q✉❡

ax1 + cy1 = 1✱

bx2 + cy2 = 1✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛❞♦ ❛ ❧❛❞♦ ❛s ✐❣✉❛❧❞❛❞❡s✱ ♦❜t❡♠♦s

(x1x2)ab+ (ax1y2 + y1bx2 + cy1y2)c = 1✳

❊♥tã♦✱ ✉s❛♥❞♦ ♦ ✐t❡♠ b) ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ r❡s✉❧t❛ q✉❡ (ab, c) = 1✳

❋✐♥❛❧♠❡♥t❡✱ ♣r♦✈❛r❡♠❛s f)✳ ❉❛s ❤✐♣ót❡s❡s✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ✐♥t❡✐r♦s x0 ❡ y0 t❛✐s

q✉❡

bx0 + cy0 = 1

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r a ❡♠ ❛♠❜♦s ❧❛❞♦s ♣❛r❛ ♦❜t❡r♠♦s

abx0 + acy0 = a✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ab = cq ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ q✳ ❯s❛♥❞♦ ❡st❛ ❝♦♥❞✐çã♦ ♥❛ ú❧t✐✐♠❛ ✐❣✉❛❧✲

❞❛❞❡✱ t❡♠♦s q✉❡

cqx0 + acy0 = c(qx0 + ay0) = a✱

❧♦❣♦ c | a✳



✷✻

✷✳✸✳✶ ▼ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠❞❝

❆té ❛q✉✐ ❝♦♥❤❡❝❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s t❡ór✐❝❛s ❞♦ ♠❞❝ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s❀

❡♥❝♦♥trá✲❧♦ ❞❡ ❢❛t♦ ♣♦❞❡ s❡r ✉♠❛ t❛r❡❢❛ ❝♦♠♣❧✐❝❛❞❛✱ s❡ ♥ã♦ t✐✈❡r♠♦s ❞❡ ♣♦ss❡ ❞❛s

❢❡rr❛♠❡♥t❛s ❝♦rr❡t❛s✳ P♦r ✐ss♦✱ ♥❡ss❡ tó♣✐❝♦✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r ✷ ❞❡❧❡s✿ ♦ ♠ét♦❞♦ ❞❛

❞✐✈✐sã♦ s✉❝❡ss✐✈❛ ❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❢❛t♦r❡s ♣r✐♠♦s✳

▼ét♦❞♦ ❞❛ ❞✐✈✐sã♦ s✉❝❡ss✐✈❛

❚❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✳

❚❡♦r❡♠❛ ✷✳✹✳ ❉❛❞♦s ❞♦✐s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ a ❡ b✱ ❛♣❧✐❝❛♠♦s s✉❝❡ss✐✈❛♠❡♥t❡ ❛ ❞✐✈✐sã♦

❡✉❝❧✐❞✐❛♥❛ ♣❛r❛ ♦❜t❡r ❛ s❡q✉ê♥❝✐❛ ❞❡ ✐❣✉❛❧❞❛❞❡s

b = aq1 + r1✱ 0 ≤ r1 < a

a = r1q2 + r2✱ 0 ≤ r2 < r1

r1 = r2q3 + r3✱ 0 ≤ r3 < r2

· · · · · · · · · · · · · · ·
rn−2 = rn−1qn + rn✱ 0 ≤ rn < rn−1✱

rn−1 = rnqn+1✱

❛té ❛❧❣✉♠ rn ❞✐✈✐❞✐r rn−1✳ ❆ss✐♠✱ ♦ mdc(a, b) = rn✱ ♦✉ s❡❥❛✱ é ♦ ú❧t✐♠♦ r❡st♦ ♥ã♦✲♥✉❧♦

♥♦ ♣r♦❝❡ss♦ ❞❡ ❞✐✈✐sã♦ ❛♥t❡r✐♦r✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠❡ç❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛ é ✜♥✐t❛✳

❈♦♠ ❡❢❡✐t♦✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐rs rk é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❡stá ❝♦♥t✐❞❛

♥♦ ❝♦♥❥✉♥t♦ {r ∈ Z✱ 0 ≤ r < a}✱ ♣♦rt❛♥t♦ ♥ã♦ ♣♦❞❡ ❝♦♥t❡r ♠❛✐s ❞♦ q✉❡ a ✐♥t❡✐r♦s

♣♦s✐t✐✈♦s✳ ❊①❛♠✐♥❛♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ❞❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❡✱ ✉s❛♥❞♦

❛ Pr♦♣♦s✐çã♦ 2.5✱ t❡♠♦s q✉❡

(a, b) = (a, r1) = (r1, r2) = · · · = (rn−1, rn) = rn✳

❖❜s❡r✈❛çã♦ ✷✳✸✳ ◗✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ♥ú♠❡r♦s ♣❡q✉❡♥♦s✱ ❛❝❤❛r ♦ ♠❞❝ é ✉♠❛ t❛r❡❢❛

❢á❝✐❧✱ ♣♦✐s ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ♠❞❝ ✈❛❧❡♥❞♦✲♥♦s ❞❛s ❢❛t♦r❛çõ❡s ❞♦s ♥ú♠❡r♦s ❡♥✈♦❧✈✐✲

❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♥ú♠❡r♦s ❣r❛♥❞❡s✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡

❊✉❝❧✐❞❡s✱ ❡♠ ❣❡r❛❧✱ é ♠❛✐s ❢á❝✐❧ q✉❡ ❛ ❢❛t♦r❛çã♦✱ ♣♦❞❡♥❞♦ s❡r ❡st❛ ú❧t✐♠❛ ❜❡♠ ❞✐❢í❝✐❧✳

❖❜s❡r✈❛çã♦ ✷✳✹✳ P❡r❝❡❜❛ q✉❡ ♦ t❡♦r❡♠❛ ❞❡ ❇é③♦✉t t❛♠❜é♠ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

rn = rn−2 − rn−1qn

❊①❡♠♣❧♦ ✷✳✼✳ ❆❝❤❛r ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❞♦s ♥ú♠❡r♦s 522 ❡ 1126✳

❙♦❧✉çã♦✿

❆♣❧✐❝❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡ ❞✐✈✐sõ❡s ❝♦♠ r❡st♦✿
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1126 = 2 · 522 + 82

522 = 6 · 82 + 30

82 = 2 · 30 + 22

30 = 1 · 22 + 8

22 = 2 · 8 + 6

8 = 1 · 6 + 2

6 = 3 · 2 + 0✱

❡♥tã♦ ♦ mdc(522, 1126) = 2✳

▼ét♦❞♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❢❛t♦r❡s ♣r✐♠♦s

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ❡♠ ✉♠ ♣r♦❞✉t♦ ❞❡ ❢❛t♦r❡s ♣r✐♠♦s é ❝❤❛♠❛❞❛

❞❡ ❢❛t♦r❛çã♦✳

P❛r❛ r❡❛❧✐③❛r♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❡♠ ❢❛t♦r❡s ♣r✐♠♦s✱ ❞❡✈❡♠♦s ♣r♦✲

❝✉r❛r ♣❡❧♦ ♠❡♥♦r ♥ú♠❡r♦ ♣r✐♠♦ ❝❛♣❛③ ❞❡ ❞✐✈✐❞í✲❧♦ ✭❞✐✈✐sã♦ ❡①❛t❛✮ ❡ r❡❛❧✐③❛r♠♦s ❛ s✉❛

❞✐✈✐sã♦ ♣♦r ❡st❡ ♥ú♠❡r♦ ❡♥q✉❛♥t♦ ❢♦r ♣♦ssí✈❡❧✳ ❉❡♣♦✐s✱ ❞❡✈❡♠♦s ♣r♦❝✉r❛r ♣❡❧♦ ♣ró①✐♠♦

♥ú♠❡r♦ ♣r✐♠♦ ❝❛♣❛③ ❞❡ ❞✐✈✐❞í✲❧♦ ❡ ❝♦♥t✐♥✉❛r ♥❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❛té q✉❡ ♦ q✉♦❝✐❡♥t❡

❞❛ ❞✐✈✐sã♦ r❡s✉❧t❡ ❡♠ 1✳ ◆❡st❡ ♠♦♠❡♥t♦✱ t❡r❡♠♦s t♦❞♦s ♦s ❢❛t♦r❡s ♣r✐♠♦s q✉❡ ❝♦♠♣õ❡

t❛❧ ♥ú♠❡r♦✳

❖ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ✭♠❞❝✮ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s ♥❛t✉r❛✐s é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛

✐♥t❡rs❡çã♦ ❞♦s ❞✐✈✐s♦r❡s ♥❛t✉r❛✐s✱ ❡s❝♦❧❤❡♥❞♦✲s❡ ❛ ♠❛✐♦r✳ ❖ ♠❞❝ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♣❡❧♦

♣r♦❞✉t♦ ❞♦s ❢❛t♦r❡s ♣r✐♠♦s q✉❡ sã♦ ❝♦♠✉♥s✱ t♦♠❛♥❞♦✲s❡ s❡♠♣r❡ ♦ ❞❡ ♠❡♥♦r ❡①♣♦❡♥t❡✳

P❛r❛ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦✱ ♠♦str❛r❡♠♦s ❛❣♦r❛ ♦ ♠ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ mdc ❡♥tr❡

❞♦✐s ♥ú♠❡r♦s✱ ❛tr❛✈és ❞❡ ✉♠ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✽✳ ❱❡❥❛ ❝♦♠♦ s❡ ♣♦❞❡ ❡♥❝♦♥tr❛r ♦ mdc ❞❡ 120 ❡ 36 ♣❡❧♦ ♠ét♦❞♦ ❞❛ ❢❛t♦✲

r❛çã♦✳

❋✐❣✉r❛ ✷✳✶✿ ❈á❧❝✉❧♦ ❞♦ ♠❞❝ ❞❡ 120 ❡ 36
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧



✷✽

✷✳✹ ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠

❉❛❞♦s ❞♦✐s ♦✉ ♠❛✐s ♥ú♠❡r♦s ♥❛t✉r❛✐s ♥ã♦ ♥✉❧♦s✱ ❞❡♥♦♠✐♥❛✲s❡ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦

❝♦♠✉♠ ✭▼▼❈✮ ♦ ♠❡♥♦r ❞♦s s❡✉s ♠ú❧t✐♣❧♦s q✉❡ é ❝♦♠✉♠ ❛ t♦❞♦s ❡❧❡s✱ ❝♦♠ ❡①❝❡çã♦ ❞♦

♥ú♠❡r♦ ③❡r♦✱ ♣♦✐s ❡st❡ é ♠❡♥♦r ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❡ é ♠ú❧t✐♣❧♦ ❞❡ t♦❞♦s ❡❧❡s✳

❖s ♠ú❧t✐♣❧♦s ❞❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ sã♦ t♦❞♦s ❛q✉❡❧❡s q✉❡ ❞✐✈✐❞✐❞♦s ♣♦r ❡st❡ ♥ú♠❡r♦

tê♠ ③❡r♦ ❝♦♠♦ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦✳ P♦r ❡①❡♠♣❧♦✱ 0✱ 4✱ 8 ❡ 12 sã♦ t♦❞♦s ♠ú❧t✐♣❧♦s ❞❡

4✱ ♣♦✐s q✉❛❧q✉❡r ✉♠ ❞❡❧❡s ♣♦❞❡ ❞✐✈✐❞✐❞♦ ♣♦r 4 ❡♠ ✉♠❛ ❞✐✈✐sã♦ ❡①❛t❛✳ ◆❡st❡ ❝❛s♦✱ ♦

q✉♦❝✐❡♥t❡ ❞❛ ❞✐✈✐sã♦ s❡r✐❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ 0✱ 1✱ 2 ❡ 3✳ P❡r❝❡❜❡✲s❡✱ ♣♦rt❛♥t♦✱ q✉❡ ♦s

♠ú❧t✐♣❧♦s ❞❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ sã♦ ♦ r❡s✉❧t❛❞♦ ❞♦ ♣r♦❞✉t♦ ❞❡st❡ ♥ú♠❡r♦ ♣♦r ✉♠ ♦✉tr♦

♥ú♠❡r♦ ♥❛t✉r❛❧✳

❏á q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✱ ♦s ♠ú❧t✐♣❧♦s ❞❡ ✉♠

♥ú♠❡r♦ t❛♠❜é♠ sã♦ ✐♥✜♥✐t♦s✳

P♦r ❞❡✜♥✐çã♦✱ ♠ú❧t✐♣❧♦ é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❝✉❥❛ ❞✐✈✐sã♦ ♣♦r ♦✉tr♦ ♥ú♠❡r♦ ✐♥t❡✐r♦

♥ã♦ ❞❡✐①❛ r❡st♦✱ ♦✉ s❡❥❛✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ♦ ♠ú❧t✐♣❧♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❝♦♠♦ ♦ ❞✐✈✐✲

❞❡♥❞♦ ❞❡ ✉♠❛ ❞✐✈✐sã♦ ❞❡ ✐♥t❡✐r♦s ❝♦♠ r❡st♦ ③❡r♦✳ ❱❡r✐✜❝❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ ❞♦✐s ♦✉

♠❛✐s ♥ú♠❡r♦s ✐♥t❡✐r♦s t❡♠ ✐♥✜♥✐t♦s ♠ú❧t✐♣❧♦s ❝♦♠✉♥s✳ ❉❡♥tr❡ ❡ss❡s ✐♥✜♥✐t♦s ♠ú❧t✐♣❧♦s

❝♦♠✉♥s✱ ✉♠ ❞❡❧❡s ♠❡r❡❝❡ ❞❡st❛q✉❡✿ ♦ ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠✳

❊①❡♠♣❧♦ ✷✳✾✳ ❚♦♠❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ 8 ❡ 12✳ ❙❡✉s ♠ú❧t✐♣❧♦s

sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

{0, 8, 16, 24, 32, 40, ...}
{0, 12, 24, 36, 48, 60, ...}
P♦❞❡♠♦s ♥♦t❛r q✉❡✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ ♥ú♠❡r♦ 0✱ ♦ ♥ú♠❡r♦ 24 é ♦ ♠❡♥♦r ❞♦s ♠ú❧t✐♣❧♦s

❝♦♠✉♠ ❛ t♦❞♦s ❡❧❡s✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡✿

mmc(8, 12) = 24

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛♠ a ❡ b ✐♥t❡✐r♦s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✳ ❖ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦ ❝♦♠✉♠✱

r❡s✉♠✐❞❛♠❡♥t❡ ♠♠❝✱ ❡♥tr❡ a ❡ b é ♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥✲

❞✐çõ❡s✿

❛✮ m é ✉♠ ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ a ❡ b✱ ✐st♦ é✱ a | m ❡ b | m❀

❜✮ s❡ a | c ❡ b | c ❡♥tã♦ m ≤ c✳

◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s ♦ ♠♠❝ ❡♥tr❡ a ❡ b ♣♦r m = mmc[a, b] ♦✉ ♣♦r m = [a, b]✳

❉❡ ❢♦r♠❛ r❡s✉♠✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠♠❝

❞❡ ❞♦✐s ♥ú♠❡r♦s✳

Pr♦♣♦s✐çã♦ ✷✳✼✳ ❙❡❥❛♠ a✱ b ❡ c ∈ Z ❡ t ∈ Z✳ ❊♥tã♦✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

❛✮ s❡ c é ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ a ❡ b✱ ❡♥tã♦ [a, b] | c❀



✷✾

❜✮ [ta, tb] = t[a, b]❀

❝✮ |ab| = [a, b] · (a, b)✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞❡ a)✳ ❆ ❞✐✈✐sã♦ ❝♦♠ r❡st♦ ❞❡ c ♣♦r [a, b] ♥♦s

❞á

c = [a, b]q + r, 0 ≤ r < [a, b]. ✭✷✳✺✮

❉❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ❜❛st❛ ♣r♦✈❛r q✉❡ r = 0 ♣❛r❛ ♦❜t❡r ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳ ❙✉♣♦✲

♥❤❛♠♦s✱ ♣❡❧♦ ❝♦♥trár✐♦✱ q✉❡ 0 < r < [a, b]✳ ◆♦t❡♠♦s q✉❡ t❛♥t♦ a ❝♦♠♦ b ❞✐✈✐❞❡♠ c ❡

[a, b]✳ ▲♦❣♦✱ s❡ a | b ❡ a | c ❡♥tã♦ a | (b+ c) ❡ ❛ a | (b− c) ❡ ❛ ✐❣✉❛❧❞❛❞❡ 2.5✱ t❡♠♦s q✉❡

a ❡ b t❛♠❜é♠ ❞✐✈✐❞❡♠ r✱ ♦✉ s❡❥❛✱ r é ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ a ❡ b ❡ ♥ã♦ ♣♦❞❡ s❡r ♠❡♥♦r

q✉❡ [a, b]✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♥♦ss❛ s✉♣♦s✐çã♦✳

Pr♦ss❡❣✉✐♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞❡ b)✳ ❖❜s❡r✈❡♠♦s q✉❡ t[a, b] é ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ ta ❡

tb✱ ❧♦❣♦ ♣❡❧♦ ✐t❡♠ a) ✈❛❧❡ q✉❡

[ta, tb] ≤ t[a, b]. ✭✷✳✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ [ta, tb] = q1ta = r2tb✱ ♣❛r❛ ❛❧❣✉♥s ✐♥t❡✐r♦s q1 ❡ q2❀ ❧♦❣♦✱ [ta,tb]
t

é ✉♠

♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ a ❡ b✳ P♦rt❛♥t♦✱

[a, b] ≤ [ta, tb]

t
⇔ t[a, b] ≤ [ta, tb]. ✭✷✳✼✮

❉❛s ✐❣✉❛❧❞❛❞❡s 2.6 ❡ 2.7✱ s❡❣✉❡ q✉❡

t[a, b] ≤ [ta, tb] ≤ t[a, b]✱

❞❡ ♦♥❞❡ ✈❡♠ ❞✐r❡t❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳

P❛r❛ ♣r♦✈❛r c) ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ a ❡ b sã♦ ♣♦s✐t✐✈♦s

❞❡✈✐❞♦ às ✐❣✉❛❧❞❛❞❡s

[a, b] = [a,−b] = [−a, b] = [−a,−b]✳

❉✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❡♠ ❞♦✐s ❝❛s♦s✿

❝❛s♦ ✶✿ (a, b) = 1✳

❙❛❜❡♠♦s q✉❡ b | [a, b] ❡ [a, b] = qa✱ ♣❛r❛ ❛❧❣✉♠ q ∈ N✳ ❊♥tã♦✱ b | qa ❡✱ ❛❧é♠ ❞✐ss♦✱

(a, b) = 1✳ ▲♦❣♦✱ ♣❡❧♦ ✐t❡♠ (e) ❞❛ Pr♦♣♦s✐çã♦ 2.6 t❡♠♦s q✉❡ b | q✳ P♦rt❛♥t♦✱ b ≤ q ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

ab ≤ aq = [a, b]. ✭✷✳✽✮

❊♥tr❡t❛♥t♦✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ [a, b] ✈❛❧❡ q✉❡

[a, b] ≤ ab. ✭✷✳✾✮

❉❛s ❞❡s✐❣✉❛❧❞❛❞❡s 2.8 ❡ 2.9✱ s❡❣✉❡ q✉❡ ab ≤ [a, b] ≤ ab✳ ❆ss✐♠✱ ab = [a, b] · 1 =

[a, b] · (a, b)✳
❝❛s♦ ✷✿ (a, b) > 1✳

❉❛ ♣❛rt❡ c) ❞❛ Pr♦♣♦s✐çã♦ 2.6✱ s❛❜❡♠♦s q✉❡ ( a
(a,b)

, b
(a,b)

) = 1✳

❆♣❧✐❝❛♥❞♦ ♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ✈❛❧❡ q✉❡



✸✵

a
(a,b)

· b
(a,b)

= [ a
(a,b)

, b
(a,b)

] · ( a
(a,b)

, b
(a,b)

)✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ♣♦r (a, b)2 ❡ ✉s❛♠♦s ♦ ✐t❡♠ b) ♣r♦✈❛❞♦ ❛♥t❡r✐♦r✲

♠❡♥t❡✱ ❛ss✐♠ ❝♦♠♦ ❛ ♣❛rt❡ d) ❞❛ Pr♦♣♦s✐çã♦ 2.6 ♣❛r❛ ♦❜t❡r

ab = (a, b)[ a
(a,b)

, b
(a,b)

](a, b)( a
(a,b)

, b
(a,b)

) = [a, b] · (a, b)✳

❖❜s❡r✈❛çã♦ ✷✳✺✳ ❉❡✈❡♠♦s ❧❡♠❜r❛r q✉❡ ♦ ✐t❡♠ c) ❞❛ Pr♦♣♦s✐çã♦ 2.7 é ✈á❧✐❞❛ ❛♣❡♥❛s

♣❛r❛ ♦ ♠♠❝✴♠❞❝ ❡♥tr❡ ❡①❛t❛♠❡♥t❡ ❞♦✐s ♥ú♠❡r♦s✳ P❛r❛ três ♥ú♠❡r♦s ♦✉ ♠❛✐s✱ ❡st❛

♣r♦♣r✐❡❞❛❞❡ ♥ã♦ s❡ ✈❡r✐✜❝❛✳

✷✳✹✳✶ ▼ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠♠❝

❆ss✐♠ ❝♦♠♦ ♥♦ ♠❞❝✱ ❝♦♥❤❡❝❡♠♦s ❛q✉✐ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s t❡ór✐❝❛s ❞♦ ♠♠❝ ❡♥tr❡

❞♦✐s ♥ú♠❡r♦s✱ ❡♥❝♦♥trá✲❧♦ ❞❡ ❢❛t♦ ♣♦❞❡ s❡r ✉♠❛ t❛r❡❢❛ ❝♦♠♣❧✐❝❛❞❛✱ s❡ ♥ã♦ t✐✈❡r♠♦s ❞❡

♣♦ss❡ ❞❛s ❢❡rr❛♠❡♥t❛s ❝♦rr❡t❛s✳ P♦r ✐ss♦✱ ♥❡ss❡ tó♣✐❝♦✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r ✉♠❛ ♠❛♥❡✐r❛

❞❡ ❡♥❝♦♥trá✲❧♦✱ q✉❡ é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❢❛t♦r❡s ♣r✐♠♦s✳

❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❢❛t♦r❡s ♣r✐♠♦s

▼♦str❛r❡♠♦s ♦ ♠ét♦❞♦ ❝♦♠ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✶✵✳ ❱❡❥❛ ❝♦♠♦ s❡ ❡♥❝♦♥tr❛ ♦ ♠♠❝ ❞❡ 40 ❡ 56 ♣❡❧♦ ♠ét♦❞♦ ❞❛ ❢❛t♦r❛çã♦✳

❙♦❧✉çã♦✿

❋✐❣✉r❛ ✷✳✷✿ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❞❡ 40 ❡ 56
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

▲♦❣♦✱ ♠♠❝ ❞❡ 40 ❡ 56 é ❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞❛ ❢❛t♦r❛çã♦✱ ♦✉ s❡❥❛✱ mmc(40, 56) =

2 · 2 · 2 · 5 · 7 = 280✳



✸✶

✸ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ▼❡t♦❞♦❧ó❣✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥❤❡❝❡r❡♠♦s ♦ ❡s♣❛ç♦✱ ♦ ♣ú❜❧✐❝♦ ❛❧✈♦✱ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✉t✐❧✐③❛❞❛ ❡♠

❝❛❞❛ ✉♠❛ ❞❛s ♦✜❝✐♥❛s ❛♣❧✐❝❛❞❛s✳

✸✳✶ ❆♠❜✐❡♥t❡ ❊s❝♦❧❛r

❆ ❛♣❧✐❝❛çã♦ ❞❛s ♦✜❝✐♥❛s ♦❝♦rr❡✉ ♥❛ ❊s❝♦❧❛ ▼✉♥✐❝✐♣❛❧ ▼♦♥s❡♥❤♦r ❉❡✉s❞❡❞✐t ❈r❛✈❡✐r♦

❞❡ ▼❡❧♦✲❈❆■❈✱ s✐t✉❛❞❛ à ❘✉❛ ❇❡♥❡❞✐t♦ ❆✈❡❧✐♥♦✱ ❙✴◆ ❇❛✐rr♦✿ ❈✐❞❛❞❡ ◆♦✈❛✱ ❡♠ ❏♦sé

❞❡ ❋r❡✐t❛s✲P■✳ P♦r s❡ ❧♦❝❛❧✐③❛❞❛ ♥❛ ♣❡r✐❢❡r✐❛ ❞❛ ❝✐❞❛❞❡✱ ❛ ❡s❝♦❧❛ ❞✐s♣õ❡ ❞❡ ✉♠❛ ✈❛r✐❛❞❛

❝❧✐❡♥t❡❧❛ ❝♦♠♣♦♥❞♦ ♦ ❝♦r♣♦ ❞✐s❝❡♥t❡ ❞❛ ❡s❝♦❧❛✳

❊st❛ ❢❛s❡ t❡✈❡ ✐♥í❝✐♦ ❝♦♠ ✈✐s✐t❛ à ❡s❝♦❧❛✱ ♦♥❞❡ ❢♦♠♦s r❡❝❡❜✐❞♦s ♣❡❧♦ ❞✐r❡t♦r✱ q✉❡

❛♣r❡s❡♥t♦✉ ♦ ❡s♣❛ç♦ ❢ís✐❝♦ ❡ r❡❧❛t♦✉ ♦ ♣r♦❝❡ss♦ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ ❡s❝♦❧❛✳ ❆ ♣r♦♣♦st❛

❞♦ tr❛❜❛❧❤♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ à ❞✐r❡çã♦ ❞❛ ❡s❝♦❧❛✱ ❛♦ ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠át✐❝❛ ❡ ❛♦s

❛❧✉♥♦s ❡♥✈♦❧✈✐❞♦s ♥♦ tr❛❜❛❧❤♦✳ ❊st❛ ❡t❛♣❛ ❞❛ ♣❡sq✉✐s❛ t❡✈❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ s♦❧✐❝✐t❛r ❛

❛✉t♦r✐③❛çã♦ ♣❛r❛ r❡❛❧✐③❛r ❛ ❛♣❧✐❝❛çã♦ ❞♦ tr❛❜❛❧❤♦ ❝♦♠ ♦s ❛❧✉♥♦s ❞❛ ❡s❝♦❧❛✳

❆ ❡s❝♦❧❛ t❡♠ ✼✶✵ ❛❧✉♥♦s ♠❛tr✐❝✉❧❛❞♦s ♥✉♠ t♦t❛❧ ❞❡ ✷✼ t✉r♠❛s ❞❡ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥✲

t❛❧✱ s❡♥❞♦ ✶✼ t✉r♠❛s ♥♦ t✉r♥♦ ❞❛ ♠❛♥❤ã ✭✶♦ ❛♦ ✺♦ ❛♥♦✮ ❡ ♦✉tr❛s ✶✵ t✉r♠❛s ♥♦ t✉r♥♦

❞❛ t❛r❞❡ ✭✻♦ ❛♦ ✾♦ ❛♥♦✮✳

❆ ❡s❝♦❧❛ ♣♦ss✉✐ ♦ Pr♦❥❡t♦ P♦❧ít✐❝♦ P❡❞❛❣ó❣✐❝♦ ✭PPP✮✱ q✉❡ ✈❡♠ s❡♥❞♦ ❛t✉❛❧✐③❛❞♦

❛♥✉❛❧♠❡♥t❡✳ ❆ ❣❡stã♦ ❞❛ ❡s❝♦❧❛ é ❝♦♠♣♦st❛ ♣♦r ✉♠ ❞✐r❡t♦r✱ ✉♠ ✈✐❝❡✲❞✐r❡t♦r✱ ❞✉❛s

❝♦♦r❞❡♥❛❞♦r❛s ♣❡❞á❣♦❣✐❝❛s ❡ ✉♠❛ ❝♦♦r❞❡♥❛❞♦r❛ ❞♦ ♣r♦❥❡t♦ ▼❛✐s ❊❞✉❝❛çã♦✳ ❖ ❛❝❡ss♦

é ❢❛❝✐❧✐t❛❞♦ ❡♥tr❡ ♦s ❛t♦r❡s q✉❡ ❝♦♠♣õ❡♠ ❛ ✉♥✐❞❛❞❡ ❡s❝♦❧❛r✱ ❡ ♦ ❞✐á❧♦❣♦ ❛❝♦♥t❡❝❡ ❞❡

♠❛♥❡✐r❛ ❝♦r❞✐❛❧✱ ♣♦ré♠ ❤á ♥❡❝❡ss✐❞❛❞❡ ❝♦♥st❛♥t❡ ❞❛ ❡q✉✐♣❡ ❡st❛❜❡❧❡❝❡r✱ ❝♦♠ ♦s ❛❧✉♥♦s✱

❧✐♠✐t❡s ❡ r❡❣r❛s ❞❡ ❝♦♥✈✐✈ê♥❝✐❛ ♣❛✉t❛❞❛s ♥❛ ♣❛r❝❡r✐❛ ❡ ♥♦ r❡s♣❡✐t♦✱ ❝♦♠ ✈✐st❛s ❛♦ ❜❡♠

❡st❛r ❞❛ ❝♦♠✉♥✐❞❛❞❡✳

✸✳✷ Pú❜❧✐❝♦✲❆❧✈♦

❖ tr❛❜❛❧❤♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❢♦✐ ❛♣❧✐❝❛❞♦ ♥❛s t✉r♠❛s ❞♦ ✻♦ ❛♥♦ ❆ ❡ ❇✱ t✉r♥♦ ✈❡s✲

♣❡rt✐♥♦✱ ♥♦s ❤♦rár✐♦s ❞❛s ❛✉❧❛s ❞❡ ▼❛t❡♠át✐❝❛✱ s❡♥❞♦ ♦ ✻♦❛♥♦ ❆ ❝♦♠ ✸✵ ❛❧✉♥♦s ❡ ♦ ❇

❝♦♠ ✷✾✳ ❊s❝♦❧❤❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♦s ❛❧✉♥♦s ❞♦ ✻♦ ❛♥♦✱ ❞❡✈✐❞♦ ❛♦ ❝♦♥t❡ú❞♦ ♠♠❝ ❡
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♠❞❝✱ ♦ ♥♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦✱ ❡stá ♣r❡s❡♥t❡ ♥❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ❞❡st❛ sér✐❡ ❞♦ ❡♥s✐♥♦

❢✉♥❞❛♠❡♥t❛❧✳

◆❛ ♣r✐♠❡✐r❛ s❡♠❛♥❛✱ ❢♦♠♦s às s❛❧❛s ❞❡ ❛✉❧❛ ♣❛r❛ ❝♦♥❤❡❝❡r ♦ ❛♠❜✐❡♥t❡ ❡ ♣❧❛♥❡❥❛r

❛s ❛✉❧❛s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛s ♦✜❝✐♥❛s✳ ◆❡st❡ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ♣✉❞❡♠♦s ♦❜s❡r✈❛r

q✉❡ ♦s ❛❧✉♥♦s ❝♦rr❡s♣♦♥❞❡♠ ❛ ❡♥❡r❣✐❛ ❞❛ ✐❞❛❞❡✱ ❝♦♠ ♠✉✐t❛ ❛❣✐t❛çã♦ ❡ q✉❡ ❛s ❛✉❧❛s

♣❛r❡❝✐❛♠ ❡♥❢❛❞♦♥❤❛s ❛♣❡♥❛s ❝♦♠ ♦ ❧✐✈r♦ ❞✐❞át✐❝♦ ❡ ❛ ❡①♣♦s✐çã♦ ♥♦ q✉❛❞r♦ ❞❡ ❛❝rí❧✐❝♦✳

❖✉tr♦ ❛s♣❡❝t♦ q✉❡ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞♦ é ❛ ❢❛❧t❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ♦s ❝♦♥t❡ú❞♦s

❡♠ ❣❡r❛❧✱ ♣r♦✈❛✈❡❧♠❡♥t❡ ♠♦t✐✈❛❞❛ ♣❡❧♦ ❞❡s✐♥t❡r❡ss❡ ♦✉ ♣♦✉❝❛ ❡①♣❡❝t❛t✐✈❛ ❡♠ r❡❧❛çã♦

❛♦ q✉❡ ❡stá s❡ ❜✉s❝❛♥❞♦✳

❉✉r❛♥t❡ ❛ ♦❜s❡r✈❛çã♦ ♥❛s t✉r♠❛s ❡ ❡♠ ❝♦♥✈❡rs❛s ❝♦♠ ♦s ❞❡♠❛✐s ♣r♦❢❡ss♦r❡s✱ ♣❡r✲

❝❡❜❡♠♦s✱ ❡ ❝♦♥✜r♠❛♠♦s✱ q✉❡ ❛ t✉r♠❛ ❞♦ ✻♦❇ ❡r❛ ❜❡♠ ♠❡❧❤♦r ❡♠ r❡❧❛çã♦ à ❞✐❝✐♣❧✐♥❛✱

à ❛t❡♥çã♦✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐ss♦ r❡✢❡t✐❛ ♥♦ r❡s✉❧t❛❞♦ ❞❛s ❛✈❛❧✐❛çõ❡s q✉❛♥t✐t❛t✐✈❛s✱

♦ q✉❡ ❢❛③✐❛ ❝♦♠ q✉❡ ❡ss❛ t✉r♠❛ t✐✈❡ss❡ ♥♦t❛s ❜❡♠ ♠❡❧❤♦r❡s ❡♠ r❡❧❛çã♦ ❛♦ ✻♦❆✳ ❊♥tã♦✱

♣♦r ❡ss❡s ♠♦t✐✈♦s✱ ♦♣t❛♠♦s ♣♦r tr❛❜❛❧❤❛r ❛s ♦✜❝✐♥❛s ❝♦♠ ♦s ❛❧✉♥♦s ❞❛ t✉r♠❛ ❞♦ ✻♦❆✱

❝♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ ♠♦t✐✈á✲❧♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳

✸✳✸ ▼❡t♦❞♦❧♦❣✐❛ ❛♣❧✐❝❛❞❛

❆ ♠❡t♦❞♦❧♦❣✐❛ ✉t✐❧✐③❛❞❛ ❢♦✐ ❡①❡❝✉t❛❞❛ ❡♠ ✻ ❡♥❝♦♥tr♦s✱ ❛ ♣rí♥❝✐♣✐♦✱ s❡ ❞❡✉ ❞❡ ❢♦r♠❛

tr❛❞✐❝✐♦♥❛❧✱ ❡♠ q✉❡ ♦s ❝♦♥❝❡✐t♦s✱ ❛s ❞❡✜♥✐çõ❡s ❡ ❛s ❡①♣r❡ssõ❡s ❢♦r❛♠ ❡①♣♦st❛s ♥♦ q✉❛❞r♦

♣❡❧♦ ♣r♦❢❡ss♦r t✐t✉❧❛r ❞❛ t✉r♠❛✱ q✉❡ s❡❣✉❡ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❙❡❝r❡t❛r✐❛ ▼✉♥✐❝✐♣❛❧✱ ❝♦♠♦

✈❡r❡♠♦s ♥♦ ♣❧❛♥❡❥❛♠❡♥t♦ ♠❡♥s❛❧ ❛ s❡❣✉✐r✿
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❋✐❣✉r❛ ✸✳✶✿ P❧❛♥♦ ♠❡♥s❛❧ ❡❧❛❜♦r❛❞♦ ♣❡❧♦ ▼✉♥✐❝í♣✐♦
❋♦♥t❡✿ ❙❡❝r❡t❛r✐❛ ▼✉♥✐❝✐♣❛❧ ❞❡ ❊❞✉❝❛çã♦

◆♦ ❞✐❛ 30/06✱ ❡♠ ♥♦ss♦ s❡❣✉♥❞♦ ❡♥❝♦♥tr♦✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥❤❡❝❡r ❡ ✐♥✈❡st✐❣❛r

♣♦ssí✈❡✐s ❝♦♥❤❡❝✐♠❡♥t♦s ❞♦s ♣❛rt✐❝✐♣❛♥t❡s s♦❜r❡ ♦s ❛ss✉♥t♦s ▼í♥✐♠♦ ▼ú❧t✐♣❧♦ ❈♦♠✉♠

✭▼▼❈✮ ❡ ▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠ ✭▼❉❈✮✱ ❢♦✐ ❛♣❧✐❝❛❞♦✱ ♥❛s ❞✉❛s t✉r♠❛s ✉♠ ♣ré✲t❡st❡

❝♦♠ ✶✵ q✉❡stõ❡s ❡♠ ❢♦r♠❛ ❞❡ s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛✱ q✉❡ ❡①✐❣✐❛♠ ❞♦ ❛❧✉♥♦ t❛♥t♦ ✉♠❛

✐♥t❡r♣r❡t❛çã♦ ♠❛t❡♠át✐❝❛✱ q✉❛♥t♦✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦✱ ♦ ❞♦♠í♥✐♦ ❞♦s ❝♦♥❝❡✐t♦s

♠✐♥✐str❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✷✿ ❆♣❧✐❝❛çã♦ ❞♦ ♣ré✲t❡st❡ ✻♦❆
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❋✐❣✉r❛ ✸✳✸✿ ❆♣❧✐❝❛çã♦ ❞♦ ♣ré✲t❡st❡ ✻♦❇
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

◆❛s ❛✉❧❛s✱ ❛♣ós ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣ré✲t❡st❡✱ ❡♥q✉❛♥t♦ ♦ ♣r♦❢❡ss♦r r❡❣❡♥t❡ ❞❛s t✉r♠❛s
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♠✐♥✐str❛✈❛ s✉❛s ❛✉❧❛s ♥♦r♠❛✐s ♥♦ ✻♦ ❛♥♦ ❇✱ ❛♣r❡s❡♥t❛♠♦s ❛ ♥♦ss❛ ❢♦r♠❛ ❞❡ tr❛❜❛❧❤❛r ♦

❝♦♥t❡ú❞♦ ♠♠❝ ❡ ♠❞❝✱ ❛♣❡♥❛s ♥❛ t✉r♠❛ ❞♦ ✻♦ ❛♥♦ ❆❀ ♦ q✉❡ ❛❝♦♥t❡❝❡✉ ❡♠ ♥♦ss♦ t❡r❝❡✐r♦✱

01/07✱ ♠♦♠❡♥t♦ ❡♠ q✉❡ ✐♥✐❝✐❛♠♦s ♥♦ss❛ ♣r✐♠❡✐r❛ ♦✜❝✐♥❛✿ ♦ t❛❜✉❧❡✐r♦ ❞❡ ♠♠❝ ❡ ♠❞❝✱

q✉❡ ❥á t❡✈❡ ✉♠ ✐♠♣❛❝t♦ ✈✐s✉❛❧ ❧♦❣♦ ❞❡ ✐♥í❝✐♦✱ ♣♦✐s ❞❡✐①❛♠♦s ♦s ❛❧✉♥♦s ♠❛♥✉s❡á✲❧♦ s❡♠

❞❡✜♥✐r♠♦s✱ ❛✐♥❞❛✱ ♦ ❞❡✈✐❞♦ ✜♠✳

❋✐❣✉r❛ ✸✳✹✿ ❆❧✉♥♦s ▼❛♥✉s❡❛♥❞♦ ♦

❚❛❜✉❧❡✐r♦
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❋✐❣✉r❛ ✸✳✺✿ Pr♦❞✉çã♦ ❞♦s ❛❧✉♥♦s

♥♦ ❚❛❜✉❧❡✐r♦
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❊♠ s❡❣✉✐♥❞❛✱ ♣❡❞✐♠♦s ❛♦s ❛❧✉♥♦s q✉❡ r❡t♦r♥❛ss❡♠ ❛♦s s❡✉s ❧✉❣❛r❡s✳ ❉❛í✱ ❡①♣❧✐❝❛♠♦s

q✉❡ ❛ r❡❛❧ ❢✉♥çã♦ ❞♦ t❛❜✉❧❡✐r♦✱ ❡r❛ ❝❛❧❝✉❧❛r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ♦ ✈❛❧♦r ❞♦ ♠♠❝ ❡ ♠❞❝

❞❡ ❞♦✐s ♥ú♠❡r♦s s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝á❧❝✉❧♦✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦s

❛❧✉♥♦s✱ ❢♦✐ ❢❡✐t♦ ♦ ❝á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❞♦s ♥ú♠❡r♦s 6 ❡ 9✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♣❡❞✐♠♦s ❛ ✉♠ ❛❧✉♥♦ q✉❡ ❝♦♥str✉íss❡ ✭❡❧ást✐❝♦ ✈❡r♠❡❧❤♦✮ ♥♦ t❛❜✉❧❡✐r♦

✉♠ r❡tâ♥❣✉❧♦ ❞❡ ❞✐♠❡♥sõ❡s 6 ♣♦r 9✳ ❉❡♣♦✐s✱ s♦❧✐❝✐t❛♠♦s ❛ ✉♠ s❡❣✉♥❞♦ ❛❧✉♥♦ q✉❡ tr❛✲

ç❛ss❡ ✭❡❧ást✐❝♦ ✈❡r❞❡✮ ✉♠❛ ❞❛s ❞✐❛❣♦♥❛✐s❀ ❡♠ s❡❣✉✐❞❛✱ ♣❡❞✐♠♦s ❛ t♦❞♦s q✉❡ ♦❜s❡r✈❛ss❡♠

❡♠ q✉❛♥t❛s ♣❛rt❡s ✐❣✉❛✐s ✜❝♦✉ ❞✐✈✐❞✐❞❛ ❛ ❞✐❛❣♦♥❛❧✱ ❡ q✉❡ ♦ t♦t❛❧ ❞❡ ♣❛rt❡s s❡r✐❛ ♦ ♠❞❝

❞❡ 6 ❡ 9✳ ❖❜s❡r✈♦✉✲s❡ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❛❧✉♥♦s ♣❡r❝❡❜❡✉ q✉❡ ❛ ❢♦r♠❛ ❡st❛✈❛ ❞✐✈✐❞✐❞❛

❡♠ três ♣❛rt❡s✱ ❞♦♥❞❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦ mdc(6, 9) = 3✳

P❛r❛ ❡♥❝♦♥tr❛♠♦s ♦ ♠♠❝✱ ♦✉tr♦ ❛❧✉♥♦ tr❛ç♦✉ ✭❡❧ást✐❝♦ ❧✐❧ás✮ ❧✐♥❤❛s ✈❡rt✐❝❛✐s ♣❛s✲

s❛♥❞♦ ♣❡❧♦s ♣♦♥t♦s q✉❡ ❞✐✈✐❞✐r❛♠ ❛ ❞✐❛❣♦♥❛❧ ❡♠ ♣❛rt❡s ✐❣✉❛✐s✱ ✉♥✐♥❞♦ ♦s ❧❛❞♦s ♦♣♦st♦s

❞♦ r❡tâ♥❣✉❧♦✳ P❡r❝❡❜❡✉✲s❡ q✉❡ ❛ ✜❣✉r❛ ✜❝♦✉ ❞✐✈✐❞✐❞❛ ❡♠ três r❡tâ♥❣✉❧♦s ♠❡♥♦r❡s✱ ❡✱

♠❛✐s ✉♠❛ ✈❡③✱ s♦❧✐❝✐t❛♠♦s q✉❡ ❝♦♥t❛ss❡♠ ♦ t♦t❛❧ ❞❡ q✉❛❞r❛❞✐♥❤♦s q✉❡ ❛♣❛r❡❝✐❛ ❡♠

❝❛❞❛ ✉♠ ❞❡st❡s r❡tâ♥❣✉❧♦s✱ ❡ q✉❡ ❡st❡ t♦t❛❧ r❡♣r❡s❡♥t❛r✐❛ ♦ ♠♠❝ ❞❡ 6 ❡ 9✳ ■♠❡❞✐❛✲

t❛♠❡♥t❡✱ ♣❡r❝❡❜❡r❛♠ q✉❡ ❡♠ ❝❛❞❛ ✉♠ ❞♦s r❡tâ♥❣✉❧♦ ♠❡♥♦r❡s ❤❛✈✐❛ 18 q✉❛❞r❛❞✐♥❤♦s❀

❧♦❣♦✱ ❝♦♥❝❧✉ír❛♠ q✉❡ ♦ mmc(6, 9) = 18✳



✸✺

❋✐❣✉r❛ ✸✳✻✿ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❞♦ 6 ❡ ❞♦ 9
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❆♣ós t❡r♠♦s ❡♥❝♦♥tr❛❞♦ ♦ ♠❞❝ ❡ ♦ ♠♠❝ ❞❡ 6 ❡ 9✱ ✜③❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠ét♦❞♦

♣❛r❛ ❡♥❝♦♥tr❛♠♦s ♦ ♠♠❝ ❡ ♠❞❝ ❞❡ ❞♦✐s ♥ú♠❡r♦s a ❡ b✳

❱❡❥❛♠♦s ♦ Pr♦❝❡❞✐♠❡♥t♦✿

• ❈♦♥str✉❛ ✉♠ r❡tâ♥❣✉❧♦ ❞❡ ❧❛❞♦s ♠❡❞✐♥❞♦ a ❡ b✱ s❡♥❞♦ a ❡ b ♥ú♠❡r♦s ✐♥t❡✐r♦s✱

❞✐✈✐❞✐❞♦ ❡♠ q✉❛❞r❛❞✐♥❤♦s ✉♥✐tár✐♦s✳ ▼❛rq✉❡ ♦s ♣♦♥t♦s q✉❡ sã♦ ✈ért✐❝❡s ❞❡ ❛❧❣✉♠

q✉❛❞r❛❞✐♥❤♦ ✉♥✐tár✐♦✳ ❋❛ç❛ ❛ ❝♦♥t❛❣❡♠ ❞❡ q✉❛♥t❛s ♣❛rt❡s ❡ss❡s ♣♦♥t♦s ❞✐✈✐❞❡♠

❛ ❞✐❛❣♦♥❛❧✳ ❖ ♥ú♠❡r♦ ❡♥❝♦♥tr❛❞♦ é ♦ mdc(a, b)✳

• ❚r❛❝❡ ❧✐♥❤❛s ✈❡rt✐❝❛✐s ✭❤♦r✐③♦♥t❛✐s✮✱ ♣❛ss❛♥❞♦ ❡♠ ❝❛❞❛ ♣♦♥t♦ ♠❛r❝❛❞♦✱ ✉♥✐♥❞♦ ♦s

❧❛❞♦s ♦♣♦st♦ ❞♦ r❡tâ♥❣✉❧♦✳ ❖ ♥ú♠❡r♦ ❞❡ q✉❛❞r❛❞✐♥❤♦s ❡①✐st❡♥t❡s ❡♠ q✉❛❧q✉❡r

✉♠ ❞♦s r❡tâ♥❣✉❧♦s ❞❡t❡r♠✐♥❛❞♦s é mmc(a, b)✳

❉❛♥❞♦ ♣r♦ss❡❣✉✐♠❡♥t♦ ❛ ❛✉❧❛✱ s♦❧✐❝✐t❛♠♦s ❛♦ ❛❧✉♥♦s q✉❡ ❡♥❝♦♥tr❛ss❡♠ ♦ ♠❞❝ ❡ ♦

♠♠❝ ❞♦s ♥ú♠❡r♦s ❛ = 10 ❡ ❜ = 15✳

P❛r❛ r❡s♦❧✉çã♦✱ ❡s❝♦❧❤❡♠♦s três ❛❧✉♥♦s✿ ✉♠ ♣❛r❛ ❝♦♥str✉✐r ♦ r❡tâ♥❣✉❧♦✱ ♦✉tr♦ ♣❛r❛

tr❛ç❛r ❛ ❞✐❛❣♦♥❛❧ ❡ ♦ t❡r❝❡✐r♦ ♣❛r❛ ❝♦❧♦❝❛r ❛s ❧✐♥❤❛s ✈❡rt✐❝❛✐s✭❤♦r✐③♦♥t❛✐s✮✳ ▼❡s♠♦ ❞❡

♣♦ss❡ ❞❛ ✜❣✉r❛ ♥♦ t❛❜✉❧❡✐r♦✱ ✉♠❛ ♣❛rt❡ ❞♦s ❛❧✉♥♦s ❛✐♥❞❛ t✐✈❡r❛♠ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛ ✐❞❡♥✲

t✐✜❝❛r q✉❡♠ s❡r✐❛ ♦ mdc(10, 15) ❡ ♦ mmc(10, 15)✳ ❆♣ós ❛❧❣✉♥s ✐♥st❛♥t❡s ♦❜s❡r✈❛♥❞♦✱

❝❤❡❣❛r❛♠ à ❝♦♥❝❧✉sã♦ ❞❡ q✉❡ ❛ ❞✐❛❣♦♥❛❧ ✭❡❧ást✐❝♦ ✈❡r♠❡❧❤♦✮ ✜❝♦✉ ❞✐✈✐❞✐❞❛ ❡♠ 5 ♣❛rt❡s

❡ q✉❡✱ ❡♠ ❝❛❞❛ ✉♠ ❞♦s r❡tâ♥❣✉❧♦s ❞❡t❡r♠✐♥❛❞♦s✱ ❡①✐st✐❛♠ 30 q✉❛❞r❛❞✐♥❤♦s❀ ❡♥tã♦✱

♣✉❞❡r❛♠ ✈❡r q✉❡ ♦ mdc(10, 15) = 5 ❡ ♦ mmc(10, 15) = 30✳
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◆♦ ❞✐❛ 03/07✱ ❡♠ ♥♦ss♦ q✉❛rt♦ ❡♥❝♦♥tr♦✱ ❛ ❛✉❧❛ ❢♦✐ ❞✐✈✐❞✐❞❛ ❡♠ ❞♦✐s ♠♦♠❡♥t♦s✿ ♥♦

♣r✐♠❡✐r♦✱ ❝♦♥t✐♥✉❛♠♦s ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❛tr❛✈és ❞♦ t❛❜✉❧❡✐r♦✱ ❥á ✈✐st♦ ♥❛

❛✉❧❛ ❛♥t❡r✐♦r✳

❖ ♠ét♦❞♦ ❢♦✐ r❡♣❡t✐❞♦ ✈ár✐❛s ✈❡③❡s✱ s❡♠♣r❡ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡♥❝♦♥tr❛r♠♦s ♦ ♠❞❝ ❡

♠♠❝ ❞❡ ❞♦✐s ♥ú♠❡r♦s✳ ◆❛ ♠❛✐♦r✐❛ ❞❡❧❡s✱ ❢♦r❛♠ ♦s ❛❧✉♥♦s q✉❡ ♣❡♥s❛✈❛♠ ❡ ❝♦♥str✉í❛♠ ♦s

r❡tâ♥❣✉❧♦s✱ ❡♥tr❡ ♦s q✉❛✐s ✉♠ ❞❡❧❡ ❝❛✉s♦✉ ❣r❛♥❞❡ ❞✐s❝✉ssã♦✿ ♦ r❡tâ♥❣✉❧♦ ❝♦♠ ❞✐♠❡♥sõ❡s

5 ❡ 7✱ ❝♦♥str✉í❞♦ ♣♦r ✉♠❛ ❛❧✉♥❛✳

◆❡st❡ ❡①❡♠♣❧♦✱ t✐✈❡♠♦s ❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r t❛♥t♦ ♦ ♠❞❝ q✉❛♥t♦

♦ ♠♠❝✳ ❆ ♠❛✐♦r✐❛ ❞♦s ❛❧✉♥♦s✱ q✉❛♥❞♦ ♣❡r❣✉♥t❛♠♦s q✉❡♠ s❡r✐❛♠ ♦ mdc(5, 7) ❡ ♦

mmc(5, 7)✱ r❡s♣♦♥❞❡r❛♠ q✉❡ s❡r✐❛ ③❡r♦✳ ❉❡ ✐♠❡❞✐❛t♦✱ r❡t♦r♥❛♠♦s ❛♦ tó♣✐❝♦ q✉❡ tr❛✲

t❛✈❛ ❞♦ ♠ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r t❛✐s r❡s♣♦st❛s✱ ❡ r❡✜③❡♠♦s✱ ❛❧❣✉♠❛s ✈❡③❡s✱ ❛ ❧❡✐t✉r❛

❞♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❊♠ s❡❣✉✐♥❞❛✱ ✈♦❧t❛♠♦s ❛ ♦❜s❡r✈❛r ♦ r❡tâ♥❣✉❧♦✲♣r♦❜❧❡♠❛ ♥♦ t❛❜✉✲

❧❡✐r♦✱ ❝♦♠♦✱ ♦s ❛❧✉♥♦s ❛✐♥❞❛ ♥ã♦ t✐♥❤❛♠ ❝♦♠♣r❡❡♥❞✐❞♦ ♦ ❡①❡♠♣❧♦✱ ♠♦str❛♠♦s ❞❡ ✉♠

✈ért✐❝❡ ❛ ♦✉tr♦ ❞❛ ❞✐❛❣♦♥❛❧ ❡ ♣❡r❣✉♥t❛♠♦s ❡♠ q✉❛♥t❛s ♣❛rt❡s ❛q✉❡❧❛ ❧✐♥❤❛ ❡st❛✈❛ ❞✐✈✐✲

❞✐❞❛✱ ❡✱ ❛♦s ♣♦✉❝♦s✱ ❢♦r❛♠ ❝♦♠♣r❡❡♥❞❡♥❞♦ q✉❡ ❛ r❡s♣♦st❛ ❡r❛ ❛♣❡♥❛s ✉♠❛ ♣❛rt❡✱ ❧♦❣♦

mdc(5, 7) = 1✳

❈♦♠♦ ❥á t✐♥❤❛♠♦s ❡♥❝♦♥tr❛❞♦ ♦ ♠❞❝✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞❛ t✉r♠❛ ❛❝❤❛✈❛ q✉❡ ♦mmc(5, 7)

t❛♠❜é♠ s❡r✐❛ 1✳ ▼❛✐s ✉♠❛ ✈❡③✱ ✈♦❧t❛♠♦s ❛ ❢❛③❡r ❛ ❧❡✐t✉r❛ ❞♦ t❡①t♦ q✉❡ ❢❛❧❛ ❝♦♠♦ ❡♥✲

❝♦♥tr❛♠♦s ♦ ♠❞❝ ❡ ♠♠❝ ❞❡ ❞♦✐s ♥ú♠❡r♦s✳ ❆ ♣❛rt✐r ❞❡ss❛ ❧❡✐t✉r❛✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦s

❛❧✉♥♦s✱ ❡♠ s✉❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛✱ ♦❜s❡r✈❛r❛♠ q✉❡ ♦ ✈❛❧♦r ♣r♦❝✉r❛❞♦ ❡r❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

q✉❛❞r❛❞✐♥❤♦s ❡①✐st❡♥t❡s ♥♦ r❡tâ♥❣✉❧♦ ❞❡ ❧❛❞♦s 5 ❡ 7✳ ❆ss✐♠✱ ✜❝♦✉ ❝♦♠♣r❡❡♥❞✐❞♦ q✉❡ ♦

mmc(5, 7) = 35✱ ♣♦✐s ♥♦ r❡tâ♥❣✉❧♦ ❡①✐st✐❛♠ 35 q✉❛❞r❛❞✐♥❤♦s✳
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❋✐❣✉r❛ ✸✳✽✿ ❈á❧❝✉❧♦ ❞♦ ♠♠❝ ❡ ♠❞❝ ❞♦ 5 ❡ 7
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❈♦♥s❝✐❡♥t❡s ❞❡ q✉❡✱ ♥❛ ▼❛t❡♠át✐❝❛✱ ❛ss✐♠ ❝♦♠♦ ♥❛s ❞❡♠❛✐s ❞✐s❝✐♣❧✐♥❛s✱ q✉❛♥t♦

♠❛✐s s❡ ♣r❛t✐❝❛✱ ♠❛✐s s❡ ❛♣r❡♥❞❡✱ ❞❡✐①❛♠♦s✱ ♠❛✐s ✉♠❛ ✈❡③✱ ♦s ❛❧✉♥♦s ❡①❡❝✐t❛r❡♠ ♦s

❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s ♥♦ ❞❡❝♦rr❡r ❞❛ ❛✉❧❛ ❝♦♠ ❛ ♣rát✐❝❛ ❞❡ ❡①❡♠♣❧♦s ❡❧❛❜♦r❛❞♦s

♣♦r ❡❧❡s ♠❡s♠♦s✳

❆♦ ✜♥❛❧ ❞❡ss❡ ♠♦♠❡♥t♦✱ ❝♦♠♣r❡❡♥❞❡✲s❡ q✉❡ ✈ár✐❛s ✐♥t❡r♣r❡t❛çõ❡s ♣♦❞❡♠ s❡r ✉t✐❧✐✲

③❛❞❛ ♣❛r❛ s❡ ❝♦♥s♦❧✐❞❛r ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳ ❍❛❥❛ ✈✐st❛✱ q✉❡

♦ ♠❞❝ ❡ ♠♠❝ sã♦ ❞❡ ❝✉♥❤♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛r✐t♠ét✐❝♦✱ ♣♦rt❛♥t♦ ♣♦❞❡♠ s❡r ✐♥t❡r♣r❡t❛❞♦s

❣❡♦♠❡tr✐❝❛♠❡♥t❡✳

◆♦ s❡❣✉♥❞♦ ♠♦♠❡♥t♦ ❞♦ ❡♥❝♦♥tr♦✱ ❛♣r❡s❡♥t❛♠♦s ❛♦s ❛❧✉♥♦s ♦ s❡❣✉♥❞♦ ♠❛t❡r✐❛❧ ❞❛s

♥♦ss❛s ❛✉❧❛s✿ ♦ ❥♦❣♦ ❞❛s tr✐❧❤❛s✱ q✉❡ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞♦ ❝á❧❝✉❧♦

❞♦ ♠♠❝ ❡ ♠❞❝✱ ❞❡ ❢♦r♠❛ ❞✐✈❡rt✐❞❛ ❡ ❛❣r❛❞á✈❡❧✳

❆ss✐♠ ❝♦♠♦ ♥❛ ♣r✐♠❡✐r❛ ♦✜❝✐♥❛✱ ❞❡✐①❛♠♦s ♦s ❛❧✉♥♦s ♠❛♥✉s❡á✲❧♦ s❡♠ q✉❡ ❡①♣❧✐❝ás✲

s❡♠♦s ♦ ❥♦❣♦✳ ◆♦ ❞❡❝♦rr❡r ❞❛ ❛✉❧❛✱ ❝♦♠ ♦s ❛❧✉♥♦s ♠♦t✐✈❛❞♦s✱ ✜③❡♠♦s ❛ ❡①♣❧❛♥❛çã♦

s♦❜r❡ ❛s r❡❣r❛s ❞♦ ❥♦❣♦✱ q✉❡ s❡r✐❛ ✉t✐❧✐③❛❞♦ ♥♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞♦ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠

❞♦ ♠♠❝ ❡ ♠❞❝✳
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❋✐❣✉r❛ ✸✳✾✿ ❆❧✉♥♦s ❥♦❣❛♥❞♦ ♥❛ ❚r✐❧❤❛
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❋✐❣✉r❛ ✸✳✶✵✿ ❖r✐❡♥t❛çã♦ ❞❛s ❘❡❣r❛s
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❱❡❥❛♠♦s ♦ Pr♦❝❡❞✐♠❡♥t♦✿

❖ ❥♦❣♦ ❝♦♥s✐st❡ ❡♠ ✉♠❛ tr✐❧❤❛ ❞❡ ♠♠❝ ❡ ♠❞❝✱ ♦♥❞❡ ❡①✐st❡♠ q✉❛tr♦ ❝❛♠✐♥❤♦s✿ ✉♠

♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ❞❡ ❥♦❣❛❞♦r❡s✳

• ❈❛♠✐♥❤♦ ❱❡r♠❡❧❤♦✿ ♠ú❧t✐♣❧♦s ❞❡ 2

• ❈❛♠✐♥❤♦ ❘♦s❛✿ ♠ú❧t✐♣❧♦s ❞❡ 3

• ❈❛♠✐♥❤♦ ❘♦①♦✿ ♠ú❧t✐♣❧♦s ❞❡ 4

• ❈❛♠✐♥❤♦ ▲❛r❛♥❥❛✿ ♠ú❧t✐♣❧♦s ❞❡ 5

P❛r❛ ❥♦❣❛r♠♦s✱ ✉t✐❧✐③❛♠♦s t❛♠❜é♠ ✉♠ ❞❛❞♦ ❝♦♠ ❢❛❝❡s ♥✉♠❡r❛❞❛s ❞❡ 1 ❛ 6✳ ❈❛❞❛

❣r✉♣♦✱ ❡♠ s✉❛ ✈❡③✱ ❥♦❣❛ ♦ ❞❛❞♦ ❡ ❞❡✈❡ ❞✐③❡r ♥♦ 1♦ ❧❛♥ç❛♠❡♥t♦ ♦ ♠♠❝✱ ♥♦ 2♦ ❧❛♥ç❛♠❡♥t♦

♦ ♠❞❝✱ ❡♥tr❡ ♦ ♥ú♠❡r♦ q✉❡ s❛✐✉ ♥♦ ❞❛❞♦ ❡ ♦ ♥ú♠❡r♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥♦ s❡✉ ❝❛♠✐♥❤♦✳

❙❡ ♦ ❣r✉♣♦ ❛❝❡rt❛r✱ ❛✈❛♥ç❛ q✉❛♥t❛s ❝❛s❛s ❢♦✐ ♦ ♥ú♠❡r♦ q✉❡ s❛✐✉ ♥♦ ❞❛❞♦✳ ❙❡ ❡rr❛r✱ ✜❝❛

♥❛ ♠❡s♠❛ ❝❛s❛✳

◆❛ tr✐❧❤❛✱ ❡stã♦ ♠❛r❝❛❞♦s ♦s ♥ú♠❡r♦s q✉❡ r❡♣r❡s❡♥t❛♠ ♦s ♠♠❝✬s ❡♥tr❡ ❛s ❝♦♠❜✐✲

♥❛çõ❡s ❞❡ ♣❛r❡s ❞♦s q✉❛tr♦ ♥ú♠❡r♦s ❡s❝♦❧❤✐❞♦s ♣❛r❛ tr✐❧❤❛s✳ ❙❡ ✉♠ ❣r✉♣♦ ❝❛✐ ❡♠ ✉♠

♥ú♠❡r♦ ❞❡ss❡s ✭q✉❡ ❡stá ♠❛r❝❛❞♦ ❡♠ t❛♠❛♥❤♦ ♠❛✐♦r ♥❛ tr✐❧❤❛✮✱ ❡❧❡ ✈❛✐ ❡s❝♦❧❤❡r ❢❛③❡r

✉♠❛ ♣❡r❣✉♥t❛ ✭q✉❡ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠❞❝ ♣r❡♣❛r❛❞♦ ♣❡❧♦ ♣r♦❢❡ss♦r✮ ♣❛r❛ ♦ ❣r✉♣♦ ❝✉❥♦

❝❛♠✐♥❤♦ é ♦ ♠♠❝ ❞❡❧❡❀ ♦✉✱ ❡♥tã♦✱ ❡❧❡ ♣ró♣r✐♦ r❡s♣♦♥❞❡ à ♣❡r❣✉♥t❛ ❞♦ ♣r♦❢❡ss♦r ✭t✐♣♦

r❡s♣♦♥❞❡ ♦✉ ♣❛ss❛✮✳ ❙❡ ❡❧❡ ❡s❝♦❧❤❡r r❡s♣♦♥❞❡r✱ ❡ ❛❝❡rt❛r✱ ❛✈❛♥ç❛ q✉❛♥t❛s ❝❛s❛s ❢♦r ♦

♥ú♠❡r♦ q✉❡ s❛✐✉ ♥♦ ❞❛❞♦✳ ❙❡ ❡❧❡ ❡s❝♦❧❤❡r r❡s♣♦♥❞❡r✱ ❡ ❡rr❛r✱ ✈♦❧t❛ ♣❛r❛ ♦♥❞❡ ❡st❛✈❛

❛♥t❡s✳ ❙❡ ❡❧❡ ❡s❝♦❧❤❡r ♣❛ss❛r ❛ ♣❡r❣✉♥t❛ ♣❛r❛ ♦ ♦✉tr♦ ❣r✉♣♦ ❡ ♦ ❣r✉♣♦ ❛❝❡rt❛r✱ ❡♥tã♦ é

♦ ♦✉tr♦ ❣r✉♣♦ q✉❡ ✈❛✐ ❛♥❞❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛s❛s q✉❡ t❡♥❤❛ s❛í❞♦ ♥❛ ❢❛❝❡ ❞♦ ❞❛❞♦✱

❡♥q✉❛♥t♦ q✉❡♠ ♣❛ss♦✉ ✈♦❧t❛ ♣❛r❛ ♦♥❞❡ ❡st❛✈❛✳ ❙❡ ♦ ♦✉tr♦ ❣r✉♣♦ ❡rr❛r ❛ ♣❡r❣✉♥t❛✱

❡♥tã♦ ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❛✈❛♥ç❛ q✉❛♥t❛s ❝❛s❛s t❡♥❤❛ s❛í❞♦ ♥❛ ❢❛❝❡ ❞♦ ❞❛❞♦✳

❱❡♥❝❡ ♦ ❥♦❣♦ q✉❡♠ ❢♦r ♦ 1♦ ❛ ❝❤❡❣❛r ♥♦ 30✱ ♦✉ s❡❥❛✱ ♦ ✜♥❛❧ ❞❛ tr✐❧❤❛✳
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❆♣ós t❡r♠♦s ❡①♣❧✐❝❛❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞♦ ❥♦❣♦✱ ❞✐✈✐❞✐♠♦s ♦s ❛❧✉♥♦s ❡♠ q✉❛tr♦ ❣r✉♣♦s

❡✱ ❡♠ s❡❣✉✐❞❛✱ ♣❡❞✐♠♦s ❛ ❡❧❡s q✉❡ ✐❞❡♥t✐✜❝❛ss❡♠ ❡♠ ❝❛❞❛ ❝❛♠✐♥❤♦ ❞❛ tr✐❧❤❛ t♦❞♦s ♦s

♠ú❧t✐♣❧♦s ❞❛q✉❡❧❡ ♥ú♠❡r♦ q✉❡ r❡♣r❡s❡♥t❛✈❛♠ s❡✉s ❝❛♠✐♥❤♦s✳

◆❡ss❡ ♠♦♠❡♥t♦✱ ❤♦✉✈❡ ❜❛st❛♥t❡ ❞✐s❝✉ssã♦ ❡♥tr❡ ♦s ✐♥t❡❣r❛♥t❡s ❞❡ ❝❛❞❛ ❣r✉♣♦✱ ❡✱ ❝♦♠

♦ ♥♦ss♦ ❛✉①í❧✐♦✱ t♦❞♦s ❝♦♥s❡❣✉✐r❛♠ ✐❞❡♥t✐✜❝❛r ♦s ♠ú❧t✐♣❧♦s ❞♦s ♥ú♠❡r♦s q✉❡ r❡♣r❡s❡♥✲

t❛✈❛♠ s❡✉s ❝❛♠✐♥❤♦s ♥❛ tr✐❧❤❛✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ tr✐❧❤❛ ✈❡r♠❡❧❤❛✱ ❞❡✈❡r✐❛♠ ✐❞❡♥t✐✜❝❛r

♦s ♥ú♠❡r♦s 2✱ 4✱ 6✱ 8✱ 10✱ 12✱ 14✱ 16✱ 18✱ 20✱ 22✱ 24✱ 26✱ 28 ❡ 30✳

❊♠ s❡❣✉✐❞❛✱ ❝❛❞❛ ❣r✉♣♦ ❡s❝♦❧❤❡✉ ✉♠ ❧í❞❡r ♣❛r❛ r❡♣r❡s❡♥t❛r s❡✉ ❣r✉♣♦✳ ❈♦♠ ♦s

❧í❞❡r❡s ❡s❝♦❧❤✐❞♦s✱ ❞❡♠♦s ✐♥í❝✐♦ ❛♦ ❥♦❣♦✱ s♦❧✐❝✐t❛♥❞♦ ❛ ❝❛❞❛ r❡♣r❡s❡♥t❛♥t❡ q✉❡ ❥♦❣❛ss❡

♦ ❞❛❞♦ ♣❛r❛ q✉❡✱ ❛ss✐♠✱ ❡❧❡s ♣✉❞❡ss❡♠ s❡ ♣♦s✐❝✐♦♥❛r ♥♦s s❡✉s r❡s♣❡❝t✐✈♦s ❝❛♠✐♥❤♦s✳

❈♦♠❡ç❛♠♦s ♣❡❧♦ ❣r✉♣♦ ❱❡r♠❡❧❤♦ q✉❡✱ ❛♦ ❥♦❣❛r ♦ ❞❛❞♦✱ ❛♣❛r❡❝❡✉ 1✱ ❞❡♣♦✐s ♦ ❣r✉♣♦

❘♦s❛ s♦rt❡♦✉ 3✱ ♦ ❘♦①♦ 6 ❡✱ ♣♦r ✜♠✱ ♦ ▲❛r❛♥❥❛ q✉❡ s♦rt❡♦✉ 1✳ ❆ s❡q✉ê♥❝✐❛ ♣❛r❛ ♦

♣r♦s❡❣✉✐♠❡♥t♦ ❞♦ ❥♦❣♦ ✜❝♦✉ ❛ss✐♠ ❞❡✜♥✐❞♦✿ ❱❡r♠❡❧❤♦✱ ▲❛r❛♥❥❛✱ ❘♦s❛ ❡ ❘♦①♦✳

◆❡st❡ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❝♦♠ ♦ ❥♦❣♦✱ s✉❣❡r✐♠♦s ❛♦s ❛❧✉♥♦s q✉❡ ✉t✐❧✐③❛ss❡♠ ♦ t❛❜✉❧❡✐r♦

♣❛r❛ ❝♦♥str✉✐r ♦s r❡tâ♥❣✉❧♦s ❝♦♠ ❛s ❞✐♠❡♥ssõ❡s ❞❛ ❝❛s❛ ♦♥❞❡ ❡stã♦ ❡ ♦ ✈❛❧♦r s♦rt❡❛❞♦

♥♦ ❞❛❞♦✳

❉❛í✱ ♦ ❣r✉♣♦ ❱❡r♠❡❧❤♦ q✉❡ ❡st❛✈❛ ♥❛ ❝❛s❛ 1 s♦rt❡♦✉ 5 ❡✱ ❝♦♠ ❛❥✉❞❛ ❞♦ t❛❜✉❧❡✐r♦✱

❝♦♥str✉ír❛♠ ♦ r❡tâ♥❣✉❧♦ ❞❡ ❞✐♠❡♥sõ❡s 1 ♣♦r 5 ❡ ❞❡r❛♠ ❝♦♠♦ r❡s♣♦st❛ 5 q✉❡ ❢♦✐ ♦ ♠❡s♠♦

t♦t❛❧ ❞❡ ❝❛s❛ q✉❡ ♦ ❣r✉♣♦ ❛♥❞♦✉✱ s❡ ♣♦s✐❝✐♦♥❛♥❞♦ ♥❛ ❝❛s❛ ✻✳ ❈♦♥t✐♥✉♦✉ ♦ ❥♦❣♦ ❝♦♠ ♦

❣r✉♣♦ ▲❛r❛♥❥❛✱ q✉❡ s♦rt❡♦✉ 4✱ ❝♦♠♦ ❡st❛✈❛♠ ♥❛ ❝❛s❛ 1✱ ❧♦❣♦ ❝♦♥str✉ír❛♠ ♦ r❡tâ♥❣✉❧♦ ❡

❞❡r❛♠ 4 ❝♦♠♦ r❡s♣♦st❛✱ q✉❡ t❛♠❜é♠ ❢♦✐ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❝❛s❛ ❛♥❞❛❞♦ ♣❡❧♦ ❣r✉♣♦✱

s❡ ♣♦s✐❝✐♦♥❛♥❞♦ ♥❛ ❝❛s❛ ✺✳ ❙❡❣✉✐✉✲s❡ ♦ ❥♦❣♦ ❝♦♠ ♦ ❣r✉♣♦ ❘♦s❛✱ q✉❡ s♦rt❡♦✉ 3 ❡ t❛♠❜é♠

❡st❛✈❛ ♥❛ ❝❛s❛ 3✱ ❝♦♥str✉ír❛♠ ♦ r❡tâ♥❣✉❧♦ ❡ ❞❡r❛♠ ❝♦♠♦ r❡s♣♦st❛ 3 q✉❡ ❢♦✐ ❛ ♠❡s♠❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛s❛s ❛♥❞❛❞❛s✱ s❡ ♣♦s✐❝♦♥❛♥❞♦ ♥❛ ❝❛s❛ ✻✳ P❛r❛ ✜♥❛❧✐③❛r ❛ 1❛ r♦❞❛❞❛✱

♦ ❣r✉♣♦ ❘♦①♦✱ q✉❡ ❡st❛✈❛ ♥❛ ❝❛s❛ 6✱ s♦rt❡♦✉ 2✱ ❡♥tã♦ ✜③❡r❛♠ ❛ ✜❣✉r❛ ❡ ❞❡r❛♠ ❝♦♠♦

r❡s♣♦t❛ 12✱ ❛♥❞❛r❛♠ ❛♣❡♥❛s ❞✉❛s ❝❛s❛s✱ q✉❡ ❢♦✐ ♦ ✈❛❧♦r q✉❡ ❛♣❛r❡❝❡✉ ♥❛ ❢❛❝❡ ❞♦ ❞❛❞♦

❡ s❡ ♣♦s✐❝✐♦♥❛r❛♠ ♥❛ ❝❛s❛ ✽✳ Pr♦ss❡❣✉✐✉✲s❡ ♦ ❥♦❣♦ ❡ t✐✈❡♠♦s ❝♦♠♦ ✈❡♥❝❡❞♦r ❞❛ ♣❛rt✐❞❛

♦ ❣r✉♣♦ ❘♦s❛✳

◆♦ q✉✐♥t♦ ❡♥❝♦♥tr♦✱ ♥♦ ❞✐❛ 07/07✱ ❝♦♥t✐♥✉❛♠♦s ❝♦♠ ♦ ❥♦❣♦ ❞❛s tr✐❧❤❛s s❡♠ ❛ ✉t✐❧✐✲

③❛çã♦ ❞♦ t❛❜✉❧❡✐r♦✱ ♦ q✉❡ t♦r♥♦✉ ♦ ❥♦❣♦ ❜❡♠ ♠❛✐s ❞✐❢í❝✐❧✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❡♥❝♦♥tr♦ ❛♥t❡r✐♦r✱ ❞✐✈✐❞✐♠♦s ♦s ❛❧✉♥♦s ❡♠ q✉❛tr♦ ❣r✉♣♦s✱ ❡s❝♦❧❤❡♠♦s

♦s ❧í❞❡r❡s✱ q✉❡ ❢♦r❛♠ ♣♦s✐❝✐♦♥❛❞♦s ❡♠ s❡✉s ❝❛♠✐♥❤♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ ✐♥✐❝✐❛❧

✜❝♦✉ ❛ss✐♠ ❞❡✜♥✐❞❛✿ ▲❛r❛♥❥❛ ✭♥❛ ❝❛s❛ 2✮✱ ❘♦①♦ ✭♥❛ ❝❛s❛ 4✮✱ ❘♦s❛ ✭♥❛ ❝❛s❛ 4✮ ❡ ❱❡r♠❡❧❤♦

✭♥❛ ❝❛s❛ 5✮✳

■♥✐❝✐❛♠♦s ❛ ♣❛rt✐❞❛ ❝♦♠ ♦ ▲❛r❛♥❥❛ s♦rt❡❛♥❞♦ ♦ ♥ú♠❡r♦ 2 ❡✱ ❝♦♠♦ ❡st❛✈❛♠ ♥❛ ❝❛s❛

2✱ ♦ ❣r✉♣♦ ♥ã♦ t❡✈❡ ❞ú✈✐❞❛s ❡ r❡s♣♦♥❞❡✉ q✉❡ ♦ mmc(2, 2) = 2✱ ❧♦❣♦ ❛♥❞❛r❛♠ ❞✉❛s

❝❛s❛s ❡ s❡ ♣♦s✐❝✐♦♥❛r❛♠ ♥❛ ❝❛s❛ ✹✳ ❖ ♣ró①✐♠♦ ❛ ❥♦❣❛r ❢♦✐ ♦ ❣r✉♣♦ ❘♦①♦ q✉❡ s♦rt❡♦✉ 1

❡ ❝♦♠♦ ❡st❛✈❛♠ ♥❛ ❝❛s❛ 4 r❡s♣♦♥❞❡r❛♠ ❞❡ ❢♦r♠❛ ❡rr❛❞❛ q✉❡ ♦ mmc(1, 4) = 1✳ ◆❡ss❡

♠♦♠❡♥t♦✱ t✐✈❡♠♦s q✉❡ ✐♥t❡r✈✐r ♥♦ ❥♦❣♦ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡s❝❧❛r❡❝❡r q✉❡ ❛ r❡s♣♦st❛

s❡r✐❛ 4✱ ♣♦✐s ❡stá✈❛♠♦s ❢❛❧❛♥❞♦ ❞♦ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ✭♠♠❝✮ ❡ ♥ã♦ ❞♦ ♠❛✐♦r



✹✵

❞✐✈✐s♦r ❝♦♠✉♠ ✭♠❞❝✮✱ s❡♥❞♦ q✉❡✱ ♥❡st❛ r♦❞❛❞❛✱ ♦ ❣r✉♣♦ ❘♦①♦ ❝♦♥t✐♥✉♦✉ ♥❛ ❝❛s❛ ✹✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ❥♦❣♦ ❝♦♠ ♦ ❣r✉♣♦ ❘♦s❛✱ q✉❡ ❡st❛✈❛ ♥❛ ❝❛s❛ 4✱ ❡ s♦rt❡♦✉ 6✱ ♠❛✐s

✉♠❛ ✈❡③✱ ❤♦✉✈❡ ❞ú✈✐❞❛ ♣♦r ♣❛rt❡ ❞❛ ❡q✉✐♣❡ q✉❡✱ ❡rr❛❞❛♠❡♥t❡✱ r❡s♣♦♥❞❡✉ 8✳ ❈♦♠♦

tí♥❤❛♠♦s ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✐♥t❡r✈✐♠♦s ❝♦♠ ♣r♦♣ós✐t♦ ❞❡ ❛❥✉❞❛r✱ ♥ã♦ s♦♠❡♥t❡ ❛q✉❡❧❡

❣r✉♣♦ ♠❛s t❛♠❜é♠ ♦s ❞❡♠❛✐s✳ ❆ss✐♠ ❝♦♥t✐♥✉♦✉ ♦ ❥♦❣♦✱ ❡ s❡♠♣r❡ q✉❡ ❛❝♦♥t❡❝✐❛ ✉♠ ❡rr♦

❞❡ ✉♠ ❣r✉♣♦ ✐♥t❡r✈í❛♠♦s ♥♦ s❡♥t✐❞♦ ❞❡ ❛✉①✐❧✐❛r ❡ ♥ã♦ ❞❛♥❞♦ s❡❣✉♥❞❛ ❝❤❛♥❝❡ ♣❛r❛ ❛s

r❡s♣♦st❛s✱ ♦✉ s❡❥❛✱ ♦ ❣r✉♣♦ ♣❡r♠❛♥❡❝✐❛ ❡♠ s✉❛ ❝❛s❛ ❛té q✉❛♥❞♦ ❝❤❡❣❛ss❡ ♥♦✈❛♠❡♥t❡ s✉❛

✈❡③ ❞❡ ❥♦❣❛r ❡✱ ❞❡ ❢❛t♦✱ ❛❝❡rt❛ss❡ ❛ r❡s♣♦st❛✳ ❊♥tã♦✱ ❡♥tr❡ ❡rr♦s ❡ ❛❝❡rt♦s✱ ❝♦♥t✐♥✉❛♠♦s

❛ ♣❛rt✐❞❛✱ ❛ q✉❛❧ t❡✈❡ ❝♦♠♦ ✈❡♥❝❡❞♦r ♦ ❣r✉♣♦ ▲❛r❛♥❥❛✳

◆❡ss❛ ❛✉❧❛ ❥♦❣❛♠♦s ♠❛✐s três ♣❛rt✐❞❛s✱ ❝✉❥♦s ✈❡♥❝❡❞♦r❡s ❢♦r❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

❘♦s❛✱ ❘♦①♦ ❡ ❘♦s❛✳ ❙❡♥❞♦ q✉❡ ❛ ❡q✉✐♣❡ ❱❡r♠❡❧❤❛ ♥ã♦ ♦❜t❡✈❡ ♥❡♥❤✉♠❛ ✈✐tór✐❛ ❡♥tr❡

t♦❞❛s ❛s ♣❛rt✐❞❛s ❞✐s♣✉t❛❞❛s✱ ❛ ❝♦♥s✐❞❡r❛r ❛s q✉❛tr♦ ♣❛rt✐❞❛s ❞❡st❡ ❡♥❝♦♥tr♦ ❡ ✉♠❛ ❞♦

❡♥❝♦♥tr♦ ❛♥t❡r✐♦r ✭t♦t❛❧✐③❛♥❞♦ ❝✐♥❝♦ ♣❛rt✐❞❛s✮✳

❋✐❣✉r❛ ✸✳✶✶✿ ❱✐tór✐❛ ❞❛ ❡q✉✐♣❡ r♦s❛
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

P♦r ✜♠✱ ♥♦ ❞✐❛ 10/07✱ ♥♦ ♥♦ss♦ s❡①t♦ ❡ ú❧t✐♠♦ ❡♥❝♦♥tr♦✱ ❢♦✐ r❡❛❧✐③❛❞♦ ♦ ♣ós✲t❡st❡

♥❛s ❞✉❛s t✉r♠❛s ♣❛r❛ ❛✈❛❧✐❛r s❡ ❛s ♦✜❝✐♥❛s r❡❛❧♠❡♥t❡ ❛❥✉❞❛r❛♠ ❡ ✐♥✢✉❡♥❝✐❛r❛♠ ♣♦s✐t✐✲

✈❛♠❡♥t❡ ♥♦ ❛♣r❡♥❞✐③❛❞♦ ❞♦s ❛❧✉♥♦s✳
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❋✐❣✉r❛ ✸✳✶✷✿ ❆♣❧✐❝❛çã♦ ❞♦ ♣ós✲t❡st❡ ✻♦❆
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

❋✐❣✉r❛ ✸✳✶✸✿ ❆♣❧✐❝❛çã♦ ❞♦ ♣ós✲t❡st❡ ✻♦❇
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧



✹✷

✹ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ♣ré✲t❡st❡ ❡

♣ós✲t❡st❡ ♣♦r t✉r♠❛

■♥s❛t✐s❢❡✐t♦ ❝♦♠ ♦s ♠❛✉s r❡s✉❧t❛❞♦s ❝♦♥t✐♥✉❛♠❡♥t❡ ♦❜t✐❞♦s ♣❡❧♦ ❝♦r♣♦ ❞✐s❝❡♥t❡✱

s♦❜r❡t✉❞♦ ♥❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✈✐✉✲s❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❢❛③❡r ❛❧❣♦ q✉❡ ♣✉❞❡ss❡

tr❛♥s❢♦r♠❛r ❛ r❡❛❧✐❞❛❞❡ ❝♦♠♦❞✐st❛ q✉❡ s❡ ✐♥st❛❧♦✉ ♥❛ ♣rát✐❝❛ ❞❡ss❛ ❞✐s❝✐♣❧✐♥❛✳ ◗✉❛♥❞♦

✐♥✐❝✐❛♠♦s ♦ ❡st✉❞♦✱ t✐✈❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛✈❛❧✐❛r s❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❥♦❣♦s✱ ❞❡ ♠♦❞❡❧♦s

❣❡♦♠étr✐❝♦s ❡♠ ❢♦r♠❛ ❞❡ ♦✜❝✐♥❛s✱ ❢❛❝✐❧✐t❛r✐❛✱ ❝♦♠♦ ❢❡rr❛♠❡♥t❛✱ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲

❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ▼❛t❡♠át✐❝❛✴❆r✐t♠ét✐❝❛✱ ❡♠ ❡♠ ❡s♣❡❝✐❛❧✱ ♥♦ ❡♥s✐♥♦ ❞♦ ♠♠❝ ❡ ♠❞❝✳

❇✉s❝❛✲s❡ ❡st❛ ❝♦♠♣r♦✈❛çã♦ ♣♦r ♠❡✐♦ ❞♦ ❣rá✜❝♦✱ ❛ s❡❣✉✐r✿

❋✐❣✉r❛ ✹✳✶✿ ●rá✜❝♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡ ❡♠ ❝❛❞❛ t✉r♠❛
❋♦♥t❡✿ ❆rq✉✐✈♦ P❡ss♦❛❧

➱ s❛❜✐❞♦ q✉❡ ♦ ♣ré✲t❡st❡ t❡♠ ♣♦r ✜♥❛❧✐❞❛❞❡ ✈❡r✐✜❝❛r ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s

q✉❡ ♦s ♣❛rt✐❝✐♣❛♥t❡s ♣♦ss✉❡♠ ❛ r❡s♣❡✐t♦ ❞♦s ❝♦♥t❡ú❞♦s ♠♠❝ ❡ ♠❞❝✱ ❡♥q✉❛♥t♦ ♦ ♣ós✲

t❡st❡ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♣❡r❝❡❜❡r ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s ❞✉r❛♥t❡ ❛ ❡①♣♦s✐çã♦ ❞❛s

♦✜❝✐♥❛s✱ ♦♥❞❡ é ♣♦ssí✈❡❧ ❛✈❛❧✐❛r s❡ ❡ss❛s ♠❡t♦❞♦❧♦❣✐❛s tr❛❜❛❧❤❛❞❛s ❛❥✉❞❛r❛♠ ❛ ♠❡❧❤♦r❛r
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♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧✉♥♦s✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡✱ t❛♥t♦ ❛s q✉❡stõ❡s ❞♦ ♣ré✲t❡st❡ ❝♦♠♦ ❛s

❞♦ ♣ós✲t❡st❡✱ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❧✐✈r♦s ❞♦ 6♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✳

❊♥tã♦✱ ♦ q✉❡ ♦❜s❡r✈❛♠♦s ♥❛s ♠é❞✐❛s q✉❡r ❞♦ ♣ré✲t❡st❡ q✉❡r ❞♦ ♣ós✲t❡st❡ é q✉❡✱

❡♠ ❛♠❜❛s ❛s t✉r♠❛s✱ ❛s ♠é❞✐❛s ♥ã♦ ❢♦r❛♠ ❛❧t❛s✱ t❛❧✈❡③ t❡♥❤❛♠ s✐❞♦ ✐♥✢✉❡♥❝✐❛❞♦s✱

❞❡♥tr❡ ♦✉tr♦s ❢❛t♦r❡s✱ ♣❡❧♦ ♣♦✉❝♦ t❡♠♣♦ ❞❡st✐♥❛❞♦ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❛s ♦✜❝✐♥❛s✱ ♦✉

❛té ♠❡s♠♦ ♣❡❧❛ ❞✐✜❝✉❧❞❛❞❡ ❞♦ t❡♠❛ ❛❜♦r❞❛❞♦✱ ♦ q✉❡✱ ♣❛r❛ ✉♠ ❜♦♠ ❡♥t❡♥❞✐♠❡♥t♦✱

♥❡❝❡ss✐t❛✲s❡ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ❛♥t❡r✐♦r❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♣r♦✈❛♠♦s q✉❡ ♦ ♦❜❥❡t✐✈♦ ❞❛

✐♥t❡r❢❡rê♥❝✐❛ ❢♦✐ ❛t✐♥❣✐❞♦✱ ♦✉ s❡❥❛✱ ❛ t✉r♠❛ ♥❛ q✉❛❧ ❛♣❧✐❝❛♠♦s ❛s ♦✜❝✐♥❛s ♦❜t❡✈❡ ✉♠

❝r❡s❝✐♠❡♥t♦ ❝♦♥s✐❞❡rá✈❡❧ ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡♠ r❡❧❛çã♦ à t✉r♠❛ q✉❡ ❛ss✐st✐✉ ❛♣❡♥❛s ❛

❛✉❧❛ tr❛❞✐❝✐♦♥❛❧✱ ✐ss♦ é ♣❡r❝❡❜✐❞♦ q✉❛♥❞♦ s❡ ❢❛③ ♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡

♣♦r t✉r♠❛✳

P❡r❝❡❜❡♠♦s✱ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❛s ♦✜❝✐♥❛s ❡♠ r❡❧❛çã♦ às ❛✉❧❛s tr❛❞✐❝✐♦♥❛✐s✱ q✉❡ ❛

♠♦t✐✈❛çã♦ ❡♠ ♣❛rt✐❝✐♣❛r ❞❛ ❛✉❧❛ t❡♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥ã♦ s♦♠❡♥t❡ ♥♦ ❡♥s✐♥♦ ❡ ♥❛

❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❆r✐t♠ét✐❝❛✱ ♦✉ ♠❡❧❤♦r✱ ♥♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ♠♠❝ ❡ ♠❞❝✱

♠❛s ♣❛r❛ ❛ ❛♣r❡♥❞✐③❛❣❡♠✱ ❞❡ ♠♦❞♦ ❣❡r❛❧✱ ❞❛ ▼❛t❡♠át✐❝❛✳

◆❛ ✜❣✉r❛ 4.1 ❡♠ q✉❡ ❛♣❛r❡❝❡♠ ♦s r❡s✉❧t❛❞♦s ❞❛s t✉r♠❛s ♥♦ ♣ré✲t❡st❡ ❡ ♥♦ ♣ós✲

t❡st❡✱ ❝♦♥st❛t❛♠♦s q✉❡✱ ❛♦ ❝♦♠♣❛r❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❡♥tr❡ ♦ ♣ré✲t❡st❡ ❡ ♣ós✲t❡st❡ ❞❛

t✉r♠❛ ❞♦ 6♦ ❆✱ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r ✉♠ ❛✉♠❡♥t♦ ♠é❞✐♦ ❞❡ 0, 196 ✭19, 6%✮ ❞❡ ❡✜❝✐ê♥❝✐❛

♠é❞✐❛ ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ q✉❛♥❞♦ ❢❛③❡♠♦s ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s ❞♦✐s t❡st❡s ✭♣ré✲t❡st❡ ❡

♣ós✲t❡st❡✮✳ ❊♥q✉❛♥t♦✱ ♥❛ t✉r♠❛ ❞♦ 6♦ ❇✱ ❛s ♠é❞✐❛s sã♦ ♣❛r❡❝✐❞❛s✿ ❛♦ ❝♦♠♣❛r❛♠♦s ❞❡

❢♦r♠❛ q✉❛♥t✐t❛t✐✈❛✱ ♦❜s❡r✈❛✲s❡ q✉❡✱ ❞♦ ♣ré✲t❡st❡ ♣❛r❛ ♦ ♣ós✲t❡st❡✱ ❤♦✉✈❡ ✉♠❛ ♣❡q✉❡♥❛

q✉❡❞❛ ❞❡ 0, 0061 ✭0, 61%✮✳

❊♥✜♠✱ ❝♦♥s❝✐❡♥t❡s ❞❡ q✉❡✱ ♠❡s♠♦ ❤❛✈❡♥❞♦ ❢❛❧❤❛s ♥❛ ❡❧❛❜♦r❛çã♦ ❞❛s ❛t✐✈✐❞❛❞❡s

✉t✐❧✐③❛❞❛s ♥❛ ❛✈❛❧✐❛çã♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ✉s♦ ❞❡ ♦✜❝✐♥❛s ❛❥✉❞❛ ❞❡ ❢♦r♠❛ ♦❜❥❡t✐✈❛ ♥❛

❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ❆r✐t♠ét✐❝❛✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♥♦ ❛♣r❡♥❞✐③❛❞♦ ❞♦ ♠♠❝ ❡ ♠❞❝✳

◆♦ ❡♥t❛♥t♦✱ ✈❛❧❡ s❛❧✐❡♥t❛r q✉❡ ♦ ❡s❢♦rç♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♠❡✐♦s ❞❡ ❡♥s✐♥♦ ❡ ❞✐❢❡r❡♥t❡s

♠ét♦❞♦s ♣❛r❛ ♦s ❛❧✉♥♦s ❛♣r❡♥❞❡r❡♠ ♠♠❝ ❡ ♠❞❝ ♠♦str♦✉ r❡s✉❧t❛❞♦s ♣♦s✐t✐✈♦s ❡✱ ❛♦

♠❡s♠♦ t❡♠♣♦✱ ✈ê✲s❡ ❛ ❡✈♦❧✉çã♦ ❞❡❧❡s ✲ ♦s ❡st✉❞❛♥t❡s✳

◆ã♦ t❡♠♦s ❞ú✈✐❞❛ ❞❡ q✉❡ é tr❛❜❛❧❤♦s♦ ❝r✐❛r ❡ ♣❧❛♥❡❥❛r ❛✉❧❛s ❞✐❢❡r❡♥❝✐❛❞❛s✱ ♠❛s

❡st❡ ❡s❢♦rç♦ s❡ t♦r♥❛ ♣r❛③❡r♦s♦ q✉❛♥❞♦ ❛ ❡✈♦❧✉çã♦ ❞♦ ❛❧✉♥♦ ❛❝♦♥t❡❝❡✱ ♥ã♦ s♦♠❡♥t❡ ❝♦♠

r❡❧❛çã♦ ❛♦s ❝♦♥t❡ú❞♦s✱ ♠❛s ❡♠ r❡❧❛çã♦ ❛♦ s❡r ❤✉♠❛♥♦✳ ❊✱ ♥❛ r❡❛❧✐❞❛❞❡✱ ❡ss❡ ❞❡✈❡ s❡r ♦

✈❡r❞❛❞❡✐r♦ ❝❛♠✐♥❤♦ q✉❡ ✉♠ ♣r♦❢❡ss♦r ♣r❡♦❝✉♣❛❞♦ ❝♦♠ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡❢❡t✐✈❛ ❞❡ s❡✉s

❛❧✉♥♦s ❞❡✈❡r✐❛ ♣❡r❝♦rr❡r✳
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✺ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

❆ ♣r♦♣♦st❛ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♣❡♥s❛❞❛ ♣❛r❛ s❡r ✉♠ ❝❛♠✐♥❤♦ ♠❡t♦❞♦❧ó❣✐❝♦ ❛ ♠❛✐s

♣❛r❛ ♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✴❆r✐t♠ét✐❝❛✱ ❞❛♥❞♦ ê♥❢❛s❡ ❛♦s ♠ú❧t✐♣❧♦s ❡ ❞✐✈✐s♦r❡s ❡✱ ❡♠

♣❛rt✐❝✉❧❛r✱ ❛♦ ❡♥s✐♥♦ ❞♦ ♠♠❝ ❡ ♠❞❝✳ ❊♠ ♥♦ss❛ ❛♥á❧✐s❡✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ❧ú❞✐❝♦

é ✉♠ ❢❛t♦r q✉❡ s❡♠♣r❡ ❡♥❝❛♥t❛ ♦ ❛♣r❡♥❞✐③✱ ♦✉ s❡❥❛✱ ❡♥s✐♥❛r ▼❛t❡♠át✐❝❛ ❛tr❛✈és ❞❡

♦✜❝✐♥❛s é ❜❡♠ ♠❛✐s s❛t✐s❢❛tór✐♦ ❡ ♠❡♥♦s ❡♥❢❛❞♦♥❤♦ ❞♦ q✉❡ ♦ ❡♥s✐♥♦ ❛❜str❛t♦ ❡ ❡①♣♦s✐t✈♦

❜❛s❡❛❞♦ ❛♣❡♥❛s ♥♦ ❧✐✈r♦ ❞✐❞át✐❝♦✳ ❊♥t❡♥❞❡♠♦s q✉❡ ❛ ♣r❡♦❝✉♣❛çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❢❡ss♦r✱

❛♥t❡s ❞❡ ❛❜♦r❞❛r ✉♠ ❛ss✉♥t♦✱ ❞❡✈❡ s❡r ❛ ❞❡ ❝r✐❛r ♥♦s ❛❧✉♥♦s ❝♦♥❞✐çõ❡s ♠♦t✐✈❛❞♦r❛s ❞❡

❛ss✐♠✐❧❛çã♦ ♣❛r❛ ♦ q✉❡ s❡ ❞❡s❡❥❛ ❡♥s✐♥❛r✱ ✐st♦ é✱ ❡♠ ❧✐♥❣✉❛❣❡♠ ♠❛✐s té❝♥✐❝❛ ❡ ❢♦r♠❛❧✱

✈❡r✐✜❝❛r ❡♠ q✉❛✐s ❡sq✉❡♠❛s ❞❡ ❛ss✐♠✐❧❛çã♦ s❡ ❢❛rá ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡ ❞✐❧✐❣❡♥❝✐❛r ♣❛r❛

q✉❡ t♦❞♦s ♦s ❛❧✉♥♦s ❞❡❧❡ ❞✐s♣♦♥❤❛♠ ❡ ❛❧❝❛♥❝❡♠✱ ❛❧é♠ ❞❛ ❝♦♠♣❡tê♥❝✐❛ ❡ ❞❛ ❤❛❜✐❧✐❞❛❞❡✱

t❛♠❜é♠ ♦ ❝♦♥❤❡❝✐♠❡♥t♦✳ ❊♠❜♦r❛ ♥ã♦ ❞❡✈❡♥❞♦ ❞✐③❡r q✉❡ ❛♣❡♥❛s ❛ ❧✉❞✐❝✐❞❛❞❡ é ❛

s❛❧✈❛çã♦ ❞♦ ❡♥s✐♥♦✱ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡ ♣♦❞❡ s❡r ✉♠ ❝❛♠✐♥❤♦ ♣❛r❛ ❛❥✉❞❛r ❛ r❡s♦❧✈❡r

❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s ❡♥❝♦♥tr❛❞❛s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✱ q✉❡ é ♦ q✉❡

❜✉s❝❛♠♦s ❝♦♠ ❡st❡ tr❛❜❛❧❤♦✿ ♣r♦♣♦r q✉❡ ♦ ✉s♦ ❞❡ ❥♦❣♦s✱ ❡ ❞❡ ♠♦❞❡❧♦s ❣❡♦♠ét✐❝♦s ❡♠

❢♦r♠❛ ❞❡ ♦✜❝✐♥❛s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛ ♣♦❞❡♠ ♠✉❞❛r ❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❞♦s

❞✐s❝❡♥t❡s✳

❱❛❧❡ r❡s❛❧t❛r q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❛t✐✈✐❞❛❞❡s ❧ú❞✐❝❛s✱ ❝♦♠♦ ✐♥str✉♠❡♥t♦ ❞❡ ❛♣r❡♥✲

❞✐③❛❣❡♠ ❞❛ ▼❛t❡♠át✐❝❛✱ é ❜❛st❛♥t❡ ✈❛❧✐♦s❛ ❡ s✐❣♥✐✜❝❛t✐✈❛✳ P♦✐s✱ ❡♠ ❞❛❞♦s ❝♦♥❝r❡t♦s

❞❡st❡ tr❛❜❛❧❤♦✱ ❢♦✐ ❞❡♠♦♥str❛❞♦ q✉❡ ♦s ❛❧✉♥♦s q✉❡ ♣❛rt✐❝✐♣❛r❛♠ ❞❛s ♦✜❝✐♥❛s✱ ♦❜t✐✈❡r❛♠

r❡s✉❧t❛❞♦s ♣♦s✐t✐✈♦s✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ❛❧✉♥♦s q✉❡ ♥ã♦ ♣❛rt✐❝✐♣❛r❛♠ ♣❡r♠❛♥❡❝❡r❛♠ ♥♦

♠❡s♠♦ ♥í✈❡❧ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✳ ❖✉tr♦ ♣♦♥t♦ ❛ s❡r ❝✐t❛❞♦ é q✉❡ ♦s ❛❧✉♥♦s ❛♣r❡♥❞❡♠ ❡

❝♦♠♣r❡❡♥❞❡♠ ❝♦♠ ♠❛✐s ❢❛❝✐❧✐❞❛❞❡ ❡ q✉❛❧✐❞❛❞❡ ♦s ❝♦♥t❡ú❞♦s q✉❛♥❞♦ ❡st❡s sã♦ ❛❜♦r❞❛❞♦s

❞❡ ❢♦r♠❛ ♠❛✐s ❝♦♥❝r❡t❛ ❡ ❞✐✈❡rt✐❞❛✳

P♦rt❛♥t♦✱ ❡s♣❡r❛♠♦s t❡r ❛♣r❡s❡♥t❛❞♦ ❛q✉✐ ✉♠ tr❛❜❛❧❤♦ q✉❡ ❞❡st❛q✉❡ ❛ r❡❛❧ ✐♠♣♦r✲

tâ♥❝✐❛ ❞♦s ❛ss✉♥t♦s✿ ♠ú❧t✐♣❧♦s✱ ❞✐✈✐s♦r❡s✱ ♥ú♠❡r♦s ♣r✐♠♦s✱ ❢❛t♦r❛çã♦✱ ♠♠❝ ❡ ♠❞❝✱ ♦s

q✉❛✐s sã♦ tã♦ r❡❧❡✈❛♥t❡s ♥♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✳ ❊s♣❡r❛♠♦s t❛♠❜é♠ t❡r ❡st✐♠✉❧❛❞♦

♦ ❝✉✐❞❛❞♦ ❡ ❛ ❝r✐❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ s✉❜st✐t✉❛♠ ♦ ❡♥s✐♥♦ tr❛❞✐❝✐♦♥❛❧ ♣❡❧❛ ♣r♦✈♦❝❛✲

çã♦ ❝♦♥st❛♥t❡ ❞❡ r❛❝✐♦❝í♥✐♦✱ ✈✐s❛♥❞♦ ❛ ❝♦♥str✉çã♦✱ ♣❡❧♦ ❛❧✉♥♦✱ ❞♦s s❡✉s ✐♥str✉♠❡♥t♦s ❡

♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s✱ r❡❧❛❝✐♦♥❛❞♦s à s✉❛ r❡❛❧✐❞❛❞❡✱ ❞✐♠✐♥✉✐♥❞♦ ❛ss✐♠ ❛ ❞✐❢❡r♥ç❛ ❡♥tr❡

♦ ♣❡♥s❛♠❡♥t♦ ❧ó❣✐❝♦ ♠❛t❡♠át✐❝♦ ❡ ♦ ❝♦♥❝r❡t♦✳
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❛❞❛ ▼❛t❡♠❛t✐❝❛ ❆r❣❡♥t✐♥❛✱ ✶✾✾✷✳
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❬✾❪ ▼❖◆❚❊■❘❖✱ ❆❧❡①❛♥❞r✐♥❛✳ ❆ ▼❛t❡♠át✐❝❛ ❡ ♦s t❡♠❛s tr❛♥✈❡rs❛✐s✴ ❆❧❡①❛♥❞r✐♥❛

▼♦♥t❡✐r♦✱ ●❡r❛❧❞♦ P♦♠♣❡✉ ❏r✳✲❙ã♦ P❛✉❧♦✿ ▼♦❞❡r♥❛✱ ✷✵✵✶✳ ✲✭❊❞✉❝❛çã♦ ❡♠ ♣❛✉t❛✿

t❡♠❛s tr❛♥s✈❡rs❛✐s✮✳

❬✶✵❪ ▼❖❚❆✱ P❛✉❧❛ ❈r✐st✐♥❛ ❈♦st❛ ▲❡✐t❡ ❞❡ ▼♦✉r❛✳ ❏♦❣♦s ♥♦ ❊♥s✐♥♦ ❞❛ ▼❛✲

t❡♠át✐❝❛✳ ❯♥✐✈❡rs✐❞❛❞❡ P♦rt✉❝❛❧❡♥s❡ ■♥❢❛♥t❡ ❉♦♠ ❍❡♥r✐q✉❡✳ ❉❡♣❛rt❛♠❡♥t♦

❞❡ ■♥♦✈❛çã♦✱ ❈✐ê♥❝✐❛ ❡ ❚❡❝♥♦❧♦❣✐❛✳ P♦rt♦✱ s❡t✳ ✷✵✵✾✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿

❁❤tt♣✿✴✴r❡♣♦s✐t♦r✐♦✳✉♣♦rt✉✳♣t✴❞s♣❛❝❡✴❜✐tstr❡❛♠✴✶✷✸✹✺✻✼✽✾✴✶✾✽✴✶✴❚▼▼❆❚✳

❬✶✶❪ ❖▲■❱❊■❘❆✱ ❑r❡r❧❡② ■rr❛❝✐❡❧ ▼❛rt✐♥s✳ ■♥✐❝✐❛çã♦ à ▼❛t❡♠át✐❝❛✿ ✉♠ ❝✉rs♦ ❝♦♠ ♣r♦✲

❜❧❡♠❛s ❡ s♦❧✉çõ❡s✴❑r❡r❧❡② ■rr❛❝✐❡❧ ▼❛rt✐♥s ❖❧✐✈❡✐r❛✱ ❆❞á♥ ❏♦s❡ ❈♦r❝❤♦ ❋❡r♥á♥❞❡③✳

✲ ✷❛ ❡❞✳ ✲ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙❇▼✱ ✷✵✶✵✳
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❝♦♥❝❡❜✐❞❛✱ ❞❡s❡♥✈♦❧✈✐❞❛ ❡ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ❊❞✐t♦r❛ ▼♦❞❡r♥❛❀ ❡❞✐t♦r r❡s♣♦♥sá✈❡❧
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❬✶✸❪ ❘■❇❊■❘❖✱ ❏❛❝❦s♦♥ ❞❛ ❙✐❧✈❛✳ Pr♦❥❡t♦ ❘❛❞✐①✿ ▼❛t❡♠át✐❝❛✴❏❛❝❦s♦♥ ❞❛ ❙✐❧✈❛ ❘✐❜❡✐r♦✳

✲ ✷❛✳ ❡❞✳ ✲ ❙ã♦ P❛✉❧♦✿ ❙❝✐♣✐♦♥❡✱ ✷✵✶✷✳

❬✶✹❪ ❙❆❉❖❱❙❑❨✱ P❛trí❝✐❛✱ ✶✾✺✸✳ ❖ ❡♥s✐♥♦ ❞❡ ▼❛t❡♠át✐❝❛ ❤♦❥❡✿ ❡♥❢♦q✉❡s✱ s❡♥t✐❞♦s ❡

❞❡s❛✜♦s ✲ P❛tr✐❝✐❛ ❙❛❞♦✈s❦②❀ tr❛❞✉çã♦ ❆♥t♦♥✐♦ ❞❡ Pá❞✉❛ ❉❛♥❡s✐❀ ❛♣r❡s❡♥t❛çã♦ ❡

r❡✈✐sã♦ ❞❛ tr❛❞✉çã♦ ❊r♥❡st♦ ❘♦s❛ ◆❡t♦✳ ✶❛ ❡❞✳✲ ❙ã♦ P❛✉❧♦✿ ➪t✐❝❛✱ ✷✵✶✵✳
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✷✲ ✭❱❖◆❚❆❉❊ ❉❊ ❙❆❇❊❘ ▼❆❚❊▼➪❚■❈❆✲ ❏❖❆▼■❘✮ ❖❜s❡r✈❡ ❛ s❡q✉ê♥❝✐❛ ❞♦s

❞✐✈✐s♦r❡s ❞❡ 24✱ 32 ❡ 36✳

D(24) = {1, 2, 3, 4, 6, 8, 12, 24}
D(32) = {1, 2, 4, 8, 16, 32}
D(36) = {1, 2, 3, 4, 6, 9, 12, 18, 36}

❛✮ ◗✉❛✐s sã♦ ♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s ✭❞❝✮ ❞❡✿

dc(24, 32) =

dc(24, 36) =

dc(32, 36) =

dc(24, 32, 36) =

❜✮ ❉❡t❡r♠✐♥❡✿

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠✱ ♦✉ s❡❥❛✱ ♦ mdc(24, 32) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠✱ ♦✉ s❡❥❛✱ ♦ mdc(24, 36) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠✱ ♦✉ s❡❥❛✱ ♦ mdc(32, 36) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠✱ ♦✉ s❡❥❛✱ ♦ mdc(24, 32, 36) =

✸✲ ✭P❘❖❏❊❚❖ ❘❆❉■❳✲ ❏❆❈❑❙❖◆✮ ❘❡s♣♦♥❞❛ ❛s q✉❡stõ❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♥ú✲

♠❡r♦s ✐♥❞✐❝❛❞♦s ♥❛s ❡t✐q✉❡t❛s✳

20 24 64 16 10 48

30 50 60 36 28 72

✹✼



❛✮ ◗✉❛✐s ❞❡st❡s ♥ú♠❡r♦s sã♦ ♠ú❧t✐♣❧♦s ❞❡ 4❄

❜✮ ◗✉❛✐s ❞❡❧❡s sã♦ ♠ú❧t✐♣❧♦ ❞❡ 5❄

❝✮ ◗✉❛✐s ❞❡❧❡s sã♦ ♠ú❧t✐♣❧♦s ❞❡ 4 ❡ ❞❡ 5 ❛♦ ♠❡s♠♦ t❡♠♣♦❄

❞✮ ◗✉❡♠ é ♦ ♠❡♥♦r ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ 4 ❡ 5✱ ♦✉ s❡❥❛✱ ♦ mmc(4, 5)❄

✹✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ❉♦♥❛ ❈❧♦t✐❧❞❡ q✉❡r ❝♦❧♦❝❛r ✷✺✺ ♣✐r✉❧✐t♦s ❡♠

s❛q✉✐♥❤♦s✱ t♦❞♦s ❝♦♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣✐r✉❧✐t♦s✱ ♠❛s ❞❡ ♠♦❞♦ q✉❡ ♥ã♦

s♦❜r❡ ♥❡♥❤✉♠✳ ◗✉❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♣✐r✉❧✐t♦s ❡❧❛ ♣♦❞❡ ❝♦❧♦❝❛r ❡♠ ❝❛❞❛ s❛q✉✐♥❤♦✿

❛✮ 8 ♣✐r✉❧✐t♦s

❜✮ 12 ♣✐r✉❧✐t♦s

❝✮ 10 ♣✐r✉❧✐t♦s

❞✮ 15 ♣✐r✉❧✐t♦s

❡✮ 18 ♣✐r✉❧✐t♦s

✺✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ q✉❡ ❛❝♦♥t❡❝❡✉ ♥❛ ❛t✐✈✐❞❛❞❡

❛♥t❡r✐♦r✱ ✐♥❞✐q✉❡ ❛s ❛✜r♠❛çõ❡s ✈❡r❞❛❞❡✐r❛s✳

❛✮ 255 é ♠ú❧t✐♣❧♦ ❞❡ 8✳

❜✮ 255 é ❞✐✈✐sí✈❡❧ ♣♦r 12✳

❝✮ 255 é ❞✐✈✐sí✈❡❧ ♣♦r 15✳

❞✮ 15 é ❞✐✈✐s♦r ❞❡ 255✳

❡✮ 12 é ❞✐✈✐s♦r ❞❡ 255✳

❢✮ 255 é ♠ú❧t✐♣❧♦ ❞❡ 15✳

❣✮ 255 ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ 8✳

❤✮ 255 é ♠ú❧t✐♣❧♦ ❞❡ 12✳

✐✮ 12 ♥ã♦ é ❞✐✈✐s♦r ❞❡ 255✳

✻✲ ✭▼❆❚❊▼➪❚■❈❆✲❇■❆◆❈❍■◆■✮ ❖ mdc ❞❡ três ♥ú♠❡r♦s ♣r✐♠♦s ❡♥tr❡ s✐ é✿

❛✮ ❖ ♠❡♥♦r ❞❡❧❡s

❜✮ ❖ ♠❛✐♦r ❞❡❧❡s

❝✮ ❖ ♥ú♠❡r♦ 1

❞✮ ❖ ♣r♦❞✉t♦ ❞❡❧❡s

✼✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ❯♠❛ ❡s❝❛❞❛ t❡♠ ✸✵ ❞❡❣r❛✉s✳ ❘♦❜✐♥❤♦ ❡stá

s✉❜✐♥❞♦ ❡ss❛ ❡s❝❛❞❛ ❞❡ 3 ❡♠ 3 ❞❡❣r❛✉s✱ ❡ ❋é❧✐① ❞❡ 2 ❡♠ 2 ❞❡❣r❛✉s✳

❘❡s♣♦♥❞❛✳

✹✽



❛✮ ❆❧❣✉♠ ❞❡❧❡s ✈❛✐ ♣✐s❛r ♥♦ 15♦ ❞❡❣r❛✉❄

❜✮ ❆❧❣✉♠ ❞❡❧❡s ✈❛✐ ♣✐s❛r ♥♦ 23♦ ❞❡❣r❛✉❄

❝✮ ❆❧❣✉♠ ❞❡❧❡s ✈❛✐ ♣✐s❛r ♥♦ 18♦ ❞❡❣r❛✉❄

❞✮ ❊♠ q✉❛✐s ❞❡❣r❛✉s ♦s ❞♦✐s ✈ã♦ ♣✐s❛r❄

❡✮ ◗✉❛❧ é ♦ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ 3 ❡ 2✱ ✐st♦ é✱ q✉❛❧ é ♦ ✈❛❧♦r ❞❡mmc(3, 2)❄

✽✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ❯♠❛ ❡♠♣r❡s❛ ♣♦ss✉✐ ❞♦✐s ❢✉♥❝✐♦♥ár✐♦s q✉❡ ✈✐✲

❛❥❛♠ ❛ s❡r✈✐ç♦✳ ❖ ♣r✐♠❡✐r♦ ✈✐❛❥❛ ❞❡ 15 ❡♠ 15 ❞✐❛s ❡ ♦ s❡❣✉♥❞♦ ✈✐❛❥❛ ❞❡ 20 ❡♠

20 ❞✐❛s✳ ❙❡ ✈✐❛❥❛r❡♠ ❤♦❥❡✱ ❞❛q✉✐ ❛ q✉❛♥t♦s ❞✐❛s ❡❧❡s ✈♦❧t❛rã♦ ❛ ✈✐❛❥❛r ♥♦ ♠❡s♠♦

❞✐❛❄

❛✮ 15 ❞✐❛s

❜✮ 20 ❞✐❛s

❝✮ 30 ❞✐❛s

❞✮ 60 ❞✐❛s

❡✮ 90 ❞✐❛s

✾✲ ✭❱❖◆❚❆❉❊ ❉❊ ❙❆❇❊❘ ▼❆❚❊▼➪❚■❈❆✲ ❏❖❆▼■❘✮ ■♥❞✐q✉❡✱ ❞❡♥tr❡ ❛s ♦♣çõ❡s

❛ s❡❣✉✐r✱ ❛q✉❡❧❛ q✉❡ ❛♣r❡s❡♥t❛ t♦❞❛s ❛s ❛✜r♠❛çõ❡s ❝♦rr❡t❛s✿

❛✮ 12 é ♠ú❧t✐♣❧♦ ❞❡ 2✱ ❞❡ 3 ❡ ❞❡ 9

❜✮ 2✱ 3 ❡ 7 sã♦ ❞✐✈✐s♦r❡s ❞❡ 7

❝✮ 2✱ 3 ❡ 6 sã♦ ❞✐✈✐s♦r❡s ❞❡ 12

❞✮ 12 é ♠ú❧t✐♣❧♦ ❞❡ 24 ❡ ❞❡ 39

✶✵✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ◗✉❛❧ é ♦ q✉♦❝✐❡♥t❡ ❡♥tr❡ ♦ mmc(10, 8) ❡ ♦

mdc(12, 20)❄

❛✮ 20

❜✮ 5

❝✮ 8

❞✮ 10

❆✳✷ PÓ❙✲❚❊❙❚❊

✶✲ ✭❆❉❆P❚❆❉❖✴❱❖◆❚❆❉❊ ❉❊ ❙❆❇❊❘ ▼❆❚❊▼➪❚■❈❆✲ ❏❖❆▼■❘✮ ❖❜s❡r✈❡ ❛

s❡q✉ê♥❝✐❛ ❞♦s ❞✐✈✐s♦r❡s ♣♦s✐t✐✈♦s ❞❡ 24✱ 40 ❡ 36✳

D(18) = {1, 2, 3, 6, 9, 18}

✹✾



D(24) = {1, 2, 3, 4, 6, 8, 12, 24}
D(40) = {1, 2, 4, 5, 8, 10, 20, 40}

❛✮ ◗✉❛✐s sã♦ ♦s ❞✐✈✐s♦r❡s ❝♦♠✉♥s✭❞❝✮ ❞❡✿

dc(18, 24) =

dc(24, 40) =

dc(18, 40) =

dc(18, 24, 40) =

❜✮ ❉❡t❡r♠✐♥❡✿

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠ ❞❡ 18 ❡ 24✱ ♦✉ s❡❥❛✱ ♦ mdc(18, 24) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠ ❞❡ 24 ❡ 40✱ ♦✉ s❡❥❛✱ ♦ mdc(24, 40) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠ ❞❡ 18 ❡ 40✱ ♦✉ s❡❥❛✱ ♦ mdc(18, 40) =

▼❛✐♦r ❉✐✈✐s♦r ❈♦♠✉♠ ❞❡ 18✱ 24 ❡ 40✱ ♦✉ s❡❥❛✱ mdc(18, 24, 40) =

✷✲ ✭❆❉❆P❚❆❉❖✴P❘❖❏❊❚❖ ❘❆❉■❳✲ ❏❆❈❑❙❖◆✮ ❖❜s❡r✈❡ ❛ s❡q✉ê♥❝✐❛ ❞♦s 15 ♣r✐✲

♠❡✐r♦s ♠ú❧t✐♣❧♦s ❞❡ 3✳

M(3) = {0, 3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33, 36, 39, 42, 45}✳
❆❣♦r❛✱ ♦❜s❡r✈❡ ❛ s❡q✉ê♥❝✐❛ ❞♦s 12 ♣r✐♠❡✐r♦s ♠ú❧t✐♣❧♦ ❞❡ 5✳

M(5) = {0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50}✳
❊s❝r❡✈❛ ♦s ♥ú♠❡r♦s ❝♦♠✉♥s q✉❡ ❛♣❛r❡❝❡♠ t❛♥t♦ ♥❛ s❡q✉ê♥❝✐❛ ❞♦s ♠ú❧t✐♣❧♦s ❞❡ 3

❝♦♠♦ ♥❛ s❡q✉ê♥❝✐❛ ❞♦s ♠ú❧t✐♣❧♦s ❞❡ 5✳

✸✲ ✭P❘❖❏❊❚❖ ❱❊▲❊❆❘✲ ❆◆❚❖◆■❖ ▲❖P❊❙✮ ■♥❞✐q✉❡ q✉❛✐s ❛✜r♠❛çõ❡s sã♦ ✈❡r❞❛✲

❞❡✐r❛s✭❱✮ ❡ q✉❛✐s sã♦ ❢❛❧s❛s✭❋✮✳

❛✮ ✭ ✮ 1 é ❞✐✈✐s♦r ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧✳

❜✮ ✭ ✮ 0 é ❞✐✈✐s♦r ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧✳

❝✮ ✭ ✮ 1 é ♠ú❧t✐♣❧♦ ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧✳

❞✮ ✭ ✮ 0 é ♠ú❧t✐♣❧♦ ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧✳

❡✮ ✭ ✮ 147 é ♠ú❧t✐♣❧♦ ❞❡ 147✳

❢✮ ✭ ✮ 13 é ❞✐✈✐s♦r ✶✸✳

❣✮ ✭ ✮ 35 ♥ã♦ é ❞✐✈✐s♦r ❞❡ ✸✺✳

❤✮ ✭ ✮ 321 ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ ✷✸✶✳

✐✮ ✭ ✮ ❖ ❞♦❜r♦ ❞❡ 142857 é ♠ú❧t✐♣❧♦ ❞❡ 142857✳

✺✵



✹✲ ✭❆❉❆P❚❆❉❖✴▼❆❚❊▼➪❚■❈❆✲❇■❆◆❈❍■◆■✮ ❊♠ ✉♠ ❡❞✐❢í❝✐♦ ❞❡ 20 ❛♥❞❛r❡s ❤á

✈ár✐♦s ❡❧❡✈❛❞♦r❡s✳ ❖ ❡❧❡✈❛❞♦r ❆ só ♣❛r❛ ♥♦s ❛♥❞❛r❡s ❝✉❥♦ ♥ú♠❡r♦ é ♠ú❧t✐♣❧♦ ❞❡

2❀ ❡ ♦ ❡❧❡✈❛❞♦r ❇ só ♣❛r❛ ♥♦s ❛♥❞❛r❡s ❝✉❥♦ ♥ú♠❡r♦ é ♠ú❧t✐♣❧♦ ❞❡ 5✳

❆❣♦r❛ r❡s♣♦♥❞❛✿

❛✮ ❊♠ q✉❛✐s ❛♥❞❛r❡s ♦ ❡❧❡✈❛❞♦r ❆ ✐rá ♣❛r❛r❄

❜✮ ❊ ♦ ❡❧❡✈❛❞♦r ❇❄

❝✮ ❊♠ q✉❛✐s ❛♥❞❛r❡s ♦s ❞♦✐s ✭❆ ❡ ❇✮ ✈ã♦ ♣❛r❛r❄

❞✮ ❆❧❣✉♥s ❞♦s ❞♦✐s ✭❆ ♦✉ ❇✮ ✐rá ♣❛r❛r ♥♦ 17♦ ❛♥❞❛r❄ ❏✉st✐✜q✉❡✳

✺✲ ✭P❘❖❏❊❚❖ ❆❘❆❘■❇➪✲ ▼❖❉❊❘◆❆✮ ❚rês ❝♦rr❡❞♦r❡s ❧❛r❣❛r❛♠ ❥✉♥t♦s ❡♠ ✉♠❛

♣r♦✈❛ ❝✉❥♦ ♣❡r❝✉rs♦ é ❝✐r❝✉❧❛r✳ ❊❧❡s ❝♦rr❡♠ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳ ❇r✉♥♦ ❧❡✈❛

3 ♠✐♥✉t♦s ♣❛r❛ ❝♦♠♣❧❡t❛r ❝❛❞❛ ✈♦❧t❛✱ ❍❡♥r✐q✉❡ ❧❡✈❛ 4 ♠✐♥✉t♦s ❡ ❉❛✈✐✱ 6 ♠✐♥✉t♦s✳

❉❛❞❛ ❛ ❧❛r❣❛❞❛✱ ❞❡♣♦✐s ❞❡ q✉❛♥t♦ t❡♠♣♦ ♦s três ♣❛ss❛rã♦ ❥✉♥t♦s ♣❡❧❛ ♣r✐♠❡✐r❛

✈❡③ ♣♦r ❡ss❡ ❧♦❝❛❧❄

❛✮ 10 ♠✐♥✉t♦s

❜✮ 12 ♠✐♥✉t♦s

❝✮ 14 ♠✐♥✉t♦s

❞✮ 16 ♠✐♥✉t♦s

❡✮ 18 ♠✐♥✉t♦s

✻✲ ✭P❘❖❏❊❚❖ ❆❘❆❘■❇➪✲ ▼❖❉❊❘◆❆✮ ❖❜s❡r✈❡ ♦s ❞✐✈✐s♦r❡s ❞❡ ❛❧❣✉♥s ♥ú♠❡r♦s ❡

❞❡♣♦✐s r❡s♣♦♥❞❛✳

❉✐✈✐s♦r❡s ❞❡ 100✿ 1, 2, 4, 5, 10, 20, 25, 50 ❡ 100

❉✐✈✐s♦r❡s ❞❡ 101✿ 1 ❡ 101

❉✐✈✐s♦r❡s ❞❡ 102✿ 1, 2, 3, 6, 17, 34, 51 ❡ 102

❉✐✈✐s♦r❡s ❞❡ 103 ✿ 1 ❡ 103

◗✉❛✐s ❞❡ss❡s ♥ú♠❡r♦s sã♦ ♣r✐♠♦s❄

✼✲ ✭P❘❖❏❊❚❖ ❘❆❉■❳✲ ❏❆❈❑❙❖◆✮ ◗✉❛❧ ❞❛s ❛✜r♠❛çõ❡s ❛ s❡❣✉✐r é ✈❡r❞❛❞❡✐r❛❄

❛✮ 24 é ♠ú❧t✐♣❧♦ ❞❡ 2, 5 ❡ 6✳

❜✮ 153 é ❞✐✈✐sí✈❡❧ ♣♦r 18✳

❝✮ 8 ♥ã♦ é ❞✐✈✐s♦r ❞❡ 36✳

❞✮ 35 ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ 7✳

✺✶



✽✲ ✭▼❆❚❊▼➪❚■❈❆✲ ❇■❆◆❈❍■◆■✮ ❖ ❩é ❞❛ ❈❛♥t✐♥❛ ❣♦st❛ ❞❡ ❝♦♠♣❧✐❝❛r ❛s ❝♦✐s❛s✳

◗✉❛♥❞♦ ❧❤❡ ♣❡r❣✉♥t❛r❛♠ s✉❛ ✐❞❛❞❡✱ ❡❧❡ r❡s♣♦♥❞❡✉✿

❚❡♥❤♦ ♠❛✐s ❞❡ 40 ❛♥♦s✱ ♠❡♥♦s ❞❡ 50 ❡ ♠✐♥❤❛ ✐❞❛❞❡ é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ 3 ❡ ❞❡ 8❄✳

◗✉❛❧ é ❛ ✐❞❛❞❡ ❞❡❧❡❄

❛✮ 40 ❛♥♦s

❜✮ 42 ❛♥♦s

❝✮ 45 ❛♥♦s

❞✮ 46 ❛♥♦s

❡✮ 48 ❛♥♦s

✾✲ ✭❱❖◆❚❆❉❊ ❉❊ ❙❆❇❊❘ ▼❆❚❊▼➪❚■❈❆✲❏❖❆▼■❘✮ ❖❜s❡r✈❡ ♦s ♥ú♠❡r♦s ♥❛s

✜❝❤❛s✳

14 12 15 21 42

32 70 76 85 100

❊♠ r❡❧❛çã♦ ❛♦s ♥ú♠❡r♦s ❛♣r❡s❡♥t❛❞♦s ❛❝✐♠❛✱ q✉❛✐s✿

❛✮ ❙ã♦ ♠ú❧t✐♣❧♦s ❞❡ 3❄

❜✮ ❙ã♦ ♠ú❧t✐♣❧♦s ❞❡ 4❄

❝✮ ❙ã♦ ♠ú❧t✐♣❧♦s ❞❡ ❝♦♠✉♥s ❞❡ 3 ❡ 4❄

❞✮ ❖ ♠í♥✐♠♦ ♠ú❧t✐♣❧♦ ❝♦♠✉♠ ❞❡ 3 ❡ 4✱ ♦✉ s❡❥❛✱ ♦ mmc(3, 4)❄

✶✵✲ ✭P❘❖❏❊❚❖ ❚❊▲➪❘■❙✲❉❆◆❚❊✮ ❖ ♣r♦❞✉t♦ ❡♥tr❡ ♦ mmc(10, 4) ❡ ♦ mdc(6, 20)❄

❛✮ 10

❜✮ 20

❝✮ 40

❞✮ 80

❡✮ 160

✺✷



❇ ❙❖❇❘❊ ❆❙ ❖❋■❈■◆❆❙

❇✳✶ ❚❆❇❯▲❊■❘❖ ❉❊ ▼▼❈ ❊ ▼❉❈

✭❆❞❛♣t❛❞♦ ❞♦ ❛rt✐❣♦ P❖▲❊❩❩■✱ ▼❆❘❈❊▲❖ ❈❖▼❖ ❖❇❚❊❘ ❖ ▼❉❈ ❊ ❖ ▼▼❈

❙❊▼ ❋❆❩❊❘ ❈❖◆❚❆❙❄ ❘❊❱■❙❚❆ ❉❖ P❘❖❋❊❙❙❖❘ ❉❊ ▼❆❚❊▼➪❚■❈❆✲❘P▼✱ ❙ã♦

P❛✉❧♦ ◆♦ ✺✶✱ ♣❛❣✳ ✷✾✲✸✷✱ ♠❛✐♦✴❛❣♦st♦✳ ✷✵✵✸✮

◆❡st❡ tó♣✐❝♦✱ tr❛t❛r❡♠♦s ❞♦ ❝á❧❝✉❧♦ ❞♦ ♠✳♠✳❝✳ ❡ ❞♦ ♠✳❞✳❝✳ s❡♠ ❢❛③❡r ❝♦♥t❛s✳

❇✳✶✳✶ ■♥tr♦❞✉çã♦

❚❡♥❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ❞♦ ❛❧✉♥♦ ♣❛r❛ ❡♥t❡♥❞❡r ❛s r❡❣r❛s ♠❛t❡♠át✐❝❛s

❡ s❛❜❡♥❞♦ q✉❡ ♦ ❛♣r❡♥❞✐③❛❞♦✱ ❡♠ ❣❡r❛❧✱ t♦r♥❛✲s❡ ♠✉✐t♦ ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦ q✉❛♥❞♦ é ❢❡✐t♦

❞❡ ♠❛♥❡✐r❛ ♣r❛③❡r♦s❛✱ ♣r♦♣õ❡✲s❡ ✉♠❛ ♦✜❝✐♥❛ ♥❛ q✉❛❧ ♦ ♠♠❝ ❡ ♠❞❝ ❞❡ ❞♦✐s ♥ú♠❡r♦s

♣♦❞❡♠ s❡r ❛♣r❡❡♥❞✐❞♦s ❝♦♠ ♠✉✐t❛ ❢❛❝✐❧✐❞❛❞❡✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝á❧❝✉❧♦✳

❇✳✶✳✷ ❏✉st✐✜❝❛t✐✈❛

❈♦♥tr✐❜✉✐r ♣❛r❛ ❡st✐♠✉❧❛r ♦ ✐♥t❡r❡ss❡ ❞♦ ❛❧✉♥♦ ♣❡❧❛ ▼❛t❡♠át✐❝❛✱ ❢❛❝✐❧✐t❛♥❞♦✱ ❛ss✐♠✱

♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳

❇✳✶✳✸ ❖❜❥❡t✐✈♦ ●❡r❛❧

▼♦str❛r ❛♦s ❛❧✉♥♦s q✉❡ ❛♣r❡♥❞❡r ▼❛t❡♠át✐❝❛ ♣♦❞❡ s❡r ❢á❝✐❧ ❡ ❞✐✈❡rt✐❞♦✳

❇✳✶✳✹ ❖❜❥❡t✐✈♦s ❊s♣❡❝í✜❝♦s

• ❉❡s❡♥✈♦❧✈❡r ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧❝✉❧❛r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ♦ ♠♠❝ ❡ ♦ ♠❞❝✳

• ❈♦♠♣r❡❡♥❞❡r ♦ ❝♦♥❝❡✐t♦ ❣❡♦♠étr✐❝♦ ❞♦ ♠♠❝ ❡ ♠❞❝✳

❇✳✶✳✺ ▼❛t❡r✐❛❧ ❯t✐❧✐③❛❞♦

• ❯♠ r❡tâ♥❣✉❧♦ ❞❡ ❝♦♠♣❡♥s❛❞♦ ❝♦♠ ❞✐♠❡♥sõ❡s ✶✷✵ ❝♠ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣♦r ✶✵✵

❝♠ ❞❡ ❧❛r❣✉r❛❀

✺✸



• ▲â♠✐♥❛ ❞❡ P✳❱✳❈❀

• P❛r❛❢✉s♦s❀

• ❆❞❡s✐✈♦ ❞❡ ❝♦♥t❛t♦ ✭❝♦❧❛✮❀

• ▼❛❞❡✐r❛❀

• ✷ ♣❛r❛❢✉s♦s ❝♦♠ ♣♦r❝❛s❀

• ❊❧ást✐❝♦s ❝♦❧♦r✐❞♦s❀

• ❊st✐❝❛❞♦r✳

❇✳✷ ❚❘■▲❍❆❙ ❉❊ ▼▼❈ ❊ ▼❉❈

✭❆❞❛♣t❛❞❛ ❞♦ ❡♥❞❡r❡ç♦ ❤tt♣s✿✴✴✇✇✇✳❢❛❝❡❜♦♦❦✳❝♦♠✴❣r♦✉♣s✴✼✾✽✼✵✸✺✸✻✽✹✻✷✸✹✴✮

❇✳✷✳✶ ■♥tr♦❞✉çã♦

❊st❛ é ✉♠❛ ♦✜❝✐♥❛ ❞✐❢❡r❡♥t❡ ❞❛ ♣r✐♠❡✐r❛✳ ❱✐st♦ q✉❡ ♦ ❛❧✉♥♦ ✐♥t❡r❡ss❛❞♦ s❡♥t❡✲

s❡ ♠❛✐s ❛tr❛í❞♦ ♣❡❧❛ ❞✐s❝✐♣❧✐♥❛✱ ♣r♦❝✉r❛♠♦s ♠♦str❛r ❛♦s ❛❧✉♥♦s q✉❡ ❛ ▼❛t❡♠át✐❝❛ s❡

❛♣r❡♥❞❡ ❜r✐♥❝❛♥❞♦ ❡ q✉❡✱ ❛♦ ❡st✉❞á✲❧❛✱ ❡❧❡s ❞❡✈❡♠ ♣r♦❝✉r❛r ❞❡s♣❡rt❛r ♦ r❛❝✐♦❝í♥✐♦✱ ❛

❛t❡♥çã♦✱ ❛ ❝♦♥❝❡♥tr❛çã♦✱ ❛ ♣❡r❝❡♣çã♦ ❡ ❛ ♠❡♠ór✐❛✱ ♣♦r ♠❡✐♦ ❞❛s ❝♦✐s❛s ♠❛✐s s✐♠♣❧❡s

q✉❡ ♦s ❝❡r❝❛♠✱ ♦s ❥♦❣♦s✱ ♣♦r ❡①❡♠♣❧♦✳

❇✳✷✳✷ ❏✉st✐✜❝❛t✐✈❛

❖ ✉s♦ ❞❡ ❥♦❣♦s t❡♠ s❡ t♦r♥❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✱ ♣♦✐s ❢❛③ ❝♦♠ q✉❡ ♦ ❛❧✉♥♦ s❡

✐♥t❡r❡ss❡ ♠❛✐s ♣❡❧❛ ❞✐s❝✐♣❧✐♥❛ ❡ ❛✉①✐❧✐❛ ♦ ♣r♦❢❡ss♦r ❛ ♠✐♥✐str❛r ❞❡ ❢♦r♠❛ ♠❡❧❤♦r ❛ s✉❛

❛✉❧❛✳

❇✳✷✳✸ ❖❜❥❡t✐✈♦ ●❡r❛❧

▼♦str❛r ❛♦s ❛❧✉♥♦s q✉❡ ♥❛ ▼❛t❡♠át✐❝❛ s❡✉ ❛♣r❡♥❞✐③❛❞♦ ♣♦❞❡ s❡r ❞✐✈❡rt✐❞♦ ❡ ❛❣r❛✲

❞á✈❡❧✳

❇✳✷✳✹ ❖❜❥❡t✐✈♦s ❊s♣❡❝í✜❝♦s

• ❆♣r✐♠♦r❛r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ♠ú❧t✐♣❧♦s ❡ ❞✐✈✐s♦r❡s✳

• ■❞❡♥t✐✜❝❛r ♦ ♠♠❝ ❡ ♦ ♠❞❝ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s✳

✺✹



❇✳✷✳✺ ▼❛t❡r✐❛❧ ❯t✐❧✐③❛❞♦

• ❋♦❧❤❛s ❞❡ ❊✳❱✳❆ ❝♦♠ ❝♦r❡s ✈❛r✐❛❞❛s✳

• ❈♦❧❛

• P✐♥❝❡❧

• ❘é❣✉❛ ◆✉♠ér✐❝❛

• ❘é❣✉❛ ❆❧❢❛❜ét✐❝❛

✺✺


