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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s✱ ♣♦✐s s❡♠ ❡❧❡ ♥❛❞❛ é ♣♦ssí✈❡❧✳
❆♦s ♠❡✉ ♣❛✐s✱ ▼❛♥♦❡❧ ❈í❝❡r♦ ❉✐❛s ❘❛♠♦s ✭✐♥ ♠❡♠♦r✐❛♠✮ ❡ ▼❛r✐é ❆❧✈❡s ❘❛♠♦s✱

♣❡❧♦ ❛♠♦r ✐♥❝♦♥❞✐❝✐♦♥❛❧✱ ♣❡❧♦ ❛♣♦✐♦ s❡♠ ♠❡❞✐r ❡s❢♦rç♦s✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❡ ✐♥❝❡♥t✐✈♦s✳
❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ❡s♣♦s❛✱ ❉❛r❧❡♥❡✱ ♣❡❧❛ ❝♦♥st❛♥t❡ ♣❛❝✐ê♥❝✐❛ ❡ ♣❡❧♦ ❛♣♦✐♦✱ ❛♠♦r

❡ ❝❛r✐♥❤♦ ❞✉r❛♥t❡ ❡st❛ ❥♦r♥❛❞❛✳
❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ✜❧❤❛✱ ▼❛♥✉❡❧❛✱ q✉❡ ♠❡ ♠♦t✐✈❛ ❡ ♠❡ ❛❧❡❣r❛ t♦❞♦s ♦s ❞✐❛s✳
❆♦ ♠❡✉ ✐r♠ã♦✱ ❲❛♥❞❡rs♦♥ ❆❧✈❡s✱ ♣♦r s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈❛r✳
❆ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣♦r s❡♠♣r❡ ❛❝r❡❞✐t❛r ❡♠ ♠✐♠ ❡ ♣❡❧♦ ❣r❛♥❞❡ ❝❛r✐♥❤♦✳
❆♦ ♣r♦❢❡ss♦r ❋❧❛♥❦ ❇❡③❡rr❛✱ ♣♦r t❡r ♠❡ ♦r✐❡♥t❛❞♦ ❞❡ ❢♦r♠❛ ♣❛❝✐❡♥t❡✱ ♦❜❥❡t✐✈❛ ❡

♠✉✐t♦ ❝♦♠♣❡t❡♥t❡✳
❆❣r❛❞❡ç♦ ❛♦s ♣❛rt✐❝✐♣❛♥t❡s ❞❛ ❜❛♥❝❛✱ Pr♦❢✳ ❋❧❛♥❦ ❉❛✈✐❞ ▼♦r❛✐s ❇❡③❡rr❛✱ Pr♦❢❛✳

❊❧✐s❛♥❞r❛ ▼♦r❛❡s✱ Pr♦❢❛✳ ▼✐r✐❛♠ ❞❛ ❙✐❧✈❛ P❡r❡✐r❛✱ Pr♦❢✳ ❊st❡❜❛♥ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛✱
♣❡❧❛s ✐♠♣♦rt❛♥t❡s s✉❣❡stõ❡s ♥❡st❡ tr❛❜❛❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ P❘❖❋▼❆❚✱ ❇r✉♥♦✱ ❈❛r❧♦s ❇♦❝❦❡r✱ ❊❞✉❛r❞♦✱ ❊❧✐s❛♥❞r❛✱ ❋❧❛♥❦✱
▲❡♥✐♠❛r✱ ▼✐r✐❛♠ ❡ P❡❞r♦ ❍✐♥♦❥♦s❛✱ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s✳

❙♦✉ ❣r❛t♦ ❛♦s ❛♠✐❣♦s✱ ❆❞✐♠✱ ❉❛✈✐❞✱ ❉✐❡❣♦✱ ❊❞✉❛r❞♦✱ ❊r✐❡❧s♦♥✱ ●✉st❛✈♦✱ ❏♦sé
❈❛r❧♦s✱ ▲❡ô♥✐❞❛s✱ ▼❛✐❧s♦♥✱ ❘❛❢❛❡❧✱ ❘❛♠♦♥ ❡ ❘ô♠✉❧♦✱ ♣❡❧❛ ót✐♠❛ ❝♦♥✈✐✈ê♥❝✐❛ ❛♦
❧♦♥❣♦ ❞♦ ♠❡str❛❞♦ ❡ ♣♦r t❡r❡♠ ❝♦♠♣❛rt✐❧❤❛❞♦ ❝♦♠✐❣♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❞✐✜❝✉❧❞❛❞❡s✱
♠❛s t❛♠❜é♠ ♠✉✐t❛s r✐s❛❞❛s✳

➚ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳
❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❝♦♥❝❧✉sã♦ ❞❡st❡

tr❛❜❛❧❤♦✳
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❉❡❞✐❝❛tór✐❛

❆ ♠✐♥❤❛ ✜❧❤❛✱ ▼❛♥✉❡❧❛ ❍❡r❝✉❧❛♥♦
❘❛♠♦s✳
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❘❡s✉♠♦

➱ ❡✈✐❞❡♥t❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ♥❛ ♠♦❞❡❧❛❣❡♠ ❞❡
♣r♦❜❧❡♠❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛ ❝✐ê♥❝✐❛✱ ❜❡♠ ❝♦♠♦ ♦ ✉s♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛
r❡s♦❧✈❡r t❛✐s ❡q✉❛çõ❡s✳ ❖s ❝♦♠♣✉t❛❞♦r❡s sã♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡①tr❡♠❛♠❡♥t❡ út✐❧ ♥♦
❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ ✉♠❛ ✈❡③ q✉❡ ❛tr❛✈és ❞❡❧❡s é ♣♦ssí✈❡❧ ❡①❡❝✉t❛r ❛❧❣♦✲
r✐t♠♦s q✉❡ ❝♦♥str♦❡♠ ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ s♦❧✉çõ❡s ❞❡st❛s ❡q✉❛çõ❡s✳ ❊st❡
tr❛❜❛❧❤♦ é ✉♠❛ ✐♥tr♦❞✉çã♦ ❛♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥✲
❝✐❛✐s ♦r❞✐♥ár✐❛s✳ ❆♣r❡s❡♥t❛♠♦s ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❛
❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❝♦❧❛❜♦r❛r ❝♦♠ ♦
❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ t❛✐s ♠ét♦❞♦s✱ ♣r♦♣♦♠♦s ❡ ♠♦str❛♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠
❛♣♣❧❡t ❝r✐❛❞♦ ❛ ♣❛rt✐r ❞♦ ✉s♦ ❞❡ ❢❡rr❛♠❡♥t❛s ❞♦ s♦❢t✇❛r❡ ●❡♦❣❡❜r❛✳ ❖ ❛♣♣❧❡t ❢♦r♥❡❝❡
s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✱ ❜❡♠ ❝♦♠♦ ❡①✐❜❡
♦s ❣rá✜❝♦s ❞❛s s♦❧✉çõ❡s q✉❡ sã♦ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ❊✉❧❡r✱
❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▼ét♦❞♦ ❞❡ ❊✉❧❡r✱ ▼ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛✱ ❆♣♣❧❡t✱ ●❡♦❣❡❜r❛✱
▼ét♦❞♦s ◆✉♠ér✐❝♦s✱ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s✳
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❆❜str❛❝t

■s ❡✈✐❞❡♥t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥ ♠♦❞❡❧✐♥❣ ♣r♦❜❧❡♠s
✐♥ s❡✈❡r❛❧ ❛r❡❛s ♦❢ s❝✐❡♥❝❡✳ ❈♦✉♣❧❡❞ ✇✐t❤ t❤✐s✱ ✐s ✐♥❝r❡❛s✐♥❣ t❤❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s t♦ s♦❧✈❡ s✉❝❤ ❡q✉❛t✐♦♥s✳ ❈♦♠♣✉t❡rs ❤❛✈❡ ❜❡❝♦♠❡ ❛♥ ❡①tr❡♠❡❧② ✉s❡❢✉❧ t♦♦❧
✐♥ t❤❡ st✉❞② ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ s✐♥❝❡ t❤r♦✉❣❤ t❤❡♠ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①❡❝✉t❡
❛❧❣♦r✐t❤♠s t❤❛t ❝♦♥str✉❝t ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ❡q✉❛t✐✲
♦♥s✳ ❚❤✐s ✇♦r❦ ✐♥tr♦❞✉❝❡s t❤❡ st✉❞② ♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ♣r❡s❡♥t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❊✉❧❡r✬s ♠❡t❤♦❞✱ ✐♠♣r♦✈❡❞ ❊✉❧❡r✬s ♠❡t❤♦❞ ❛♥❞
t❤❡ ❝❧❛ss ♦❢ ❘✉♥❣❡✲❑✉tt❛✬s ♠❡t❤♦❞s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❝♦❧❧❛❜♦r❛t❡ ✇✐t❤ t❤❡
t❡❛❝❤✐♥❣ ❛♥❞ ❧❡❛r♥✐♥❣ ♦❢ s✉❝❤ ♠❡t❤♦❞s✱ ✇❡ ♣r♦♣♦s❡ ❛♥❞ s❤♦✇ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
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✹✳✶✽ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
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▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.1 ❛♣❧✐❝❛❞♦ ❛♦ P❱■ ❞♦
❊①❡♠♣❧♦ ✷✳✶✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.05 ❛♣❧✐❝❛❞♦ ❛♦ P❱■ ❞♦
❊①❡♠♣❧♦ ✷✳✶✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✸ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❝♦♠ h = 0.1 ❛♣❧✐❝❛❞♦ ❛♦
P❱■ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✶ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹❛ ♦r❞❡♠ ❝♦♠ h = 0.1
❛♣❧✐❝❛❞♦ ❛♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✸✳✸✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
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■♥tr♦❞✉çã♦

❉✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❞❛ ❢ís✐❝❛✱ ❡♥❣❡♥❤❛r✐❛✱ ❡❝♦♥♦♠✐❛✱ ❜✐♦❧♦❣✐❛✱ ♠❡❞✐❝✐♥❛ ❡ ❡♠ ♦✉✲
tr❛s ár❡❛s ❞❛ ❝✐ê♥❝✐❛ sã♦ ♠♦❞❡❧❛❞♦s ♣♦r ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s ✭❊❉❖s✮✳
P♦r ❡①❡♠♣❧♦✱ tr❛❥❡tór✐❛s ❜❛❧íst✐❝❛s✱ t❡♦r✐❛ ❞♦s s❛té❧✐t❡s ❛rt✐✜❝✐❛✐s✱ ❡st✉❞♦ ❞❡ r❡❞❡s
❡❧étr✐❝❛s✱ ❝✉r✈❛t✉r❛s ❞❡ ✈✐❣❛s✱ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❛✈✐õ❡s✱ t❡♦r✐❛ ❞❛s ✈✐❜r❛çõ❡s✱ r❡❛çõ❡s
q✉í♠✐❝❛s ❡ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ▼✉✐✲
t♦s ♠❛t❡♠át✐❝♦s ❡st✉❞❛r❛♠ ❛ ♥❛t✉r❡③❛ ❞❡ss❛s ❡q✉❛çõ❡s ♣♦r ❝❡♥t❡♥❛s ❞❡ ❛♥♦s ❡ ❤á
♠✉✐t❛s té❝♥✐❝❛s ❞❡ s♦❧✉çã♦ ❜❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s✳ ❖s ♣r❡❝✉rs♦r❡s ♥♦ ❡st✉❞♦ ❡ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢♦r❛♠ ■s❛❛❝ ◆❡✇t♦♥ ✭✶✻✹✷✲✶✼✷✼✮ ❡ ●♦tt❢r✐❡❞
❲✐❧❤❡❧♠ ▲❡✐❜♥✐③ ✭✶✻✹✻✲✶✼✶✻✮✱ ♥♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳❱■■✳

▼❡s♠♦ q✉❡ s❡ ♣♦ss❛ ❞❡♠♦♥str❛r q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥✲
❝✐❛❧✱ ♥❡♠ s❡♠♣r❡ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❡①✐❜✐✲❧á ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛✳ ◗✉❛♥❞♦ ✐ss♦ ♦❝♦rr❡✱
r❡❝♦rr❡♠♦s ❛♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✸✳

❖ ♣r✐♠❡✐r♦ ♠ét♦❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ ✉♠❛ ❊❉❖✱ ❛ ♣❛rt✐r
❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ▲❡♦♥❤❛r❞ ❊✉❧❡r ✭✶✼✵✼✲✶✼✽✸✮✳ ❖ ♠ét♦❞♦
❞❡ ❊✉❧❡r✱ q✉❡ ❞❛t❛ ❞❡ ✶✼✻✽✱ ❛✐♥❞❛ ❡stá ✏✈✐✈♦✑✱ ♥ã♦ só ♣♦rq✉❡ ❡❧❡ ❞❡s❡♠♣❡♥❤❛ ✉♠
♣❛♣❡❧ ❞❡ ❞❡st❛q✉❡ ♥♦ ❡♥s✐♥♦ ❡ ♥❛ ❜❛s❡ ♠❡t♦❞♦❧ó❣✐❝❛ ♣❛r❛ ❡①♣❧✐❝❛r ♦s ♠ét♦❞♦s ♠❛✐s
❝♦♠♣❧✐❝❛❞♦s✱ ♠❛s t❛♠❜é♠ ♣♦r ❛✐♥❞❛ s❡r ✉s❛❞♦ ♣❛r❛ ♦❜t❡r ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦
♥❛ s♦❧✉çã♦ ❞❡ ❊❉❖s✳ ●❡♥❡r❛❧✐③❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r
❈❛r❧ ❘✉♥❣❡ ✭✶✽✺✻✲✶✾✷✼✮ ❡♠ ✶✽✾✺ ❡ ✶✾✵✽✱ ❑❛r❧ ❍❡✉♥ ✭✶✽✺✾✲✶✾✷✾✮ ❡♠ ✶✾✵✵ ❡ ♣♦r
▼❛rt✐♥ ❲✐❧❤❡❧♠ ❑✉tt❛ ✭✶✽✻✼✲✶✾✹✹✮ ❡♠ ✶✾✵✶✳ ❊st❡s ♣❡sq✉✐s❛❞♦r❡s ❝♦♥tr✐❜✉ír❛♠
♣❛r❛ ❛ ❢♦r♠✉❧❛çã♦ ❞♦s✱ ❤♦❥❡ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s✱ ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛✳ ❆ss✐♠✱
♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r ❡ ❘✉♥❣❡✲❑✉tt❛ ❢♦r♠❛♠ ♦ ❜❧♦❝♦ ❞♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ♣❛ss♦
s✐♠♣❧❡s ✭♦✉ ♣❛ss♦ ú♥✐❝♦✮✱ ✐st♦ é✱ ♠ét♦❞♦s ❡♠ q✉❡ ♣❛r❛ s❡ ♦❜t❡r ♦ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦
yn+1 é ♥❡❝❡ssár✐♦ ❛♣❡♥❛s ❝♦♥❤❡❝❡r ♦ s❡✉ ❛♥t❡❝❡ss♦r yn✳

❖ ♣r✐♠❡✐r♦ ♠ét♦❞♦ ❞❡ ♣❛ss♦s ♠ú❧t✐♣❧♦s✹✱ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡✲
r❡♥❝✐❛✐s ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❢❛♠♦s♦ ❛strô♥♦♠♦ ❜r✐tâ♥✐❝♦ ❏♦❤♥ ❈♦✉❝❤ ❆❞❛♠s ✭✶✽✶✾✲
✶✽✾✷✮✳ ❆❞❛♠s✱ ❝♦♠ ❜❛s❡ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❇❛s❤❢♦rt❤

✸❖s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❝♦rr❡s♣♦♥❞❡♠ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢❡rr❛♠❡♥t❛s ♦✉ ♠ét♦❞♦s ✉s❛❞♦s ♣❛r❛ s❡
♦❜t❡r ❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♠❛t❡♠át✐❝♦s ❞❡ ❢♦r♠❛ ❛♣r♦①✐♠❛❞❛✳ ❚❛✐s ♠ét♦❞♦s ♣♦❞❡♠ s❡r ✉s❛❞♦s
♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❛♥❞♦✱ ♣♦r q✉❛❧q✉❡r r❛③ã♦✱ ♥ã♦ ♣♦❞❡♠♦s
♦✉ ♥ã♦ ❞❡s❡❥❛♠♦s ✉s❛r ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s✳

✹▼❡t♦❞♦s q✉❡ ✉t✐❧✐③❛♠ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ✈❛❧♦r❡s ❛♥t❡r✐♦r❡s ❛ yn+1 ♣❛r❛ ❡st✐♠á✲❧♦
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✭✶✽✶✾✲✶✾✶✷✮✱ ♣r♦♣ôs ✉♠❛ ♥♦✈❛ té❝♥✐❝❛ ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛
❊❉❖s✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤✳ ❊♠ ✶✾✷✺ ♦ ❛strô♥♦♠♦ ❛♠❡✲
r✐❝❛♥♦ ❋♦r❡st ❘❛② ▼♦✉❧t♦♥ ✭✶✽✼✷✲✶✾✺✷✮ ♣r♦♣ôs ✉♠❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ❝♦♥❤❡❝✐❞❛
♣♦r ❆❞❛♠s✲▼♦✉❧t♦♥✳ ❚❛✐s ♠ét♦❞♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ✉♠❛ ♠❡❧❤♦r✐❛ ❛♦ ♠ét♦❞♦ ❞❡
❆❞❛♠s✲❇❛s❤❢♦rt❤✳ ❉✉r❛♥t❡ ♦ sé❝✉❧♦ ❳❳ ❞✐✈❡rs♦s ♦✉tr♦s ♠❛t❡♠át✐❝♦s ❝♦♥tr✐❜✉ír❛♠
♣❛r❛ ♦ ❛✈❛♥ç♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❊❉❖s✳ P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s✉❣❡r✐♠♦s
❬✻❪✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❝♦♠♣✉t❛❞♦r❡s ❝♦♠ ♠❡❧❤♦r ❝❛♣❛❝✐❞❛❞❡
❝♦♠♣✉t❛❝✐♦♥❛❧ ✈✐❛❜✐❧✐③♦✉ ♦ ❛✉♠❡♥t♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ♣♦❞❡♠ s❡r ✐♥✈❡st✐❣❛❞♦s✱ ❞❡
♠❛♥❡✐r❛ ❡❢❡t✐✈❛✱ ♣♦r ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ◆❡ss❡ ♣❡rí♦❞♦ ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛
❊❉❖s ❝♦♠❡ç❛r❛♠ ❛ s❡r ✉t✐❧✐③❛❞♦s ❞❡ ❢♦r♠❛ s✐st❡♠át✐❝❛✳ ◆♦s ❞✐❛s ❞❡ ❤♦❥❡✱ ❝♦♠ t♦❞♦
♦ ❛✈❛♥ç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ✉t✐❧✐③❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♣r♦✲
①✐♠❛❞❛s ❞❡ ❊❉❖s t❡♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❜❛✐①♦ ❡ ✉♠❛ ❡❧❡✈❛❞❛ ♣r❡❝✐sã♦✳ ❙❡❣✉♥❞♦
❆r❡♥❛❧❡s ❬✶❪✱ ❡♠❜♦r❛ ❛s s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❛✐♥❞❛ s❡❥❛♠ ❡①tr❡♠❛♠❡♥t❡ ✈❛❧✐♦s❛s✱ t❛♥t♦
♣❛r❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❛♥t♦ ♣❛r❛ ❢♦r♥❡❝❡r ✉♠❛ ✈✐sã♦ ❣❡r❛❧✱ ♦s ♠ét♦❞♦s ♥✉✲
♠ér✐❝♦s r❡♣r❡s❡♥t❛♠ ❛❧t❡r♥❛t✐✈❛s q✉❡ ❛✉♠❡♥t❛♠ ❡♥♦r♠❡♠❡♥t❡ ♦s r❡❝✉rs♦s ♣❛r❛ ❝♦♥✲
❢r♦♥t❛r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❞♦s ♠ét♦❞♦s
♥✉♠ér✐❝♦s ❞❡ ❊✉❧❡r ❡ ❘✉♥❣❡✲❑✉tt❛✳ ❖s ♠ét♦❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝♦♥t❡①t♦ ♦
♠❛✐s s✐♠♣❧❡s ♣♦ssí✈❡❧✱ ♦✉ s❡❥❛✱ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ◆♦ ❡♥t❛♥t♦✱
❡❧❡s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❡st❡♥❞✐❞♦s ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱
✈❡❥❛ ❬✶✵❪✳ ❚❛♠❜é♠ ♣r♦♣♦♠♦s ✉♠ ❛♣♣❧❡t✱ ❝r✐❛❞♦ ♥♦ s♦❢t✇❛r❡ ●❡♦❣❡❜r❛✱ q✉❡ ❢♦r♥❡❝❡
❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡ ✉♠ P❱■ ❛ ♣❛rt✐r ❞♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡
❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞ q✉❡ tr❛t❛ ❞❛
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ❊❉❖s✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛♠♦s ♦s ♠ét♦❞♦ ❞❡
❊✉❧❡r ❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ❛♣r❡s❡♥t❛♠♦s ❢♦r♠❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ✐♥t❡r♣r❡tá✲❧♦s✱ ❛❧é♠
❞✐ss♦✱ ❢❛③❡♠♦s ✉♠❛ ❜r❡✈❡ ❛♥á❧✐s❡ ❞♦s ❡rr♦s ❛ss♦❝✐❛❞♦s ❛ ❡ss❡s ♠ét♦❞♦s✳ ◆♦ ❈❛♣ít✉❧♦
✸✱ ❛❜♦r❞❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✷❛✱ ✸❛ ❡ ✹❛ ♦r❞❡♠ ❡ ♠♦str❛♠♦s ❛
❡✜❝✐ê♥❝✐❛ ❡ ♣r❡❝✐sã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹❛ ♦r❞❡♠ s♦❜r❡ ♦s ♠ét♦❞♦s ❞❡
❊✉❧❡r ❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ◆♦ ❈❛♣ít✉❧♦ ✹✱ ❝♦♠❡♥t❛♠♦s s♦❜r❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ✉s♦
❞❡ ❛♣♣❧❡ts ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ♠❛t❡♠át✐❝❛ ❡ ♣r♦♣♦♠♦s ✉♠ ❛♣♣❧❡t q✉❡ ❣❡r❛ s♦❧✉çõ❡s
♥✉♠ér✐❝❛s ❞❡ ✉♠ P❱■ ✉t✐❧✐③❛♥❞♦ ♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❘✉♥❣❡✲
❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✱ ❛❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s ❝♦♠♦ ❝♦♥str✉í✲❧♦✳

■♥❢♦r♠❛♠♦s q✉❡ t♦❞♦s ♦s ❝á❧❝✉❧♦s ❡ ❣rá✜❝♦s ❞♦ tr❛❜❛❧❤♦ ❢♦r❛♠ ❢❡✐t♦s ✉t✐❧✐③❛♥❞♦
♦ s♦❢t✇❛r❡ ●❡♦❣❡❜r❛✳

①✐✐✐



❈❛♣ít✉❧♦ ✶

❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çõ❡s

❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s

◆❡st❡ tr❛❜❛❧❤♦✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❡ ❛♥❛❧✐s❛r ❛❧❣✉♥s ♠ét♦❞♦s ♥✉♠é✲
r✐❝♦s ♣❛r❛ s♦❧✉çõ❡s ❞❡ ❊❉❖s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛ ❢♦r♠❛

y′ = f(x, y), ✭✶✳✶✮

❡♠ q✉❡ y é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ♥❛ ✈❛r✐á✈❡❧ x ∈ R ❡ y′ = dy/dx. ❆ ❡q✉❛çã♦ ✭✶✳✶✮
♣♦❞❡ ♣♦ss✉✐r ✐♥✜♥✐t❛s s♦❧✉çõ❡s✱ ♥♦ ❡♥t❛♥t♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❝♦❜r✐r ✉♠❛
s♦❧✉çã♦ ♣❛rt✐❝✉❧❛r q✉❡ s❛t✐s❢❛ç❛ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✿ ❞❛❞♦s ❞♦✐s ♥ú♠❡r♦s r❡❛✐s
x0 ❡ y0 q✉❡r❡♠♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ✭✶✳✶✮✱ t❛❧ q✉❡

y(x0) = y0. ✭✶✳✷✮

◗✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ✭✶✳✶✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✶✳✷✮ t❡♠♦s ❡♥tã♦
✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭P❱■✮✳

❉✉❛s q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s s✉r❣❡♠ ❛♦ ❝♦♥s✐❞❡r❛r♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐✲
❝✐❛❧✿ ❛ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ ❡①✐st❡❄ ❙❡ ❛ s♦❧✉çã♦ ❡①✐st✐r✱ ❡❧❛ é ú♥✐❝❛❄ ❊♠❜♦r❛
❡①✐st❛♠ ♠✉✐t♦s ❝r✐tér✐♦s ❛❧t❡r♥❛t✐✈♦s ♣❛r❛ r❡s♣♦♥❞❡r ❡st❛s ♣❡r❣✉♥t❛s ❞❡ ❢♦r♠❛ s❛✲
t✐s❢❛tór✐❛✱ ❢♦❝❛♠♦s ❛q✉✐ ♥❛ ❝♦♥❞✐çã♦ ❞❡ ▲✐♣s❝❤✐t③✳ ■st♦ é ❡s♣❡❝✐❛❧♠❡♥t❡ ❝♦♥✈❡♥✐❡♥t❡
♣♦rq✉❡ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡
❛♣r♦①✐♠❛çõ❡s✳

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ♠❡s♠♦ q✉❡ f(·, ·) s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦ ❤á ❣❛r❛♥t✐❛ q✉❡
✉♠ P❱■ ♣♦ss✉❛ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❛ ❢✉♥çã♦ f ❡st✐✈❡r s♦❜ ❤✐♣ót❡s❡s
❛❞❡q✉❛❞❛s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞♦ P❱■ ♣♦❞❡ s❡r ❛ss❡❣✉r❛❞❛✳ ◆♦
❚❡♦r❡♠❛ ✶✳✸ ✭❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞✶✮ ♠♦str❛r❡♠♦s ❡ss❡ r❡s✉❧t❛❞♦✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠
❬✶✻❪ ❡ ❬✾❪✳

✶❈❤❛r❧❡s ➱♠✐❧❡ P✐❝❛r❞ ✭✶✽✺✻✲✶✾✹✶✮✱ ❤❛❜✐t✉❛❧♠❡♥t❡ r❡❢❡r✐❞♦ ❛♣❡♥❛s ❝♦♠♦ ➱♠✐❧❡ P✐❝❛r❞✱ ❢♦✐ ✉♠
♠❛t❡♠át✐❝♦ ❢r❛♥❝ês✱ ♥❛s❝✐❞♦ ❡♠ ✷✹ ❞❡ ❏✉❧❤♦ ❞❡ ✶✽✺✻✱ ❝✉❥❛s t❡♦r✐❛s ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❛✈❛♥ç♦
❞❛ ♣❡sq✉✐s❛ ❡♠ ❛♥á❧✐s❡✱ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛✱ ❡ ♠❡❝â♥✐❝❛✳

✶
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✶✳✶ ❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞ ❡♥✉♥❝✐❛r❡♠♦s ❞♦✐s t❡♦r❡♠❛s q✉❡
❛✉①✐❧✐❛rã♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♠❡s♠♦✳

❚❡♦r❡♠❛ ✶✳✶✳ ❉❛❞♦ X ⊂ R✱ s❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s fn : X → R ❝♦♥✈❡r❣❡
✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ f : X → R ❡ ❝❛❞❛ fn é ❝♦♥tí♥✉❛ ♥♦ ♣♦♥t♦ a ∈ X✱ ❡♥tã♦ f é
❝♦♥tí♥✉❛ ♥♦ ♣♦♥t♦ a✳

❚❡♦r❡♠❛ ✶✳✷ ✭❚❡st❡ ❞❡ ❲❡✐❡rstr❛ss✮✳ ❉❛❞❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s fn : X → R✱
s❡❥❛

∑

an ✉♠❛ sér✐❡ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ♥ú♠❡r♦s r❡❛✐s an ≥ 0 t❛✐s q✉❡ |fn(x)| ≤ an
♣❛r❛ t♦❞♦ n ∈ N ❡ t♦❞♦ x ∈ X✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❛s sér✐❡s

∑

|fn| ❡
∑

fn sã♦
✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s✳

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ✶✳✶ ❡ ✶✳✷ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ✭❬✶✷❪✱ ♣✳
✶✺✾ ❡ ✶✻✸✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✸ ✭❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞✮✳ ❙✉♣♦♥❤❛ q✉❡ f(·, ·) s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛
❡♠ ✉♠❛ r❡❣✐ã♦ U ❞♦ ♣❧❛♥♦ (x, y) q✉❡ ❝♦♥té♠ ♦ r❡tâ♥❣✉❧♦

R = {(x, y) : |x− x0| ≤ h, |y − y0| ≤ k},

❡♠ q✉❡ h ❡ k sã♦ ❝♦♥st❛♥t❡s✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ L
t❛❧ q✉❡

|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|, ✭✶✳✸✮

❝♦♠ (x, y1) ❡ (x, y2) ♣❡rt❡♥❝❡♥t❡s ❛♦ r❡tâ♥❣✉❧♦ R✳ ❈♦♥s✐❞❡r❛♥❞♦

M = sup{|f(x, y)| : (x, y) ∈ R},

s✉♣♦♥❤❛ q✉❡ Mh ≤ k. ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ y(x)✱
❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ |x− x0| ≤ h✱ q✉❡ s❛t✐s❢❛③ ✭✶✳✶✮ ❡ ✭✶✳✷✮✳

❆ ❝♦♥❞✐çã♦ ✭✶✳✸✮ é ❞❡♥♦♠✐♥❛❞❛ ❝♦♥❞✐çã♦ ▲✐♣s❝❤✐t③✷✱ ❡ L é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥s✲
t❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ♣❛r❛ f ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ψ : Ih → Jk✱ ❡♠ q✉❡ Ih = [x0 − h, x0 + h] ❡ Jk =
[y0 − k, y0 + k]✱ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❛❧q✉❡r ✭❡❧❛s ❡①✐st❡♠✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦
❝♦♥st❛♥t❡ y0 ♦ é✮✳ ❉❡✜♥✐♠♦s

ψ∗(x) = y0 +

∫ x

x0

f(t, ψ(t))dt ∀x ∈ Ih.

✷❘✉❞♦❧❢ ❖tt♦ ❙✐❣✐s♠✉♥❞ ▲✐♣s❝❤✐t③ ✭✶✽✸✷✲✶✾✵✸✮ ❢♦✐ ✉♠ ♠❛t❡♠át✐❝♦ ❛❧❡♠ã♦ q✉❡ tr❛❜❛❧❤♦✉ ❡♠
q✉❛s❡ t♦❞♦s ♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛ ♣✉r❛ ❡ ❛♣❧✐❝❛❞❛ ❞❡ s❡✉ t❡♠♣♦✳ ❋✐❝♦✉ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ ♣♦r
s✉❛ ♦❜r❛ ✐♥t✐t✉❧❛❞❛ ▲❡❤r❜✉❝❤ ❞❡r ❆♥❛❧②s✐s✳

✷
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▼♦str❛r❡♠♦s q✉❡ ψ∗ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❞❡ Ih ❡♠ Jk✳
❉❡ ❢❛t♦✱ ψ∗ ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛ ❡♠ Ih✱ ❥á q✉❡ ψ é ❝♦♥tí♥✉❛ ❡♠ Ih✱ ♦ q✉❡ ✐♠♣❧✐❝❛

q✉❡ f(x, ψ(x)) ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❝♦♥tí♥✉❛ ❡♠ Ih ❡✱ ♣♦rt❛♥t♦✱ ✐♥t❡❣rá✈❡❧✳ ❆❧é♠
❞✐ss♦✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ψ∗ ❡ ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ q✉❡ ψ∗ é
❞❡r✐✈á✈❡❧ ❡♠ Ih ❡✱ ♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛✳

❘❡st❛ ♠♦str❛ q✉❡ ψ∗(x) ∈ Jk q✉❛❧q✉❡r q✉❡ s❡❥❛ x ∈ Ih✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ t ∈ Ih
t❡♠✲s❡ q✉❡ ψ ∈ Jk✱ ❞♦♥❞❡ (t, ψ(t)) ∈ R ❡ ❡♥tã♦ |f(t, ψ(t))| ≤M. ❆ss✐♠✱ ❞❛❞♦ x ∈ Ih
t❡♠✲s❡ q✉❡

|ψ∗(x)− y0| =

∣

∣

∣

∣

∣

y0 +

∫ x

x0

f(t, ψ(t))dt− y0

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ x

x0

f(t, ψ(t))dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫ x

x0

|f(t, ψ(t))|dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫ x

x0

Mdt

∣

∣

∣

∣

∣

=M |x− x0|

≤ Mh ≤ k,

♦ q✉❡ ♠♦str❛ q✉❡ ψ∗(x) ∈ Jk.
❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (yn) ❞❡ ❢✉♥çõ❡s yn : Ih → Jk✱ ❞❡✜♥✐❞❛ r❡❝✉rs✐✈❛♠❡♥t❡ ❡

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ■t❡r❛çã♦ ❞❡ P✐❝❛r❞ ✿

y0(x) = y0,

yn(x) = y0 +

∫ x

x0

f(t, yn−1(t))dt, n = 1, 2, . . . .

❖❜s❡r✈❡ q✉❡ yn é ❝♦♥tí♥✉❛ ❡♠ Ih✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐s❝✉ssã♦ ❛❝✐♠❛✱ ❧❡✈❛♥❞♦ ❡♠
❝♦♥s✐❞❡r❛çã♦ q✉❡ y0 é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❞❡ Ih ❡♠ Jk✳

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (yn) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r✲
❣❡♥t❡✳ ◆♦t❡ q✉❡

|yn(x)− yn−1(x)| ≤
Ln−1M

n!
|x− x0|

n, ∀x ∈ Ih ❡ n = 1, 2, . . . , ✭✶✳✹✮

♦ q✉❡ é ♣♦ssí✈❡❧ ♠♦str❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n✳ P❛r❛ n = 1 t❡♠✲s❡ q✉❡

|y1 − y0| =

∣

∣

∣

∣

∣

∫ x

x0

f(t, y0)dt

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∫ x

x0

|f(t, y0)|dt

∣

∣

∣

∣

∣

≤ Mh ≤ k.

❙✉♣♦♥❞♦ ♣♦r ✐♥❞✉çã♦ q✉❡ ✭✶✳✹✮ é ✈❡r✐✜❝❛❞❛ ♣❛r❛ ❛❧❣✉♠ n ≥ 2 ❡ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦

✸
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▲✐♣s❝❤✐t③ ✭✶✳✸✮✱ t❡♠✲s❡

|yn(x)− yn−1(x)| =

∣

∣

∣

∣

∣

∫ x

x0

[f(t, yn−1(t))− f(t, yn−2(t))]dt

∣

∣

∣

∣

∣

≤

∫ x

x0

|f(t, yn−1(t))− f(t, yn−2(t))|dt

≤

∫ x

x0

L|yn−1(t)− yn−2(t)|dt = L

∫ x

x0

|yn−1(t)− yn−2(t)|dt

≤ L

∫ x

x0

Ln−2M

(n− 1)!
|t− x0|

n−1dt

=
Ln−1M

n!
|x− x0|

n,

✐st♦ é✱ ✭✶✳✹✮ t❛♠❜é♠ é ✈❡r✐✜❝❛❞❛ ♣❛r❛ n + 1✳ ■ss♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❡ q✉❡ ✭✶✳✹✮ s❡
✈❡r✐✜❝❛ ♣❛r❛ t♦❞♦ n ∈ N✳ ▼❛✐s q✉❡ ✐ss♦✱

|yn(x)− yn−1(x)| ≤
Ln−1hnM

n!
, ∀x ∈ Ih ❡ n = 1, 2, . . . .

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ❛ sér✐❡
∞
∑

n=1

Ln−1hnM

n!

❝♦♥✈❡r❣❡ ♣❛r❛
M

L
(eLh − 1).

P❡❧♦ ❚❡st❡ ❞❡ ❲❡✐❡rstr❛ss ✭❚❡♦r❡♠❛ ✶✳✷✮✱ t❡♠✲s❡ q✉❡ ❛ sér✐❡
∑∞

n=1(yn−yn−1) ❝♦♥✈❡r❣❡
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ih✳ ▲♦❣♦✱ ❛ s❡q✉ê♥❝✐❛ (yn) t❛♠❜é♠ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠
Ih✳

❙❡❥❛
y = lim

n→∞
yn.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✶ q✉❡ y é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❋❛③❡♥❞♦ n→ ∞ ♥♦s ❞♦✐s ❧❛❞♦s
❞❛ ❡q✉❛çã♦

yn(x) = y0 +

∫ x

x0

f(t, yn−1(t))dt,

t❡♠✲s❡ q✉❡

y(x) = y0 +

∫ x

x0

f(t, y(t))dt.

❙❡♥❞♦ ❛ss✐♠✱ y = y(x) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✶✳✶✮ ❡ ❛ ❝♦♥❞✐çã♦ ✭✶✳✷✮✳ ▼♦str❛♠♦s q✉❡
❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✳

✹
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P❛r❛ ♠♦str❛r ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✱ s✉♣♦♥❤❛ q✉❡ ϕ : Ih → Jk
s❡❥❛ ✉♠❛ ❞❡ss❛s s♦❧✉çõ❡s✳ ❖✉ s❡❥❛✱

ϕ(x) = y0 +

∫ x

x0

f(t, ϕ(t))dt.

❊♥tã♦✱ ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡✲s❡ ♠♦str❛r ♣♦r
✐♥❞✉çã♦ q✉❡

|ϕ(x)− yn(x)| ≤
Ln−1hnM

n!
♣❛r❛ t♦❞♦ n ∈ N✳ ❈♦♠♦

Ln−1hnM

n!
→ 0

q✉❛♥❞♦ n → ∞✱ ❡♥tã♦ yn → ϕ, ♦♥❞❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ❡✈✐❞❡♥t❡♠❡♥t❡ ✉♥✐❢♦r♠❡✳
❙❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❞❡ (yn) q✉❡ y = ϕ✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳

❈♦♥s✐❞❡r❡ ❛ ❊❉❖
y′ = ay,

a ∈ R
∗✳

❚❡♠♦s q✉❡ ❛ ❢✉♥çã♦ f(x, y) = ay é ❝♦♥tí♥✉❛ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ▲✐♣s❝❤✐t③✱
✉♠❛ ✈❡③ q✉❡

|f((x, y1)− f(x, y2)| = |ay1 − ay2| = |a(y1 − y2)| = |a||y1 − y2|.

❙❡♥❞♦ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✱ ♦ P❱■ ❢♦r♠❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ y′ = ay ❡ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ y(x0) = y0✱ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ❡♠ −∞ < x < ∞✳ P♦r ♠ét♦❞♦s ❡❧❡♠❡♥t❛r❡s
❡♥❝♦♥tr❛♠♦s ❛ s♦❧✉çã♦ ❞♦ P❱■✱ q✉❡ é ❞❛❞❛ ♣♦r

y(x) = y0e
a(x−x0).

❊①❡♠♣❧♦ ✶✳✶✳✷✳

❈♦♥s✐❞❡r❡ ❛ ❊❉❖
y′ = y2.

▼♦str❛r❡♠♦s q✉❡ f(x, y) = y2 s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ▲✐♣s❝❤✐t③✳ ❖❜s❡r✈❡ q✉❡

|f(x, y1)− f(x, y2)| = |y21 − y22| = |(y1 + y2)(y1 − y2)| = |y1 + y2||y1 − y2|.

P❛r❛ y1 ❡ y2 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s ❞❡ y0✱ t❡♠♦s

y1, y2 ∈ [y0 − k, y0 + k] ⇒ y1 + y2 ∈ (−2y0, 2y0).

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ |y1 + y2| ≤ 4y0✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ L = 4y0 ❡ y s✉✜❝✐❡♥✲
t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ y0 ❛ ❢✉♥çã♦ f(x, y) = y2 s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ▲✐♣s❝❤✐t③✳ ❈♦♥s❡✲
q✉❡♥t❡♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ y(x)✱ ❡♠
❛❧❣✉♠ ✐♥t❡r✈❛❧♦ (x0 − h, x0 + h)✱ s❛t✐s❢❛③❡♥❞♦ y′ = y2✱ y(x0) = y0.

✺
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❊①❡♠♣❧♦ ✶✳✶✳✸✳

❈♦♥s✐❞❡r❡ ♦ P❱■
y′ = 3y2/3, y(0) = 0.

❈❧❛r❛♠❡♥t❡ y(x) = 0 é ✉♠❛ s♦❧✉çã♦ ❞♦ P❱■✳ ❯t✐❧✐③❛♥❞♦ ♠ét♦❞♦s ❡❧❡♠❡♥t❛r❡s✱ ♦❜✲
t❡♠♦s ✉♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ♣❛r❛ ♦ P❱■✱ à s❛❜❡r y(x) = x3. P♦rt❛♥t♦✱ t❡♠♦s ❞✉❛s
s♦❧✉çõ❡s ♣❛r❛ ♦ P❱■✳

◆♦t❡ q✉❡ ❛ f(x, y) = 3y2/3 ♥ã♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ▲✐♣s❝❤✐t③✱ ♣♦✐s t♦♠❛♥❞♦ y2 = 0
t❡♠♦s q✉❡

|f(x, y1)− f(x, y2)| = |f(x, y1)− f(x, 0)| = 3y
2/3
1 .

❉❡ss❛ ❢♦r♠❛✱
|3y

2/3
1 − 0|

|y1 − 0|
=

3

|y1/3|
.

P❛r❛ y1 → 0✱ t❡♠✲s❡ q✉❡
3

|y
1/3
1 |

→ ∞.

❙❡♥❞♦ ❛ss✐♠✱ ❛ r❡❧❛çã♦

|f(x, y1)− f(x, 0)| ≤ L|y1 − 0|

♥ã♦ é s❛t✐s❢❡✐t❛ ❡♠ t♦r♥♦ ❞❡ (0, 0).

✻



❈❛♣ít✉❧♦ ✷

▼ét♦❞♦ ❞❡ ❊✉❧❡r

❉❡♥tr❡ ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❛♠♣❧❛♠❡♥t❡ ❞✐✈✉❧❣❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❡s♣❡❝✐❛❧✐✲
③❛❞❛✱ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ P❱■✬s✱ ♦ ♠ét♦❞♦ ♠❛✐s s✐♠♣❧❡s é ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳ ❖
♠ét♦❞♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❊✉❧❡r ❡ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✼✻✽ ♥❛ ♦❜r❛ ✐♥t✐t✉❧❛❞❛ ■♥st✐t✉t✐✲
♦♥❡s ❈❛❧❝✉❧✐ ■♥t❡❣r❛❧✐s✳ ❖ ♠ét♦❞♦ ❞❡ ❊✉❧❡r é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❞♦s ♣r✐♠❡✐r♦s ♠ét♦❞♦s
♥✉♠ér✐❝♦s ❛✈❛♥ç❛❞♦s ✉t✐❧✐③❛❞♦ ♥♦s ❞✐❛s ❞❡ ❤♦❥❡✳ ◆❡st❡ ❈❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s
♠ét♦❞♦s ❞❡ ❊✉❧❡r ❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠
❬✹❪✱ ❬✼❪✱ ❬✽❪✱ ❬✶✹❪ ❡ ❬✶✽❪✳

✷✳✶ ❖ ♠ét♦❞♦ ❞❡ ❊✉❧❡r

◆♦ q✉❡ s❡❣✉❡✱ ❞❡s❝r❡✈❡♠♦s ♦ ♠ét♦❞♦✿ s✉♣♦♥❤❛ q✉❡ q✉❡r❡♠♦s ❛♣r♦①✐♠❛r ❛ s♦❧✉çã♦
❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮ ❡♠ x = x1 = x0 + h✱ ❡♠ q✉❡ h é ♣❡q✉❡♥♦ ❡ é ❝❤❛♠❛❞♦ ❞❡ ♣❛ss♦✳
❆ ✐❞❡✐❛ ♣♦r trás ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r é ✉s❛r ❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ ❞❛ s♦❧✉çã♦ ❞♦
P❱■ ❛tr❛✈és ❞❡ (x0, y0) ♣❛r❛ ♦❜t❡r t❛❧ ❛♣r♦①✐♠❛çã♦✳ ❱❡❥❛ ❋✐❣✉r❛ ✷✳✶✳

❙❛❜❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛ ✉♠❛ ❝✉r✈❛ ❡♠ (x0, y0) é ❞❛❞❛ ♣♦r

y(x) = y0 +m(x− x0),

❡♠ q✉❡ m é ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ ❝✉r✈❛ ❡♠ (x0, y0)✳ ❉❛ ❡q✉❛çã♦ ✭1.1✮✱ t❡♠♦s q✉❡ m =
f(x0, y0)✱ ❡♥tã♦

y(x) = y0 + f(x0, y0)(x− x0). ✭✷✳✶✮

❋❛③❡♥❞♦ x = x1 ♥❛ ❡q✉❛çã♦ ✭✷✳✶✮ ❡♥❝♦♥tr❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❊✉❧❡r ♣❛r❛ ❛
s♦❧✉çã♦ ❡①❛t❛ ❡♠ x1✱ ♦✉ s❡❥❛✱

y1(x1) = y0 + f(x0, y0)(x1 − x0),

q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
y1 = y0 + hf(x0, y0).

✼
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❋✐❣✉r❛ ✷✳✶✿ ▼ét♦❞♦ ❞❡ ❊✉❧❡r ♣❛r❛ ❞❡t❡r♠✐♥❛r s♦❧✉çõ❡s ♣ró①✐♠❛s ❞❛ s♦❧✉çã♦ ❡①❛t❛
❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✳

❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ ❞❡s❡❥❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❡①❛t❛
❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮ ❡♠ x2 = x1 + h✳ P♦❞❡♠♦s ✉s❛r ❛ ♠❡s♠❛ ✐❞❡✐❛✱ só q✉❡ ❛❣♦r❛
t♦♠❛♠♦s ❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✶✮ ❡♠ (x1, y1)✳ ◆❡st❡ ❝❛s♦✱ ❛
✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ é f(x1, y1)✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ é

y(x) = y1 + f(x1, y1)(x− x1).

❋❛③❡♥❞♦ x = x2 t❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡s❡❥❛❞❛

y2 = y1 + hf(x1, y1),

❡♠ q✉❡ h = x2 − x1✳ ❈♦♥t✐♥✉❛♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❞❡t❡r♠✐♥❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ❛♣r♦①✐♠❛çõ❡s

yn+1 = yn + hf(xn, yn), n = 0, 1, . . .

♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮ ♥♦s ♣♦♥t♦s xn+1 = xn + h.

❉❡ss❛ ❢♦r♠❛✱ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♣❛r❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❞♦ P❱■ ✭✶✳✶✮✲
✭✶✳✷✮ ❛tr❛✈és ❞♦ ♣♦♥t♦s xn+1 = x0 + nh (n = 0, 1, . . .) é ❞❛❞♦ ♣♦r

yn+1 = yn + hf(xn, yn), n = 0, 1 . . . . ✭✷✳✷✮

✽
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❊①❡♠♣❧♦ ✷✳✶✳✶✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

y′ = x− y − 1, y(0) = 1.

❯s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.1 ❡ h = 0.05✱ ♦❜t❡♠♦s ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛
♣❛r❛ ♦ P❱■ ❡♠ [0, 1] ❝♦♠ ✺ ❝❛s❛s ❞❡❝✐♠❛✐s✳ ❖s ✈❛❧♦r❡s ❞❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❡stã♦
❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ✷✳✶ ❡ ✷✳✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆✐♥❞❛ ♥❛s ❚❛❜❡❧❛s ✷✳✶ ❡ ✷✳✷✱
❛♣r❡s❡♥t❛♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ q✉❡ é ❞❛❞❛ ♣♦r

y(x) = 3e−x + x− 2

❡ ♦ ❡rr♦ ❛❜s♦❧✉t♦ q✉❡ é ❞❡✜♥✐❞♦ ♣♦r |y(xn)− yn|✳

❚❛❜❡❧❛ ✷✳✶✿ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.1 ❛♣❧✐❝❛❞♦ ❛♦ P❱■ ❞♦ ❊①❡♠♣❧♦
✷✳✶✳✶✳

n xn yn ❙♦❧✉çã♦ ❡①❛t❛ ❊rr♦ ❛❜s♦❧✉t♦
✶ ✵✳✶ ✵✳✽ ✵✳✽✶✹✺✶ ✵✳✵✶✹✺✶
✷ ✵✳✷ ✵✳✻✸ ✵✳✻✺✻✶✾ ✵✳✵✷✻✶✾
✸ ✵✳✸ ✵✳✹✽✼ ✵✳✺✷✷✹✺ ✵✳✵✸✺✹✺
✹ ✵✳✹ ✵✳✸✻✽✸ ✵✳✹✶✵✾✻ ✵✳✵✹✷✻✻
✺ ✵✳✺ ✵✳✷✼✶✹✼ ✵✳✸✶✾✺✾ ✵✳✵✹✽✶✷
✻ ✵✳✻ ✵✳✶✾✹✸✷ ✵✳✷✹✻✹✸ ✵✳✵✺✷✶✶
✼ ✵✳✼ ✵✳✶✸✹✽✾ ✵✳✶✽✾✼✻ ✵✳✵✺✹✽✼
✽ ✵✳✽ ✵✳✵✾✶✹ ✵✳✶✹✼✾✾ ✵✳✵✺✻✺✾
✾ ✵✳✾ ✵✳✵✻✷✷✻ ✵✳✶✶✾✼✶ ✵✳✵✺✼✹✺
✶✵ ✶ ✵✳✵✹✻✵✹ ✵✳✶✵✸✻✹ ✵✳✵✺✼✻✵

❈♦♠♣❛r❛♥❞♦ ♦s ✈❛❧♦r❡s ❞❛s ❛♣r♦①✐♠❛çõ❡s ❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ✷✳✶ ❡ ✷✳✷✱
✈❡♠♦s q✉❡ ♦ ♠❡♥♦r ♣❛ss♦ ❧❡✈♦✉ ❛ ✉♠❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦✳ ◆❛ ✈❡r❞❛❞❡✱ q✉❛♥❞♦
❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.05✱ ♦ ❡rr♦ ❛❜s♦❧✉t♦ ❢♦✐ ♣r❛t✐❝❛♠❡♥t❡ r❡❞✉③✐❞♦
❛ ✉♠ q✉❛rt♦ ♥❛ ❝♦♠♣❛r❛çã♦ ❞♦ ❡rr♦ ❝♦♠ h = 0.1✳ ◆❛ ❋✐❣✉r❛ ✷✳✷ é ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r
q✉❡ ❛ s♦❧✉çã♦ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.05 é ♠❛✐s ♣ró①✐♠❛ ❞❛ s♦❧✉çã♦
❡①❛t❛ ❞♦ P❱■ ❞♦ q✉❡ ❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❝♦♠ h = 0.1✳

✾
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❚❛❜❡❧❛ ✷✳✷✿ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.05 ❛♣❧✐❝❛❞♦ ❛♦ P❱■ ❞♦
❊①❡♠♣❧♦ ✷✳✶✳✶✳

n xn yn ❙♦❧✉çã♦ ❡①❛t❛ ❊rr♦ ❛❜s♦❧✉t♦
✶ ✵✳✵✺ ✵✳✾ ✵✳✾✵✸✻✾ ✵✳✵✵✸✻✾
✷ ✵✳✶ ✵✳✽✵✼✺ ✵✳✽✶✹✺✶ ✵✳✵✵✼✵✶
✸ ✵✳✶✺ ✵✳✼✷✷✶✸ ✵✳✼✸✷✶✷ ✵✳✵✶
✹ ✵✳✷ ✵✳✻✹✸✺✷ ✵✳✻✺✻✶✾ ✵✳✵✶✷✻✼
✺ ✵✳✷✺ ✵✳✺✼✶✸✹ ✵✳✺✽✻✹ ✵✳✵✶✺✵✻
✻ ✵✳✸ ✵✳✺✵✺✷✽ ✵✳✺✷✷✹✺ ✵✳✵✶✼✶✽
✼ ✵✳✸✺ ✵✳✹✹✺✵✶ ✵✳✹✻✹✵✻ ✵✳✵✶✾✵✺
✽ ✵✳✹ ✵✳✸✾✵✷✻ ✵✳✹✶✵✾✻ ✵✳✵✷✵✼✵
✾ ✵✳✹✺ ✵✳✸✹✵✼✺ ✵✳✸✻✷✽✽ ✵✳✵✷✷✶✹
✶✵ ✵✳✺ ✵✳✷✾✻✷✶ ✵✳✸✶✾✺✾ ✵✳✵✷✸✸✽
✶✶ ✵✳✺✺ ✵✳✷✺✻✹ ✵✳✷✽✵✽✺ ✵✳✵✷✹✹✺
✶✷ ✵✳✻ ✵✳✷✷✶✵✽ ✵✳✷✹✻✹✸ ✵✳✵✷✺✸✺
✶✸ ✵✳✻✺ ✵✳✶✾✵✵✸ ✵✳✷✶✻✶✹ ✵✳✵✷✻✶✶
✶✹ ✵✳✼ ✵✳✶✻✸✵✷ ✵✳✶✽✾✼✻ ✵✳✵✷✻✼✸
✶✺ ✵✳✼✺ ✵✳✶✸✾✽✼ ✵✳✶✻✼✶ ✵✳✵✷✼✷✸
✶✻ ✵✳✽ ✵✳✶✷✵✸✽ ✵✳✶✹✼✾✾ ✵✳✵✷✼✻✶
✶✼ ✵✳✽✺ ✵✳✶✵✹✸✻ ✵✳✶✸✷✷✹ ✵✳✵✷✼✽✽
✶✽ ✵✳✾ ✵✳✵✾✶✻✹ ✵✳✶✶✾✼✶ ✵✳✵✷✽✵✼
✶✾ ✵✳✾✺ ✵✳✵✽✷✵✻ ✵✳✶✶✵✷✷ ✵✳✵✷✽✶✻
✷✵ ✶ ✵✳✵✼✺✹✻ ✵✳✶✵✸✻✹ ✵✳✵✷✽✶✽

❋✐❣✉r❛ ✷✳✷✿ ❙♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✶ ❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❡❧♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♠ h = 0.05 ❡ h = 0.1✳

✶✵
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◆♦ ❊①❡♠♣❧♦ ✷✳✶✳✶ ✈✐♠♦s q✉❡ r❡❞✉③✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ♣❡❧❛ ♠❡t❛❞❡ ♦❝❛s✐♦♥♦✉
✉♠❛ r❡❞✉çã♦ ❝♦♥s✐❞❡rá✈❡❧ ❞♦ ❡rr♦ ❛❜s♦❧✉t♦✳ P♦❞❡♠♦s ❝♦♥t✐♥✉❛r r❡❞✉③✐♥❞♦ ♦ t❛♠❛✲
♥❤♦ ❞♦ ♣❛ss♦ ❛té ❝❤❡❣❛r ♥✉♠❛ ♣r❡❝✐sã♦ r❛③♦❛✈❡❧♠❡♥t❡ ❜♦❛✱ ♣♦ré♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡
❝á❧❝✉❧♦s ♥❡❝❡ssár✐♦s s❡rá ♠✉✐t♦ ❣r❛♥❞❡✳ ◆♦t❡ q✉❡✱ s❡ t♦♠❛r♠♦s h = 0.001 ♥♦ ❊①❡♠✲
♣❧♦ ✷✳✶✳✶✱ ♣r❡❝✐s❛♠♦s ❞❡ 1000 ♣❛ss♦s ♣❛r❛ ❛tr❛✈❡ss❛r ♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❱❡r❡♠♦s
♥❛ ❙❡çã♦ ✷✳✹ ✉♠❛ ❞❡r✐✈❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ❡♠ q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r ♠❡❧❤♦r
♣r❡❝✐sã♦ ♣❛r❛ ♦ P❱■✱ q✉❡ ❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ♣❛r❛ ♦ ♠❡s♠♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦✳

✷✳✶✳✶ ❋♦r♠❛s ❛❧t❡r♥❛t✐✈❛s

◆❡st❛ s✉❜s❡çã♦✱ ♠❡♥❝✐♦♥❛♠♦s ❛❧❣✉♠❛s ❢♦r♠❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ✐♥t❡r♣r❡t❛r ♦ ♠é✲
t♦❞♦ ❞❡ ❊✉❧❡r✳ ❆❧❣✉♠❛s ❞❡❧❛s ❛❥✉❞❛rã♦ ♥❛ ❛♥á❧✐s❡ ❞♦ ❡rr♦ ❡ t❛♠❜é♠ ♥❛ ❝♦♥str✉çã♦
❞❡ ♠ét♦❞♦s ♠❛✐s ♣r❡❝✐s♦s✳

Pr✐♠❡✐r♦✱ ✈❛♠♦s ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✶✳✶✮✱ ❡♠ x = xn✱ ♥❛ ❢♦r♠❛

dφ(xn)

dx
= f(xn, φ(xn)). ✭✷✳✸✮

❉❡ss❛ ❢♦r♠❛✱ ❛♣r♦①✐♠❛♥❞♦✲s❡ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✮ ♣❡❧♦ q✉♦❝✐❡♥t❡ ❞❡ ❞✐❢❡r❡♥✲
ç❛s ❝♦rr❡s♣♦♥❞❡♥t❡✱ ♦❜té♠✲s❡

φ(xn+1)− φ(xn)

xn+1 − xn
∼= f(xn, φ(xn)).

P♦r ✜♠✱ s✉❜st✐t✉✐♥❞♦ φ(xn+1) ❡ φ(xn) ♣❡❧♦s s❡✉s r❡s♣❡❝t✐✈♦s ✈❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s
yn+1 ❡ yn✱ ❡ r❡s♦❧✈❡♥❞♦✲s❡ ♣❛r❛ yn+1✱ ♦❜té♠✲s❡ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r ✭✷✳✷✮✳

❖✉tr❛ ❢♦r♠❛ ♣❛r❛ s❡ ❝❤❡❣❛r ♥❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r é ✐♥t❡❣r❛r (2.3) ❡♥tr❡ xn ❡ xn+1✳
❖✉ s❡❥❛✱

∫ xn+1

xn

φ′(x)dx =

∫ xn+1

xn

f(x, φ(x))dx

=⇒ φ(xn+1) = φ(xn) +

∫ xn+1

xn

f(x, φ(x))dx. ✭✷✳✹✮

◆♦t❡ q✉❡ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ✐♥t❡❣r❛❧ ♥❛ ❡q✉❛çã♦ ✭✷✳✹✮ ❝♦♠♦
s❡♥❞♦ ❛ ár❡❛ s♦❜ ❛ ❝✉r✈❛ ♥❛ ❋✐❣✉r❛ ✷✳✸ ❡♥tr❡ xn ❡ xn+1✳ ❋❛③❡♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦
❞♦ ✐♥t❡❣r❛♥❞♦ ❡♠ ✭✷✳✹✮ ♣♦r s❡✉ ✈❛❧♦r ❡♠ x = xn✱ ❡st❛r❡♠♦s ❛♣r♦①✐♠❛♥❞♦ ❛ ár❡❛ r❡❛❧
♣❡❧❛ ár❡❛ ❞♦ r❡tâ♥❣✉❧♦ s♦♠❜r❡❛❞♦✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡♠♦s q✉❡

φ(xn+1) ∼= φ(xn) + f(xn, φ(xn))(xn+1 − xn)

= φ(xn) + hf(xn, φ(xn)). ✭✷✳✺✮

✶✶



✷✳✶✳ ❖ ▼➱❚❖❉❖ ❉❊ ❊❯▲❊❘

❙✉❜st✐t✉✐♥❞♦ φ(xn) ♣❡❧♦ s❡✉ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦ yn ♥❛ ❡q✉❛çã♦ ✭✷✳✺✮✱ ♦❜t❡♠♦s
❛ ❛♣r♦①✐♠❛çã♦ yn+1 ♣❛r❛ φ(xn+1)✳ ❉❡ss❡ ♠♦❞♦✱ ❝❤❡❣❛♠♦s ♥❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r
yn+1 = yn + hf(xn, yn). ❯♠❛ t❡r❝❡✐r❛ ❢♦r♠❛ ❞❡ s❡ ♦❜t❡r ❛ ❢ór♠✉❧❛ ✭✷✳✷✮ é s✉♣♦r q✉❡

❋✐❣✉r❛ ✷✳✸✿ ❉❡❞✉çã♦ ✐♥t❡❣r❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

❛ s♦❧✉çã♦ y = φ(x) t❡♠ ✉♠❛ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ xn✳ ▲♦❣♦✱

φ(xn + h) = φ(xn) + φ′(xn)h+ φ′′(xn)
h2

2!
+ · · · ,

♦✉

φ(xn+1) = φ(xn) + f(xn, φ(xn))h+ φ′′(xn)
h2

2!
+ · · · . ✭✷✳✻✮

❚r✉♥❝❛♥❞♦✲s❡ ❛ sér✐❡ ❛♣ós ♦ t❡r♠♦ ❡♠ h✱ s✉❜st✐t✉✐♥❞♦ φ(xn+1) ❡ φ(xn) ♣❡❧♦s s❡✉s
✈❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s yn+1 ❡ yn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ❛ ❢ór♠✉❧❛ ✭✷✳✷✮✳ ❙❡ ❢♦r❡♠
✉s❛❞❛s ♠❛✐s ♣❛r❝❡❧❛s ♥❛ sér✐❡✱ ♦❜té♠✲s❡ ✉♠❛ ❢ór♠✉❧❛ ♠❛✐s ♣r❡❝✐s❛✳ ❆❧é♠ ❞✐ss♦✱
✉s❛♥❞♦ ✉♠❛ sér✐❡ ❞❡ ❚❛②❧♦r ❝♦♠ r❡st♦ é ♣♦ssí✈❡❧ ❡st✐♠❛r ♦ t❛♠❛♥❤♦ ❞♦ ❡rr♦ ♥❛
❢ór♠✉❧❛✳ ■ss♦ s❡rá ❞✐s❝✉t✐❞♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✶✷
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✷✳✷ ❊rr♦s ❡♠ ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s

❆♦ ✉t✐❧✐③❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ♥❛ ❜✉s❝❛ ❞❡ s♦❧✉çõ❡s
❛♣r♦①✐♠❛❞❛s ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✱ ❞❡✈❡♠♦s ❡st❛r ❝✐❡♥t❡s ❞♦s t✐♣♦s ❞❡
❡rr♦s ❡①✐st❡♥t❡s ♥❡ss❛ ❛♣r♦①✐♠❛çã♦✳ ❆♥t❡s ❞❡ ❛❝❡✐t❛r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❛♣r♦①✐♠❛❞❛
❝♦♠♦ s❛t✐s❢❛tór✐❛✱ ❛❧❣✉♠❛s q✉❡stõ❡s ❞❡✈❡♠ s❡r r❡s♣♦♥❞✐❞❛s✳ ❯♠❛ ❞❡ss❛s q✉❡stõ❡s é
q✉ã♦ ♣❡q✉❡♥♦ ❞❡✈❡ s❡r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ h ♣❛r❛ q✉❡ s❡ ♦❜t❡♥❤❛ ♣r❡❝✐sã♦ ❞❡s❡❥❛❞❛
s❡♠ ❞❡s♣r❡♥❞❡r ✉♠ ❣r❛♥❞❡ ❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧❄ ❆ ❛♥á❧✐s❡ ❞♦s t✐♣♦s ❞❡ ❡rr♦s q✉❡
s✉r❣❡♠ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♥♦s ❞❛rá ✉♠❛ ✐❞❡✐❛ ❞❡ q✉❛❧ é ❛ ♠❡❧❤♦r ❡s❝♦❧❤❛ ♣❛r❛
♦ t❛♠❛♥❤♦ ❞❡ h✱ ❛✜♠ ❞❡ q✉❡ s❡ t❡♥❤❛ ✉♠❛ ♠❡❧❤♦r ♣r❡❝✐sã♦✳ ❉♦✐s t✐♣♦s ❞❡ ❡rr♦
s✉r❣❡♠ ❛♦ s❡ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ♥✉♠❡r✐❝❛♠❡♥t❡✱ sã♦ ❡❧❡s✿ ❡rr♦ ❞❡
tr✉♥❝❛♠❡♥t♦ ❡ ❡rr♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✳

✷✳✷✳✶ ❊rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❣❧♦❜❛❧

❆ ❞✐❢❡r❡♥ç❛ En ❡♥tr❡ ❛ s♦❧✉çã♦ ❡①❛t❛ y(xn) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭✶✳✶✮✲
✭✶✳✷✮ ❡ s❡✉ ✈❛❧♦r ♥✉♠ér✐❝♦ yn✱ ❝♦♠ t♦❞❛s ❛s ❝❛s❛s ❞❡❝✐♠❛✐s✱ é ❝❤❛♠❛❞❛ ❞❡ ❡rr♦ ❞❡
tr✉♥❝❛♠❡♥t♦ ❣❧♦❜❛❧✳ ❚❡♠♦s✱ ♣♦✐s✱

En = y(xn)− yn.

P❛r❛ ❝❛❧❝✉❧❛r ❡st❡ ❡rr♦ é ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ❛✐♥❞❛ ♥ã♦ t❡r ❝❛s❛s
❞❡❝✐♠❛✐s ❛rr❡❞♦♥❞❛❞❛s✳ ❊st❡ ❡rr♦ t❡♠ ❞✉❛s ❝❛✉s❛s✿ ♣r✐♠❡✐r♦✱ ❡♠ ❝❛❞❛ ♣❛ss♦ ✉s❛♠♦s
✉♠❛ ❢ór♠✉❧❛ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r yn+1❀ s❡❣✉♥❞♦✱ ♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡♠
❝❛❞❛ ❡t❛♣❛ ❡stã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦rr❡t♦s✱ ❥á q✉❡✱ ❡♠ ❣❡r❛❧✱ y(xn) ♥ã♦ é ✐❣✉❛❧ ❛
yn✳

✷✳✷✳✷ ❊rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧

❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❞♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ ♦ ❣❧♦❜❛❧ é q✉❡ t❛♥t♦
y(xn) q✉❛♥t♦ yn sã♦ ✉s❛❞♦s ❝♦♠ ✈❛❧♦r❡s ❛rr❡❞♦♥❞❛❞♦s ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛s❛s
❞❡❝✐♠❛✐s✳ ❊st❡ ❡rr♦ é ♦ ♠❛✐s ✈✐á✈❡❧ ❡ ✉t✐❧✐③❛❞♦ ❡♠ ♥♦ss❛s ❝♦♥t❛s q✉❛♥❞♦ s❛❜❡♠♦s ❛
s♦❧✉çã♦ ❡①❛t❛✱ ❛ss✐♠✿

en = y(xn)− yn,

❡♠ q✉❡ y(xn) ❡ yn ♣♦ss✉❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛s❛s ❞❡❝✐♠❛✐s ❛rr❡❞♦♥❞❛s✳

✷✳✷✳✸ ❊rr♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦

❈♦♠♦ ❡♠ t♦❞❛s ❛s ✐t❡r❛çõ❡s t❡♠♦s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛s❛s ❞❡❝✐♠❛✐s✱ ❡♠ ❝❡rt♦
♠♦♠❡♥t♦ ❝♦♠❡ç❛rá ❛ ❛❝♦♥t❡❝❡r ❛rr❡❞♦♥❞❛♠❡♥t♦s ❢❡✐t♦s ♣❡❧♦s ❝♦♠♣✉t❛❞♦r❡s✳ ❊♥tã♦✱

✶✸
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s❡ yn ❢♦r ♦ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❡ ❢❛t♦✱ ❝♦♠ t♦❞❛s ❛s ❝❛s❛s ❞❡❝✐♠❛✐s✱ ❡ Yn ❢♦r ♦ ✈❛❧♦r ❝♦♠
❛rr❡❞♦♥❞❛♠❡♥t♦✱ ♦ ❡rr♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ An s❡rá ❞❛❞♦ ♣♦r✿

An = yn − Yn.

❖ ❡rr♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ é ❝❧❛r❛♠❡♥t❡ ❞❡ ♥❛t✉r❡③❛ ♠❛✐s ❛❧❡❛tór✐❛✳ ❉❡♣❡♥❞❡
❞♦ t✐♣♦ ❞❡ ❝♦♠♣✉t❛❞♦r ✉t✐❧✐③❛❞♦✱ ❞❛ ♦r❞❡♠ ❡♠ q✉❡ ♦s ❝á❧❝✉❧♦s sã♦ ❡❢❡t✉❛❞♦s✱ ❞♦
♠ét♦❞♦ ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ P♦r s❡r ♠❛✐s ❛❝❡ssí✈❡❧✱ ✈❛♠♦s ✉s❛r
❞❛q✉✐ ♣❛r❛ ❛ ❢r❡♥t❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❝♦♠♦ ♥♦ss❛ ♠❡❞✐❞❛ ♣r✐♥❝✐♣❛❧ ❞❡
♣r❡❝✐sã♦ ❞❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡ ♣❛r❛ ❝♦♠♣❛r❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞✐❢❡r❡♥t❡s✳ ❖
❡rr♦ ❛❜s♦❧✉t♦ ❞❡✜♥✐❞♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✶ ❡ ❛♣r❡s❡♥t❛❞♦ ♥❛s t❛❜❡❧❛s ❞❡st❡ tr❛❜❛❧❤♦ é
✉♠ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧✳ P❛r❛ s❛❜❡r ♠❛✐s s♦❜r❡ ❡rr♦s ❞❡❝♦rr❡♥t❡s ❞❡ ♠ét♦❞♦s
♥✉♠ér✐❝♦s✱ ✈❡❥❛ ❛s r❡❢❡rê♥❝✐❛s ❬✶❪ ❡ ❬✶✹❪✳

✷✳✸ ❊rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡

❊✉❧❡r

P❛r❛ ❛♥❛❧✐s❛r♠♦s ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ✈❛♠♦s ✉t✐❧✐③❛r
❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r ❝♦♠ r❡st♦✱ ❞❛❞❛ ♣♦r

y(x) = y(a) + y′(a)
x− a

1!
+ · · ·+ y(r)(a)

(x− a)r

r!
+ y(r+1)(γ)

(x− a)r+1

(r + 1)!
, ✭✷✳✼✮

❡♠ q✉❡ y(x) é ✉♠❛ ❢✉♥çã♦ n+1 ✈❡③❡s ❞❡r✐✈á✈❡❧ ♥♦ ✐♥t❡r✈❛❧♦ (a, x) ❡ γ é ❛❧❣✉♠ ♣♦♥t♦
❡♥tr❡ a ❡ x✳ ❈♦♥s✐❞❡r❛♥❞♦ r = 1✱ a = xn ❡ x = xn+1 = xn + h, ♦❜t❡♠♦s

y(xn+1) = y(xn) + y′(xn)
h

1!
+ y′′(γ)

h2

2!
.

❈♦♠♦ y′(xn) = f(xn, y(xn)), ❡♥tã♦ t❡♠♦s

y(xn+1) = y(xn) + hf(xn, y(xn)) + y′′(γ)
h2

2!
. ✭✷✳✽✮

❙✉❜tr❛✐♥❞♦ ✭✷✳✷✮ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✮✱ ✈❡♠♦s q✉❡

y(xn+1)− yn+1 = [y(xn)− yn] + h[f(xn, y(xn))− f(xn, yn)] + y′′(γ)
h2

2!
. ✭✷✳✾✮

P❛r❛ ❝❛❧❝✉❧❛r ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧✱ ❛♣❧✐❝❛♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✾✮ à s♦❧✉çã♦ ❡①❛t❛
y(x)✱ ♦✉ s❡❥❛✱ t♦♠❛♠♦s yn ❝♦♠♦ s❡♥❞♦ y(xn)✳ ❉❡ss❛ ❢♦r♠❛✱ ✈❡♠♦s ❞❡ ✐♠❡❞✐❛t♦✱ ❛
♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✾✮ q✉❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r é

en+1 = y(xn+1)− yn+1 = y′′(γ)
h2

2
, ✭✷✳✶✵✮

✶✹
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❡♠ q✉❡ xn < γ < xn+1✳ ◆♦t❡ q✉❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r
é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ q✉❛❞r❛❞♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ h✱ ❡ ♦ ❢❛t♦r ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡
❞❡♣❡♥❞❡ ❞❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ ❞❛ s♦❧✉çã♦ ❡①❛t❛ y(x).

◆♦r♠❛❧♠❡♥t❡ ♦ ✈❛❧♦r ❞❡ γ ❡♠ ✭✷✳✶✵✮ é ❞❡s❝♦♥❤❡❝✐❞♦✱ ❡♥tã♦ ♦ ❡rr♦ ❡①❛t♦ ♥ã♦ ♣♦❞❡
s❡r ❝❛❧❝✉❧❛❞♦✱ ♠❛s ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ♦ ♠ó❞✉❧♦ ❞♦ ❡rr♦✳
❙❛❜❡♠♦s q✉❡ y(x) é ❞✉❛s ✈❡③❡s ❞❡r✐✈á✈❡❧ ❡♠ [xn, xn+1]✱ ❧♦❣♦ ❡①✐st❡ ♦ ♠á①✐♠♦ ❞❡
y′′(x) ♥❡st❡ ✐♥t❡r✈❛❧♦ ❡ ❞❡♥♦t❛r❡♠♦s ❡ss❡ ♠á①✐♠♦ ♣♦r

M = max|y′′(x)|, x ∈ [xn, xn+1].

❉❡ss❛ ❢♦r♠❛✱ s❡ ❡st✐✈❡r♠♦s ❝❛❧❝✉❧❛♥❞♦ ♦ ✈❛❧♦r ❞❛ s♦❧✉çã♦ y(x) ❡♠ ✉♠ ✐♥t❡r✈❛❧♦
❧✐♠✐t❛❞♦✱ t❡r❡♠♦s

|en+1| ≤M
h2

2
. ✭✷✳✶✶✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ é ♣♦ssí✈❡❧ ❡st✐♠❛r ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t♦❧❡râ♥❝✐❛ ♣❛r❛ h
❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♥ã♦ ✉❧tr❛♣❛ss❡ ✉♠ ♥í✈❡❧ ❞❡ t♦❧❡râ♥❝✐❛
❞❛❞♦✳ P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❞♦ q✉❡ ♦ ♥í✈❡❧ ❞❡ t♦❧❡râ♥❝✐❛ ♣❛r❛ ♦ ❡rr♦ s❡❥❛ δ✱ t❡r❡♠♦s
❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ q✉❡

h ≤

√

2δ

M
. ✭✷✳✶✷✮

❙❡♥❞♦ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❡st✐♠❛r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✈❛r✐❛çã♦
❞♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ xn < γ < xn+1✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦
♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✶

y′ = x− y − 1, y(0) = 1,

q✉❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❡①❛t❛

y(x) = 3e−x + x− 2.

❱❡♠♦s q✉❡
y′′(x) = 3e−x.

▲♦❣♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ t❡♠♦s

en+1 =
3e−γh2

2
, ❝♦♠ xn < γ < xn+1.

❊♥tã♦✱ ♣❛r❛ h = 0.1✱ ♦ ❡rr♦ ♥♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é

e1 =
3e−γ(0, 1)2

2
= 0, 015e−γ, ❝♦♠ 0 < γ < 0.1.

◆♦t❡ q✉❡ e1 é ♣♦s✐t✐✈♦✱ ❛❧é♠ ❞✐ss♦ e−γ < e0✳ ❊♥tã♦✱ s❡❣✉❡ q✉❡

✶✺
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e1 < 0, 015e−γ < 0.015e0 = 0.015.

❚❡♠♦s ❛✐♥❞❛ q✉❡ e−0.1 < e−γ✱ ❧♦❣♦

e1 > 0, 015e−γ > e−0.1 = 0.01357.

❆ss✐♠✱ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♥♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❡st✐♠❛❞♦ ♥♦ ✐♥t❡r✈❛❧♦
0.01357 < e1 < 0.015✳ ❉❡ ❢❛t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✷✳✶ ♦ ❡rr♦ é ✵✳✵✶✹✺✶✳

❆♦ ❞✐s❝✉t✐r ♦s ❡rr♦s ❞❡❝♦rr❡♥t❡s ❞♦ ✉s♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ é ❝♦♠✉♠ ✉s❛r ❛
♥♦t❛çã♦ O(hn) ♣❛r❛ ✐♥❞✐❝❛r ❛ ♦r❞❡♠ ❞♦ ❡rr♦✳ ❉✐③❡♠♦s q✉❡ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦
❧♦❝❛❧ t❡♠ ♦r❞❡♠ n✱ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M ❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n t❛❧
q✉❡ ♦ ♠ó❞✉❧♦ ❞♦ ❡rr♦ s❡❥❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ Mhn ♣❛r❛ h s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳
❆ss✐♠✱ ♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r t❡♠ ♦r❞❡♠ ✷✱ ♦✉ s❡❥❛✱
O(h2)✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ h ❢♦r r❡❞✉③✐❞♦ ♣♦r ✉♠ ❢❛t♦r ❞❡ 1/2✱ ❡♥tã♦ ♦ ❡rr♦ é r❡❞✉③✐❞♦
♣♦r ✉♠ ❢❛t♦r ❞❡ 1/4✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

✷✳✹ ▼ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ✭▼ét♦❞♦ ❞❡ ❍❡✉♥✮

❖ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ♦✉ ♠ét♦❞♦ ❞❡ ❍❡✉♥✶ é ✉♠ ❡①❡♠♣❧♦ ❞♦ q✉❡ ❝❤❛♠❛✲
♠♦s ❞❡ ♠ét♦❞♦ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✷✳ ❆ ✐❞❡✐❛ é ✉s❛r ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r
♣❛r❛ ♦❜t❡r ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ s♦❧✉çã♦ y(xn+1) ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✳
❉❡♥♦t❛r❡♠♦s ❡st❛ ❛♣r♦①✐♠❛çã♦ ♣♦r y∗n+1✱ ❡♥tã♦

y∗n+1 = yn + hf(xn, yn).

❆❣♦r❛✱ ♠❡❧❤♦r❛♠♦s ✭♦✉ ❝♦rr✐❣✐♠♦s✮ ❡st❛ ❛♣r♦①✐♠❛çã♦ ❛♣❧✐❝❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r✳ ▼❛s ❞❡st❛ ✈❡③✱ ✉s❛♠♦s ❛s ♠é❞✐❛s ❞❛s ✐♥❝❧✐♥❛çõ❡s ❞❛s ❝✉r✈❛s ❞❛s
s♦❧✉çõ❡s ❛tr❛✈és ❞❡ (xn, yn) ❡ (xn+1, y

∗
n+1)✳ ❖✉ s❡❥❛✱

yn+1 = yn +
1

2
h[f(xn, yn) + f(xn+1, y

∗
n+1)].

❆ ❋✐❣✉r❛ ✷✳✹ ✐❧✉str❛ ❝♦♠♦ ♦❜t❡r ❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ y1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r
♠❡❧❤♦r❛❞♦✳

❉❡ss❛ ❢♦r♠❛✱ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♣ró①✐♠❛s ❞❛
s♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮ ♥♦s ♣♦♥t♦s xn+1 = x0 + nh (n = 0, 1, . . .) é

yn+1 = yn +
1

2
h[f(xn, yn) + f(xn+1, y

∗
n+1)], ✭✷✳✶✸✮

✶❆ ❢ór♠✉❧❛ t❡♠ ❡ss❡ ♥♦♠❡ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛ ❑❛r❧ ❍❡✉♥ ✭✶✽✺✾✲✶✾✷✾✮✳
✷❯♠ ♠ét♦❞♦ ♣r❡❞✐t♦r✲❝♦rr❡t♦r é ✉♠ ♠ét♦❞♦ ♠✉❧t✐✲♣❛ss♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❡

✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛✳ ❉✉❛s ❢ór♠✉❧❛s sã♦ ✉s❛❞❛s
❡♠ ❝♦♥❥✉♥t♦✱ ♣r✐♠❡✐r♦ ♣❛r❛ ✏♣r❡❞✐❝❛r✑ ✉♠ ♥♦✈♦ ✈❛❧♦r ❞❛ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡✱ ❡♥tã♦ ♣❛r❛ ✏❝♦rr✐❣✐r✑
❛ ♣r❡❞✐çã♦✳
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❋✐❣✉r❛ ✷✳✹✿ ▼ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r s♦❧✉çõ❡s ♣ró①✐♠❛s ❞❛ s♦✲
❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✳

❡♠ q✉❡
y∗n+1 = yn + hf(xn, yn), n = 0, 1, . . . .

❊①❡♠♣❧♦ ✷✳✹✳✶✳

❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❝♦♠ h = 0.1 ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦
❛♣r♦①✐♠❛❞❛ ❞♦ P❱■

y′ = x− y − 1, y(0) = 1,

♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ♦❜t❡♠♦s ♦s ✈❛❧♦r❡s ❞❡s❝r✐t♦s ♥❛ ❚❛❜❡❧❛ ✷✳✸✳
❈♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❛s ❚❛❜❡❧❛s ✷✳✶ ❡ ✷✳✸✱ ✈❡♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r

♠❡❧❤♦r❛❞♦ t❡♠ ❝❛♣t❛❞♦✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ ❝❛s❛ ❞❡❝✐♠❛❧ ❞❡ ♣r❡❝✐sã♦ q✉❛♥❞♦ h = 0.1✳
■st♦ é ✉♠ ✐♥❞✐❝❛t✐✈♦ ❞❡ q✉❡ ♦ ❡rr♦ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠
♦r❞❡♠ h2 ❡♥q✉❛♥t♦ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❡rr♦ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r t❡♠ ♦r❞❡♠
h✳ ◆❛ ❋✐❣✉r❛ ✷✳✺ ❡s❜♦ç❛♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✳✶ ❡ ❛ s♦❧✉çã♦
❛♣r♦①✐♠❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❝♦♠ h = 0.1✳ ❖ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦
❧♦❝❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ é O(h3)✳ ❊st❡ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❞❡ ❢♦r♠❛
s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ♥♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡
❊✉❧❡r✳

✶✼
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❚❛❜❡❧❛ ✷✳✸✿ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❝♦♠ h = 0.1 ❛♣❧✐❝❛❞♦ ❛♦ P❱■
❞♦ ❊①❡♠♣❧♦ ✷✳✹✳✶✳

n xn yn ❙♦❧✉çã♦ ❡①❛t❛ ❊rr♦ ❛❜s♦❧✉t♦
✶ ✵✳✶ ✵✳✽✶✺ ✵✳✽✶✹✺✶ ✵✳✵✵✵✹✾
✷ ✵✳✷ ✵✳✻✺✼✵✽ ✵✳✻✺✻✶✾ ✵✳✵✵✵✽✽
✸ ✵✳✸ ✵✳✺✷✸✻✺ ✵✳✺✷✷✹✺ ✵✳✵✵✶✷✵
✹ ✵✳✹ ✵✳✹✶✷✹✶ ✵✳✹✶✵✾✻ ✵✳✵✵✶✹✺
✺ ✵✳✺ ✵✳✸✷✶✷✸ ✵✳✸✶✾✺✾ ✵✳✵✵✶✻✹
✻ ✵✳✻ ✵✳✷✹✽✷✶ ✵✳✷✹✻✹✸ ✵✳✵✵✶✼✽
✼ ✵✳✼ ✵✳✶✾✶✻✸ ✵✳✶✽✾✼✻ ✵✳✵✵✶✽✼
✽ ✵✳✽ ✵✳✶✹✾✾✸ ✵✳✶✹✼✾✾ ✵✳✵✵✶✾✹
✾ ✵✳✾ ✵✳✶✷✶✻✽ ✵✳✶✶✾✼✶ ✵✳✵✵✶✾✼
✶✵ ✶ ✵✳✶✵✺✻✷ ✵✳✶✵✸✻✹ ✵✳✵✵✶✾✽

❋✐❣✉r❛ ✷✳✺✿ ❙♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✳✶ ❡ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❡❧♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❝♦♠ h = 0.1✳

✶✽



✷✳✹✳ ▼➱❚❖❉❖ ❉❊ ❊❯▲❊❘ ▼❊▲❍❖❘❆❉❖ ✭▼➱❚❖❉❖ ❉❊ ❍❊❯◆✮

✷✳✹✳✶ ❋♦r♠❛ ❛❧t❡r♥❛t✐✈❛

❖✉tr❛ ❢♦r♠❛ ❞❡ ♦❜t❡r ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ é ✉t✐❧✐③❛♥❞♦ ❛
❡q✉❛çã♦ ✭✷✳✹✮✳ ◆♦✈❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ y(xn+1) ♣❛r❛ ♦
P❱■ ✭✶✳✶✮✲✭✶✳✷✮ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r é

y∗n+1 = yn + hf(xn, yn).

❙❡❥❛ y = φ(x) ❛ s♦❧✉çã♦ ❞♦ P❱■ ✭✶✳✶✮✲✭✶✳✷✮✳ ❆ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r
♠❡❧❤♦r❛❞♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♣r♦①✐♠❛♥❞♦ ♦ ✐♥t❡❣r❛♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✹✮ ♣❡❧❛ ♠é❞✐❛
❞❡ s❡✉s ✈❛❧♦r❡s ♥❛s ❞✉❛s ❡①tr❡♠✐❞❛❞❡s✱ ❛ s❛❜❡r✱

φ(xn+1) = φ(xn) +

∫ xn+1

xn

[f(xn, φ(xn)) + f(xn+1, φ(xn+1))]

2
dx.

■ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❛♣r♦①✐♠❛r ❛ ár❡❛ ❡♠❜❛✐①♦ ❞❛ ❝✉r✈❛ ♥❛ ❋✐❣✉r❛ ✭✷✳✻✮ ❡♥tr❡ x = xn
❡ x = xn+1 ♣❡❧❛ ár❡❛ ❞♦ tr❛♣é③✐♦ s♦♠❜r❡❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ s❡ s✉❜st✐t✉✐♥❞♦ φ(xn) ❡
φ(xn+1) ♣❡❧♦s s❡✉s ✈❛❧♦r❡s r❡s♣❡❝t✐✈♦s yn ❡ yn+1✱ ♦❜t❡♠♦s

yn+1 = yn + h
f(xn, yn) + f(xn+1, yn+1)

2
. ✭✷✳✶✹✮

◆♦t❡ q✉❡ ❛ ✐♥❝ó❣♥✐t❛ yn+1 ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠ ❞♦s ❛r❣✉♠❡♥t♦s ❞❡ f ♥❛ ❡q✉❛çã♦ ✭✷✳✶✹✮✳
❙❡♥❞♦ ❛ss✐♠✱ yn+1 é ❞❡✜♥✐❞♦ ❞❡ ❢♦r♠❛ ✐♠♣❧í❝✐t❛✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ♥❛t✉r❡③❛ ❞❛ ❢✉♥çã♦
f ♣♦❞❡ s❡r ❜❡♠ ❞✐❢í❝✐❧ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ♣❛r❛ yn+1✳ ❊ss❛ ❞✐✜❝✉❧❞❛❞❡ ♣♦❞❡
s❡r s❛♥❛❞❛ s✉❜st✐t✉✐♥❞♦ yn+1✱ ❡♠ f(xn+1, yn+1)✱ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ♣♦r y∗n+1✳ ❉❡ss❛
❢♦r♠❛✱ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦

yn+1 = yn +
1

2
h[f(xn, yn) + f(xn+1, y

∗
n+1)].
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❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛

◆❛ ❙❡çã♦ ✷✳✶✳✶ ♠♦str❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛
❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✱ t♦♠❛♥❞♦✲s❡ t♦❞♦s ♦s t❡r♠♦s ❛té ♦ t❡r♠♦ ❡♠ h✳ P❡r❝❡❜❛ q✉❡ ❛ ❢ór✲
♠✉❧❛ ❞❡ ❚❛②❧♦r ❢♦r♥❡❝❡ ❛♣r♦①✐♠❛çõ❡s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❜♦❛s✱ ❝♦♥t❛♥t♦ q✉❡ ❝❛❧❝✉❧❡♠♦s
❛s ❞❡r✐✈❛❞❛s ♥❡❝❡ssár✐❛s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦s ♠ét♦❞♦s q✉❡ ✉s❛♠ ❛ ❢ór♠✉❧❛ ❞❡
❚❛②❧♦r ❛♣r❡s❡♥t❛♠ ♦ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ♦♣❡r❛r s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❝♦♠
❛s ❞❡r✐✈❛❞❛s ❞❛ ❢✉♥çã♦ f ✳ ❆q✉✐✱ ❛♣r❡s❡♥t❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡
✶❛ ❛ ✹❛ ♦r❞❡♠✱ ❝✉❥❛ ♣r❡❝✐sã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦s ♠ét♦❞♦s ❞❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✱ ♣♦ré♠
s❡♠ ♦ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ s❡ ❝❛❧❝✉❧❛r ❞❡r✐✈❛❞❛s✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠
❬✸❪✱ ❬✹❪✱ ❬✼❪✱ ❬✶✸❪✱ ❬✶✹❪ ❡ ❬✶✽❪✳

❇❛s✐❝❛♠❡♥t❡✱ t♦❞♦s ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❛ ❢ór♠✉❧❛
❞❡ ❊✉❧❡r ✭✷✳✷✮✱ ❡♠ q✉❡ ❛ ❢✉♥çã♦ ✐♥❝❧✐♥❛çã♦ f é s✉❜st✐t✉í❞❛ ♣♦r ✉♠❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛
❞❡ ✐♥❝❧✐♥❛çõ❡s ❛♦ ❧♦♥❣♦ ❞♦ ✐♥t❡r✈❛❧♦ xn ≤ x ≤ xn+1. ❖✉ s❡❥❛✱

yn+1 = yn + h

m
∑

k=1

wkck, ✭✸✳✶✮

❡♠ q✉❡ ♦s ♣❡s♦s wk✱ k = 1, 2, · · · ,m, sã♦ ❝♦♥st❛♥t❡s s❛t✐s❢❛③❡♥❞♦
m
∑

k=1

wk = 1✱ ❡

❝❛❞❛ ck✱ k = 1, 2, · · · ,m, é ❛ ❢✉♥çã♦ f ❛✈❛❧✐❛❞❛ ❡♠ ✉♠ ♣♦♥t♦ s❡❧❡❝✐♦♥❛❞♦ (x, y) t❛❧
q✉❡ xn ≤ x ≤ xn+1✳ ❖ ♥ú♠❡r♦ m é ❝❤❛♠❛❞♦ ❞❡ ♦r❞❡♠ ❞♦ ♠ét♦❞♦✳ ❆ ♠é❞✐❛
♥❛ ❡q✉❛çã♦ ✭✸✳✶✮ ♥ã♦ é ❢♦r♠❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛❧❡❛tór✐❛✱ ♠❛s s❡✉s ♣❛râ♠❡tr♦s sã♦
❡s❝♦❧❤✐❞♦s ❝♦♠♣❛r❛♥❞♦ ✭✸✳✶✮ ❝♦♠ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❚❛②❧♦r ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❣r❛✉ m✳

◆♦t❡ q✉❡ s❡ t♦♠❛r♠♦s m = 1✱ w1 = 1 ❡ c1 = f(xn, yn) ❡♠ ✭✸✳✶✮✱ ♦❜t❡♠♦s ❛
❢ór♠✉❧❛ ❞❡ ❊✉❧❡r yn+1 = yn+hf(xn, yn)✳ ❉✐③❡♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r
é ✉♠ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳
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✸✳✶ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

❋❛③❡♥❞♦ m = 2 ❡♠ ✭✸✳✶✮✱ t❡♠♦s

yn+1 = yn + h(w1c1 + w2c2). ✭✸✳✷✮

❈♦♥s✐❞❡r❡ c1 = f(xn, yn) ❡ c2 = f(xn+αh, yn+βhf(xn, yn))✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❡✈❡♠♦s
❡♥❝♦♥tr❛r w1, w2, α, ❡ β ❞❡ ♠♦❞♦ q✉❡ ✭✸✳✷✮ s❡❥❛ ✐❣✉❛❧ ❛♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❚❛②❧♦r ❞❡ y ❞❡
❣r❛✉ ✷✳ P❛r❛ ✐ss♦✱ ❡①♣❛♥❞❡✲s❡ c2 ♥✉♠❛ sér✐❡ ❞❡ ❚❛②❧♦r ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ ❡♠ t♦r♥♦
❞❡ (xn, yn)✱ ❛❜❛♥❞♦♥❛♥❞♦✲s❡ t♦❞♦s ♦s t❡r♠♦s ❛ ♣❛rt✐r ❞♦ t❡r♠♦ ❡♠ h2✱ ♦✉ s❡❥❛✱

c2 = f(xn, yn) + αh
∂f(xn, yn)

∂x
+ βhf(xn, yn)

∂f(xn, yn)

∂y
+O(h2). ✭✸✳✸✮

❆ ♣❛rt✐r ❞❛q✉✐✱ ✈❛♠♦s ❞❡s♣r❡③❛r ♦ r❡st♦ O(h2)✱ ♣♦✐s ❞❡s❡❥❛♠♦s q✉❡ ❡❧❡ s❡❥❛ s✉✜❝✐❡♥✲
t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♣❛r❛ ❞❡s❝♦♥s✐❞❡rá✲❧♦✳ ❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✮ ❡♠ ✭✸✳✷✮✱ ♦❜té♠✲s❡

yn+1 = yn + h[(w1 + w2)f(xn, yn)] + h2
[

w2α
∂f(xn, yn)

∂x

+ w2βf(xn, yn)
∂f(xn, yn)

∂y

]

. ✭✸✳✹✮

❆❣♦r❛✱ ❡①♣❛♥❞✐♥❞♦ y(x) ❡♠ t♦r♥♦ ❞❡ xn ❛té ♦ t❡r♠♦ ❡♠ h2✱ t❡♠♦s q✉❡

y(xn + h) = y(xn) +
h

1!
y′(xn) +

h2

2!
y′′(xn).

❈♦♠♦

y′(xn) = f(xn, y(xn)) ❡ y′′(xn) =
∂f(xn, y(xn))

∂x
+ f(xn, y(xn))

∂f(xn, y(xn))

∂y
,

❡♥tã♦

y(xn+h) = y(xn)+hf(xn, y(xn))+
h2

2!

[∂f(xn, y(xn))

∂x
+ f(xn, y(xn))

∂f(xn, y(xn))

∂y

]

.

✭✸✳✺✮
❈♦♠♦ xn + h = xn+1, ❢❛③❡♥❞♦ y(xn) = yn ❡♠ ✭✸✳✺✮ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r ♦s t❡♠♦s ❞❡
♠❡s♠❛ ♣♦tê♥❝✐❛✱ ❝♦♠ r❡❧❛çã♦ ❛ h✱ ❞❛s ❡q✉❛çõ❡s ✭✸✳✺✮ ❡ ✭✸✳✹✮✱ ♦✉ s❡❥❛✱

f(xn, yn) = (w1 + w2)f(xn, yn)

❡

1

2

[∂f(xn, yn)

∂x
+ f(xn, yn)

∂f(xn, yn)

∂y

]

=
[

w2α
∂f(xn, yn)

∂x
+w2βf(xn, yn)

∂f(xn, yn)

∂y

]

.

✷✷
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❉❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜té♠✲s❡ ♦ s✐st❡♠❛






w1 + w2 = 1
w2α = 1/2
w2β = 1/2

✭✸✳✻✮

❖ s✐st❡♠❛ ✸✳✻✱ ❝❧❛r❛♠❡♥t❡ ♣♦ss✉✐ ✐♥✜♥✐t❛s s♦❧✉çõ❡s✱ ✉♠❛ ✈❡③ q✉❡ é ❢♦r♠❛❞♦ ♣♦r
q✉❛tr♦ ✐♥❝ó❣♥✐t❛s ❡ três ❡q✉❛çõ❡s✱ ❡ ✉♠❛ ❞❛s ✐♥❝ó❣♥✐t❛s ♣♦❞❡ s❡r t♦♠❛❞❛ ❛r❜✐tr❛r✐✲
❛♠❡♥t❡✳ ❊s❝♦❧❤❡♥❞♦ w2 = 1/2, t❡♠✲s❡ w1 = 1/2✱ α = 1 ❡ β = 1✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦r
✭✸✳✷✮✱ t❡♠♦s

yn+1 = yn +
h

2
(c1 + c2),

❝♦♠♦ c1 = f(xn, yn)✱ c2 = f(xn + αh, yn + βhf(xn, yn)) ❡ xn + h = xn+1✱ ❡♥tã♦

yn+1 = yn +
h

2
[f(xn, yn) + f(xn+1, yn + hf(xn, yn))] .

❈♦♥s✐❞❡r❛♥❞♦ y∗n+1 = yn + hf(xn, yn)✱ t❡♠♦s q✉❡

yn+1 = yn +
h

2

[

f(xn, yn) + f(xn+1, y
∗
n+1)

]

✭✸✳✼✮

é ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ✈✐st♦ ♥❛ ❙❡çã♦ ✷✳✹✳ ❉✐③❡♠♦s q✉❡ ♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ é ✉♠ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳
➱ ♦❜✈✐♦ q✉❡ ♦ s✐st❡♠❛ ✭✸✳✻✮ ♣♦ss✐❜✐❧✐t❛ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ❞❡
❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ◆♦ ❡♥t❛♥t♦✱ t♦❞♦s ❡❧❡s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❡rr♦ ❧♦❝❛❧

❞❡ tr✉♥❝❛♠❡♥t♦✱ ♦✉ s❡❥❛✱
h3

3!
y′′′(γ), xn < γ < xn+1 ❡ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡♠ ♣r❡❝✐sã♦ ❛♦

♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

✸✳✷ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠

❖s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♦r❞❡♥s ♠❛✐s ❡❧❡✈❛❞❛s sã♦ ♦❜t✐❞♦s ❞❡ ♠♦❞♦ s❡✲
♠❡❧❤❛♥t❡ ❛♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❖✉ s❡❥❛✱ ♣❛r❛ ♦❜t❡r ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡
t❡r❝❡✐r❛ ♦r❞❡♠✱ ❢❛ç❛♠♦s m = 3 ❡♠ ✭✸✳✶✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s

yn+1 = yn + h(w1c1 + w2c2 + w3c3),

❡♠ q✉❡ c1✱ c2 ❡ c3 ❛♣r♦①✐♠❛♠ ❞❡r✐✈❛❞❛s ❡♠ ✈ár✐♦s ♣♦♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ [xn, xn+1]✱
❝♦♠

c1 = f(xn, yn),

c2 = f(xn + α1h, yn + β1hc1),

c3 = f(xn + α2h, yn + β2hc2 + (α2 − β2)hc1).

✷✸
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❆ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r w1, w2, w3, α1, α2, β1 ❡ β2✱ ❡①♣❛♥❞❡♠✲s❡ c2 ❡ c3 ♥✉♠❛ sér✐❡
❞❡ ❚❛②❧♦r ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❡♠ t♦r♥♦ ❞❡ (xn, yn)✳ ❆❧é♠ ❞✐ss♦✱ ❡①♣❛♥❞❡✲s❡ y(x) ♥✉♠❛
sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞❡ xn✳ Pr♦❝❡❞❡♥❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦
♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ só q✉❡ ❛❣♦r❛✱
❝♦♠♣❛r❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♠❡s♠❛ ♣♦tê♥❝✐❛ ❞❡ h ❛té h3✱ ❝❤❡❣❛✲s❡ ❛ ✉♠ s✐st❡♠❛
❝♦♠ ♠❛✐s ✐♥❝ó❣♥✐t❛s ❞♦ q✉❡ ❡q✉❛çõ❡s✱ q✉❡ t❛♠❜é♠ t❡rá ✐♥✜♥✐t❛s s♦❧✉çõ❡s✳ ◆ã♦
♥♦s ❛t❡♥t❛r❡♠♦s ❛ r❡s♦❧✉çã♦ ❞❡ t❛❧ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✳ P♦ré♠✱ ✐♥❢♦r♠❛♠♦s ❛♦
❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ q✉❡ ♦s ❝á❧❝✉❧♦s ❞❡st❛ r❡s♦❧✉çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✼❪✳ ❖s
♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ tê♠ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞❡ O(h4)
❡ ❢♦r♥❡❝❡♠ r❡s✉❧t❛❞♦s ❡①❛t♦s s❡ ❛ s♦❧✉çã♦ ❢♦r ✉♠❛ ❢✉♥çã♦ ❝ú❜✐❝❛✳

❖s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠✱ ♠❛✐s ♣♦♣✉❧❛r❡s✱ sã♦✿

yn+1 = yn +
h

6
[c1 + 4c2 + c3],

❡♠ q✉❡

c1 = f(xn, yn),

c2 = f(xn +
h

2
, yn +

h

2
c1),

c3 = f(xn + h, yn + 2hc2 − hc1),

❡

yn+1 = yn +
h

4
[c1 +

3

2
(c2 + c3)],

♦♥❞❡

c1 = f(xn, yn),

c2 = f(xn +
2

3
h, yn +

2

3
hc1),

c3 = f(xn +
2

3
h, yn +

2

3
hc2),

q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ◆②str♦♠✳

✸✳✸ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠

❉❡♥tr❡ t♦❞♦s ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛✱ ♦ ❞❡ q✉❛rt❛ ♦r❞❡♠ é ♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦
❡ ✉t✐❧✐③❛❞♦✳ ❊❧❡ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❝❧áss✐❝♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛✳
❈♦♥s✐❞❡r❛♥❞♦ m = 4 ❡♠ ✭✸✳✶✮✱ ♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❝♦♥s✐st❡
❡♠ ❡♥❝♦♥tr❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❢ór♠✉❧❛

yn+1 = yn + h(w1c1 + w2c2 + w3c3 + w4c4),

✷✹
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❝♦♠ ❛s ❝♦♥st❛♥t❡s c1✱ c2✱ c3 ❡ c4 ❞❛❞❛s ♣♦r✿

c1 = f(xn, yn),

c2 = f(xn + α1h, yn + β1hc1),

c3 = f(xn + α2h, yn + β2hc1 + β3hc2),

c4 = f(xn + α3h, yn + β4hc1 + β5hc2 + β6hc3).

❆♦ ♣r♦❝❡❞❡r ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡
s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦❜tê♠✲s❡ ✉♠ s✐st❡♠❛ ❝♦♠ ✶✶ ❡q✉❛çõ❡s ❡ ✶✸ ✐♥❝ó❣♥✐t❛s ❡✱ ❝♦♥s❡✲
q✉❡♥t❡♠❡♥t❡✱ ♣♦ss✉✐ ✐♥✜♥✐t❛s s♦❧✉çõ❡s✳ ❆ s♦❧✉çã♦ ♠❛✐s ❝♦♥❤❡❝✐❞❛ ❞❡st❡ ♠ét♦❞♦✱ ❞❡
❛❝♦r❞♦ ❝♦♠ ❇♦②❝❡ ❡ ❉✐Pr✐♠❛ ❬✹❪✱ é ❞❛❞❛ ♣♦r✿

yn+1 = yn +
h

6
[c1 + 2c2 + 2c3 + c4)],

❡♠ q✉❡

c1 = f(xn, yn),

c2 = f(xn +
h

2
, yn +

h

2
c1),

c3 = f(xn +
h

2
, yn +

h

2
c2),

c4 = f(xn + h, yn + hc3).

❊st❡ ♠ét♦❞♦ t❡♠ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ♣r♦♣♦r❝✐♦♥❛❧ ❛ h5✳ ❆ss✐♠✱ é ❞✉❛s
♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ♠❛✐s ♣r❡❝✐s♦ ❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ três ♦r❞❡♥s
❞❡ ❣r❛♥❞❡③❛ ♠❛✐s ♣r❡❝✐s♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

❊①❡♠♣❧♦ ✸✳✸✳✶✳

❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❝♦♠ h = 0.1 ♣❛r❛ ❡♥❝♦♥tr❛r
✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞♦ P❱■

y′ = x− y − 1, y(0) = 1,

♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ♦❜t❡♠♦s ♦s ✈❛❧♦r❡s ❞❡s❝r✐t♦s ♥❛ ❚❛❜❡❧❛ ✸✳✶✳
❆♥❛❧✐s❛♥❞♦ ❛ ❚❛❜❡❧❛ ✸✳✶✱ ❞❡s❝♦❜r✐♠♦s ♦ ♠♦t✐✈♦ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡

q✉❛rt❛ ♦r❞❡♠ s❡r tã♦ ♣♦♣✉❧❛r✳ P♦✐s✱ s❡ ❞❡s❡❥❛♠♦s ✉♠❛ s♦❧✉çã♦ ❝♦♠ ♣r❡❝✐sã♦ ❞❡
✺ ❝❛s❛s ❞❡❝✐♠❛✐s✱ ♦s r❡s✉❧t❛❞♦s ❞❛ ❚❛❜❡❧❛ ✸✳✶ ♥♦s ♠♦str❛♠ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦
r❡❞✉③✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳ ❆ ❝♦♠♣❛r❛çã♦ ❞♦ ❡rr♦ ❛❜s♦❧✉t♦ ♥❛s ❚❛❜❡❧❛s ✷✳✶✱ ✷✳✸ ❡
✸✳✶✱ ✐❧✉str❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉t❛ s♦❜r❡ ♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r ❡ ❊✉❧❡r
♠❡❧❤♦r❛❞♦✳ ❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ❛ ♣♦❧✐❣♦♥❛❧ ❞❛ s♦❧✉çã♦ ❞♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✸✳✸✳✶✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❘✉❣❣✐❡r♦ ❬✶✹❪✱ ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛✱ ❛♣❡s❛r ❞❡ s❡r❡♠ ❛✉t♦✲
✐♥✐❝✐á✈❡✐s ✭♣♦✐s sã♦ ❞❡ ♣❛ss♦ s✐♠♣❧❡s✮ ❡ ♥ã♦ tr❛❜❛❧❤❛r❡♠ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ❞❡ f(x, y)✱
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❚❛❜❡❧❛ ✸✳✶✿ ❘❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹❛ ♦r❞❡♠ ❝♦♠ h = 0.1 ❛♣❧✐✲
❝❛❞♦ ❛♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✸✳✸✳✶✳

n xn yn ❙♦❧✉çã♦ ❡①❛t❛ ❊rr♦ ❛❜s♦❧✉t♦
✶ ✵✳✶ ✵✳✽✶✹✺✶ ✵✳✽✶✹✺✶ ✵✳✵✵✵✵✵
✷ ✵✳✷ ✵✳✻✺✻✶✾ ✵✳✻✺✻✶✾ ✵✳✵✵✵✵✵
✸ ✵✳✸ ✵✳✺✷✷✹✻ ✵✳✺✷✷✹✺ ✵✳✵✵✵✵✶
✹ ✵✳✹ ✵✳✹✶✵✾✻ ✵✳✹✶✵✾✻ ✵✳✵✵✵✵✵
✺ ✵✳✺ ✵✳✸✶✾✺✾ ✵✳✸✶✾✺✾ ✵✳✵✵✵✵✵
✻ ✵✳✻ ✵✳✷✹✻✹✹ ✵✳✷✹✻✹✸ ✵✳✵✵✵✵✶
✼ ✵✳✼ ✵✳✶✽✾✼✻ ✵✳✶✽✾✼✻ ✵✳✵✵✵✵✵
✽ ✵✳✽ ✵✳✶✹✼✾✾ ✵✳✶✹✼✾✾ ✵✳✵✵✵✵✵
✾ ✵✳✾ ✵✳✶✶✾✼✶ ✵✳✶✶✾✼✶ ✵✳✵✵✵✵✵
✶✵ ✶ ✵✳✶✵✸✻✹ ✵✳✶✵✸✻✹ ✵✳✵✵✵✵✵

❋✐❣✉r❛ ✸✳✶✿ ❙♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■ ❞♦ ❊①❡♠♣❧♦ ✸✳✸✳✶ ❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❡❧♦
♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹❛ ♦r❞❡♠ ❝♦♠ h = 0.1✳

❛♣r❡s❡♥t❛♠ ❛ ❞❡s✈❛♥t❛❣❡♠ ❞❡ ♥ã♦ ❤❛✈❡r ♣❛r❛ ❡❧❡s ✉♠❛ ❡st✐♠❛t✐✈❛ s✐♠♣❧❡s ♣❛r❛ ♦
❡rr♦✱ ♦ q✉❡ ✐♥❝❧✉s✐✈❡ ♣♦❞❡r✐❛ ❛❥✉❞❛r ♥❛ ❡s❝♦❧❤❛ ❞♦ ♣❛ss♦ h✳ ◆♦ ❡♥t❛♥t♦✱ ❡①✐st❡♠
❛❧❣✉♠❛s ❛❞❛♣t❛çõ❡s ❞♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ q✉❡ sã♦ ✉s❛❞❛s ♣❛r❛ ❛ ❡st✐♠❛t✐✈❛
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❞❡ ❡rr♦ ❡ ❝♦♥tr♦❧❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ h✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❡st✐♠❛t✐✈❛ ❞♦ ❡rr♦
♥♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✼❪✳

❉✐✈❡rs♦s ♦✉tr♦s ❝♦♥❝❡✐t♦s ♣♦❞❡♠ s❡♠ ✉t✐❧✐③❛❞♦s ♥♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s
♣❛r❛ ❊❉❖✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥❝❡✐t♦s ❝♦♠♦ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❝♦♥s✐stê♥❝✐❛
sã♦ ✐♠♣♦rt❛♥t❡s ♥❛ ❛♥á❧✐s❡ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠ét♦❞♦✳ ◆ã♦ ❡①♣❧♦r❛♠♦s t❛✐s ❝♦♥✲
❝❡✐t♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ❝♦♥t✉❞♦ ✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✼❪ ❡ ❬✶✵❪ ❛♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦
❡♠ ❛♣r♦❢✉♥❞❛r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❊❉❖✳
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❈❛♣ít✉❧♦ ✹

❆♣♣❧❡t ♥♦ ●❡♦❣❡❜r❛ ♣❛r❛ s♦❧✉çõ❡s

♥✉♠ér✐❝❛s ❞❡ P❱■s

❘❡❛❧✐③❛r ❝á❧❝✉❧♦s✱ ❞❡ ❢♦r♠❛ ♠❛♥✉❛❧✱ ❞♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡
❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ é t❡❞✐♦s♦ ❡ ♦♥❡r♦s♦✳ ❈♦♥t✉❞♦✱ ❡st❡s ♠ét♦❞♦s ♣♦❞❡♠
s❡r ✐♠♣❧❡♠❡♥t❛❞♦s✱ ❛tr❛✈és ❞❡ r♦t✐♥❛s✱ ❡♠ ❞✐✈❡rs♦s s♦❢t✇❛r❡s✱ t❛✐s ❝♦♠♦ ▼❛♣❧❡✱ ▼❛✲
t❧❛❜✱ ▼❛①✐♠❛ ❡ ▼❛t❤❡♠❛t✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱ é ♥❡❝❡ssár✐♦ t❡r ♥♦çõ❡s ❞❡ ♣r♦❣r❛♠❛çã♦
♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ t❛✐s ♠ét♦❞♦s ♥♦s r❡❢❡r✐❞♦s s♦❢t✇❛r❡s✳ ◆❡st❡ ❈❛♣ít✉❧♦ é
❛♣r❡s❡♥t❛❞♦ ✉♠ ❛♣♣❧❡t q✉❡ ❞❡ ❢♦r♠❛ ✐♥t❡r❛t✐✈❛ ❡ ❞✐♥â♠✐❝❛ ❢♦r♥❡❝❡ ❛ s♦❧✉çã♦ ❡①❛t❛
❞❡ ✉♠ P❱■✱ ❜❡♠ ❝♦♠♦ ❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ♠ét♦❞♦ ❞❡ ❊✉✲
❧❡r ♠❡❧❤♦r❛❞♦ ❡ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳ ❖ ❛♣♣❧❡t t❛♠❜é♠
❡①✐❜❡ ♦ ❡rr♦ ❛❜s♦❧✉t♦ ❡ ❛ ♣♦❧✐❣♦♥❛❧ ❞❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❝❛❞❛ ♠ét♦❞♦✳ ❆❧é♠
❞✐ss♦✱ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r q✉❛❧ s♦❧✉çã♦ s❡ q✉❡r ❡①✐❜✐r ♦✉ ❛té ♠❡s♠♦ t♦❞❛s ❡❧❛s✳ ❖
❛♣♣❧❡t ❢♦✐ ❝r✐❛❞♦ ♥♦ s♦❢t✇❛r❡ ❞❡ ❣❡♦♠❡tr✐❛ ❞✐♥â♠✐❝❛ ●❡♦❣❡❜r❛ ✺✳✵ ❡ ❡stá ❞✐s♣♦♥í✈❡❧
❡♠ ❤tt♣s✿✴✴❣❡♦❣❡❜r❛✳♦r❣✴♠✴①❚③✾❈❛❘❨✳

✹✳✶ ❖ ●❡♦❣❡❜r❛

❖ ●❡♦❣❡❜r❛ é ✉♠ s♦❢t✇❛r❡ ❞❡ ▼❛t❡♠át✐❝❛ ❞✐♥â♠✐❝❛✱ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠
s✐t✉❛çõ❡s ❞❡ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ♠❛t❡♠át✐❝❛ ❡♠ t♦❞♦s ♦s ♥í✈❡✐s ❞❡ ❡♥s✐♥♦✳ ❊❧❡
♣♦ss✉✐ ❛ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞❡ s❡r ❣r❛t✉✐t♦ ❡ ✉t✐❧✐③❛r ♠ú❧t✐♣❧❛s r❡♣r❡s❡♥t❛çõ❡s ❣rá✜❝❛s
❞❡ ♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s✳ ❈♦♠ ♦ ●❡♦❣❡❜r❛ é ♣♦ssí✈❡❧ ❝♦♠❜✐♥❛r ❣❡♦♠❡tr✐❛✱ á❧❣❡❜r❛✱
t❛❜❡❧❛s✱ ❣rá✜❝♦s✱ ❡st❛tíst✐❝❛ ❡ ❝á❧❝✉❧♦ ♥✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦✳ ❖ ●❡♦❣❡❜r❛ s✉r❣✐✉ ❡♠
✷✵✵✶ ❛ ♣❛rt✐r ❞❛ ❚❡s❡ ❞❡ ▼❛r❦✉s ❍♦❤❡♥✇❛rt❡r ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙❛❧③❜✉r❣♦✳ P❛r❛
❉♦✇♥❧♦❛❞ ❞♦ ●❡♦❣❡❜r❛ ❛❝❡ss❡ ❤tt♣s✿✴✴❣❡♦❣❡❜r❛✳♦r❣✳

❊st❡ ❝❛♣ít✉❧♦ ♥ã♦ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❡♥s✐♥❛r ❛ ✉t✐❧✐③❛r ♦ ●❡♦❣❡❜r❛ ❡ t❛♠♣♦✉❝♦
s❡r✈✐r ❞❡ ♠❛♥✉❛❧ ♣❛r❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠❡s♠♦✳ ❖ ♣r♦♣ós✐t♦ ❛q✉✐ é ❛♣r❡s❡♥t❛r ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❝♦♠❛♥❞♦s ❡ ❛çõ❡s ✈✐❛ t❡❝❧❛❞♦ ❡ ♠♦✉s❡ ♥❛ ✐♥t❡r❢❛❝❡ ❞♦ ●❡♦❣❡❜r❛ ❞❡ ♠♦❞♦
❛ ♣r♦❞✉③✐r ✉♠ ♠❛t❡r✐❛❧ ✐♥t❡r❛t✐✈♦ ❡ ❞✐❞át✐❝♦✱ ❝♦♠ ✉♠❛ ❜♦❛ ❛♣❛rê♥❝✐❛✱ ❢❛❝✐❧✐❞❛❞❡ ❞❡
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✉s♦ ❡ q✉❡ ❛♣r❡s❡♥t❛ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ P❱■s ❛ ♣❛rt✐r ❞❡ três ♠ét♦❞♦s ♥✉♠ér✐❝♦s
❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳

✹✳✷ ❯s♦ ❞♦ ❛♣♣❧❡t

❉❡ ❛❝♦r❞♦ ❝♦♠ ❉❡✐t❡❧ ❬✶✶❪✱ ❛♣♣❧❡t é ✉♠ s♦❢t✇❛r❡ q✉❡ é ❡①❡❝✉t❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡
♦✉tr♦ ♣r♦❣r❛♠❛✳ ●❡r❛❧♠❡♥t❡✱ ♦s ❛♣♣❧❡ts ❛♣r❡s❡♥t❛♠ ❛❧❣✉♠ t✐♣♦ ❞❡ ✐♥t❡r❢❛❝❡ ♣❛r❛
✉s✉ár✐♦ ❡ ♣♦ss✉❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r❡♠ ❡①❡❝✉t❛❞♦s ❞✐r❡t❛♠❡♥t❡ ❡♠ ✉♠❛ ♣á❣✐♥❛
✇❡❜✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❝❛r❛❝t❡r✐③❛♠ ♣♦r✿

• ❙❡r❡♠ ♣r♦❣r❛♠❛s r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡♥♦s❀

• ❙❡r❡♠ ❝♦♥✜❣✉rá✈❡✐s❀

• ❙❡r❡♠ ✐♥t❡r❛t✐✈♦s❀

• ◆❛ s✉❛ ♠❛✐♦r✐❛✱ ❡st❛r❡♠ ❞✐s♣♦♥í✈❡✐s ♥❛ ✐♥t❡r♥❡t ❣r❛t✉✐t❛♠❡♥t❡✳

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❛♣♣❧❡ts sã♦ ♣r♦❣r❛♠❛s ❧❡✈❡s✱ ♥❡❝❡ss✐t❛♠ ❞❡ ♣♦✉❝♦ t❡♠♣♦ ♣❛r❛ ❝❛r✲
r❡❣❛r ♥♦ ❝♦♠♣✉t❛❞♦r✱ ♥♦t❡❜♦♦❦✱ s♠❛rt♣❤♦♥❡ ♦✉ t❛❜❧❡t ❡ sã♦ ❞❡ ❢á❝✐❧ ✉t✐❧✐③❛çã♦✳

❉✐✈❡rs❛s ♣❡sq✉✐s❛s s♦❜r❡ ♦ ✉s♦ ❞❡ ❛♣♣❧❡ts ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ▼❛t❡♠át✐❝❛✱ t❛♠❜é♠
❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ▼❛t❤❧❡ts✶✱ tê♠ s✐❞♦ r❡❛❧✐③❛❞❛s ✭❬✷❪✱ ❬✺❪✱ ❬✶✺❪✱ ❬✶✼❪✮✳ ❉❡ ❛❝♦r❞♦ ❝♦♠
❇❛r❝❡❧♦s ❡t ❛❧✳ ❬✷❪✱ ♦ ✉s♦ ❝♦rr❡t♦ ❞♦s ❛♣♣❧❡ts ♥❛s ❛✉❧❛s ❞❡ ▼❛t❡♠át✐❝❛ ♣❡r♠✐t❡ ✐♥✈❡s✲
t✐❣❛çõ❡s ❡ ❡①♣❡r✐♠❡♥t❛çõ❡s✱ ♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ ♦ ❡st❛❜❡❧❡❝✐♠❡♥t♦ ❞❡ ❝♦♥❥❡❝t✉r❛s s♦❜r❡
❞❡t❡r♠✐♥❛❞♦ ❝♦♥❝❡✐t♦ ❡ ❛ ❝♦♥str✉çã♦ ❞♦ ♠❡s♠♦✱ ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡✳ ❆♦ ❣❡r❛r ✉♠
❛♣♣❧❡t ❡ ❛ s❡q✉ê♥❝✐❛ ❞✐❞át✐❝❛ ♣❛r❛ ✉s♦ ❞❡st❡ r❡❝✉rs♦✱ ♦ ♣r♦❢❡ss♦r t❛♠❜é♠ ❝♦♥stró✐
❝♦♥❤❡❝✐♠❡♥t♦s✱ ♦ q✉❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ s✉❛ ♣rát✐❝❛ ❞♦❝❡♥t❡ ✭❙❛♥t♦s✱ ❬✶✺❪✮✳ ❉❡ss❛ ❢♦r♠❛✱
é ✐♠♣♦rt❛♥t❡ q✉❡ ♦ ♣r♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛ t❡♥❤❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡
❛♣r❡♥❞❡r ❛ ❡❧❛❜♦r❛r ❡ ♠♦❞✐✜❝❛r ❛♣♣❧❡ts✱ ✉t✐❧✐③❛♥❞♦ ❛♠❜✐❡♥t❡s ❞❡ ▼❛t❡♠át✐❝❛ ❞✐♥â✲
♠✐❝❛ ♦✉ ♦✉tr♦s r❡❝✉rs♦s✳

❆♦ ✐♥✐❝✐❛r ♦s ❡st✉❞♦s ❡ ♣❡sq✉✐s❛s✱ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ r❡❢❡r❡♥t❡ ❛♦s
♠ét♦❞♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛✱ ♣❡r❝❡❜❡♠♦s ❛
♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❞✐❞át✐❝❛✱ ✐♥t❡r❛t✐✈❛✱ ❞✐♥â♠✐❝❛ ❡ ❝♦♠ ✉♠❛ ✐♥t❡r❢❛❝❡
❛❣r❛❞á✈❡❧✱ q✉❡ ♣✉❞❡ss❡ ❝♦❧❛❜♦r❛r ♣❛r❛ ♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ t❛✐s ♠ét♦❞♦s✳
❋♦✐ ❡♥tã♦ q✉❡ s✉r❣✐✉ ❛ ✐❞❡✐❛ ❞❡ s❡ ❝r✐❛r ✉♠ ❛♣♣❧❡t ♥♦ s♦❢t✇❛r❡ ●❡♦❣❡❜r❛✱ ✉♠❛ ✈❡③
q✉❡ ♦ ●❡♦❣❡❜r❛ ♣❡r♠✐t❡ ❛ ❝♦♥str✉çã♦ ❞❡ ❛♣♣❧❡ts ❞✐s♣❡♥s❛♥❞♦ ❝♦♥❤❡❝✐♠❡♥t♦s ♣ré✈✐♦s
❞❡ ♣r♦❣r❛♠❛çã♦✱ é ❞❡ ❢á❝✐❧ ♠❛♥✐♣✉❧❛çã♦ ❡ ❝♦♥✜❣✉r❛çã♦ ❡ ❞✐s♣õ❡ ❞❡ ✉♠❛ ♣á❣✐♥❛
✇❡❜ ♦♥❞❡ ♦s ❛♣♣❧❡ts ✜❝❛♠ ❤♦s♣❡❞❛❞♦s✳ ◆❛ ❙❡çã♦ ✹✳✸ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦ ❛♣♣❧❡t

✶❯♠▼❛t❤❧❡t é ✉♠❛ ♣❡q✉❡♥❛ ♣❧❛t❛❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ✐♥t❡r❛t✐✈❛ ♣❛r❛ ♦ ❡♥s✐♥♦ ❞❡ ▼❛t❡♠át✐❝❛✳
P♦r ❡st❛ ❞❡✜♥✐çã♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❧✐❝❛çõ❡s ❞❡s❡♥✈♦❧✈✐❞❛s ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣❛r❛ ❛ ✐♥t❡r♥❡t ♦✉
♥ã♦✱ ❡♠ q✉❛❧q✉❡r ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦✱ ❡♠ q✉❛❧q✉❡r ♣❧❛t❛❢♦r♠❛✳ ✭❙❆◆❚❖❙✱ ✷✵✵✽✱ ♣✳✶✻✮✳
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✐♥t✐t✉❧❛❞♦▼ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❊❉❖ ✭❋✐❣✉r❛ ✹✳✶✮ ❢♦✐ ❝♦♥str✉í❞♦✳ ❆ ✈❛♥t❛❣❡♠ ❞❡
❝♦♥❤❡❝❡r ❝♦♠♦ é ❢❡✐t❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❛♣♣❧❡t é ♣♦❞❡r ❢❛③❡r ♠♦❞✐✜❝❛çõ❡s q✉❡ ❢♦r❡♠
❝♦♥✈❡♥✐❡♥t❡s ♣❛r❛ q✉❡♠ q✉❡r ✉t✐❧✐③á✲❧♦ ♥♦ ❡♥s✐♥♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❊❉❖s
❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❖✉ s❡❥❛✱ ❞♦ ❛♣♣❧❡t ❛♣r❡s❡♥t❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡♠ ❞❡r✐✈❛r
❞✐✈❡rs❛s ♦✉tr❛s ✈❡rsõ❡s ♠❛✐s s♦✜st✐❝❛❞❛s✳

◆♦ ❛♣♣❧❡t ❞❛ ❋✐❣✉r❛ ✹✳✶✱ ✉♠ ✉s✉ár✐♦ ❡♥tr❛ ❝♦♠ ✉♠❛ ❊❉❖ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠
y′ = f(x, y) ❡ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ (x0, y0)✱ ❡♥tã♦✱ ❛♦ ♣r❡ss✐♦♥❛r ❊♥t❡r ❛ s♦❧✉çã♦
❡①❛t❛ ❞♦ P❱■ s✉r❣✐rá ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ❖ ✉s✉ár✐♦ ♣♦❞❡ ♦♣t❛r ♣♦r ✈✐s✉❛❧✐③❛r
❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞♦ P❱■ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ♦✉ ❘✉♥❣❡✲
❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡ ♣♦❞❡ ❡s❝♦❧❤❡r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ h✳ ❈♦♠♦
r❡s♣♦st❛✱ ♦ ✉s✉ár✐♦ ✈✐s✉❛❧✐③❛rá ❛ ♣♦❧✐❣♦♥❛❧✱ ❝♦♠ ❞❡③ ♣❛ss♦s✱ ❞♦ ♠ét♦❞♦ s❡❧❡❝✐♦♥❛❞♦ ❡
✉♠❛ t❛❜❡❧❛ ❝♦♥t❡♥❞♦ ❛s s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s✱ ❛s s♦❧✉çõ❡s ❡①❛t❛s ❡ ♦s ❡rr♦ ❛❜s♦❧✉t♦s✳
❊s❝♦❧❤❡♠♦s ❡①✐❜✐r ❞❡③ ♣❛ss♦s✱ ♣♦r ❛❝r❡❞✐t❛r q✉❡✱ ❞✐❞❛t✐❝❛♠❡♥t❡✱ ❡ss❛ q✉❛♥t✐❞❛❞❡ s❡❥❛
s✉✜❝✐❡♥t❡ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦s ♠ét♦❞♦s ❡ ♦ t❛♠❛♥❤♦ ❞♦
♣❛ss♦ h✳ ❉✉r❛♥t❡ ❛ ❝♦♥str✉çã♦ ❞♦ ❛♣♣❧❡t é ♣♦ssí✈❡❧ ❛❧t❡r❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛ss♦s
q✉❡ s❡ q✉❡r ❡①✐❜✐r✳

❋✐❣✉r❛ ✹✳✶✿ ❆♣♣❧❡t✿ ▼ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❊❉❖✳ ❉✐s♣♦♥í✈❡❧ ❡♠ ❤tt♣s✿✴✴

❣❡♦❣❡❜r❛✳♦r❣✴♠✴①❚③✾❈❛❘❨✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ♥ã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞✐❞át✐❝❛ q✉❡
✉t✐❧✐③❡ ♦ ❛♣♣❧❡t ♥♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ♣❛ss♦ s✐♠♣❧❡s✳
❈♦♥t✉❞♦✱ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ❝r✐❛r ❛t✐✈✐❞❛❞❡s q✉❡ ♣❡r♠✐t❛♠ ♦ ✉s♦ ❞♦ ❛♣❧❧❡t ❞❡ ❢♦r♠❛
❞✐❞át✐❝❛✱ ❧ú❞✐❝❛ ❡ ❞✐♥â♠✐❝❛✳ P♦r ❡①❡♠♣❧♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ❛♣♣❧❡t✱ ♣♦❞❡♠ s❡r tr❛❜❛❧❤❛❞❛s
❛t✐✈✐❞❛❞❡s q✉❡ ❜✉s❝❛♠✿ r❡❧❛❝✐♦♥❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ♦s ❡rr♦s ❣❡r❛❞♦s ♣❡❧♦s
♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❢❛❝✐❧✐t❛r ❛ ❝♦♥❝❡♣çã♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ✈✐s✉❛❧ ❞♦s ♠ét♦❞♦s ❞❡

✸✵



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❊✉❧❡r ❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ❝♦♠♣r❡❡♥❞❡r ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦s ♠ét♦❞♦s ❡ ❝♦♠♣❛r❛r
❛s ♣r❡❝✐sõ❡s ❞♦s ♠❡s♠♦s ♣❛r❛ ✉♠ ♣❛ss♦ ❞❡ t❛♠❛♥❤♦ ✜①♦✳

✹✳✸ ❈♦♥str✉çã♦ ❞♦ ❛♣♣❧❡t

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ r♦t❡✐r♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❛♣♣❧❡t✳

✹✳✸✳✶ P❛ss♦ ✶ ✲ ❈r✐❛♥❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡

❆♦ ❛❜r✐r ♦ ●❡♦❣❡❜r❛✱ ♥❛ ❜❛rr❛ ❞❡ ♠❡♥✉s✱ s❡❧❡❝✐♦♥❡ ❛ ♦♣çã♦ ❊①✐❜✐r ❡ ❡♠ s❡❣✉✐❞❛
❛ ♦♣çã♦ P❧❛♥✐❧❤❛ ✭❋✐❣✉r❛ ✹✳✷✮✳

❋✐❣✉r❛ ✹✳✷✿ ❊①✐❜✐♥❞♦ ❛ ♣❧❛♥✐❧❤❛✳

❆♣ós ❛ ♣❧❛♥✐❧❤❛ ❛♣❛r❡❝❡r✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡♠ q✉❛❧q✉❡r
❝é❧✉❧❛✱ ❡♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ♥❛ ♦♣çã♦ ❡ ❞❡♣♦✐s ❞❡s♠❛rq✉❡ ❛ ♦♣çã♦

✳
❆❣♦r❛✱ ❞✐❣✐t❡ ♥❛ ❝é❧✉❧❛ A2 ♦ ♣♦♥t♦ (0, 1)✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✹✳✸✳

✸✶



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✸✿ ❈r✐❛♥❞♦ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳

❆♣ós ♣r❡ss✐♦♥❛r ❊♥t❡r ♦ ♣♦♥t♦ A2 s✉r❣✐rá ♥❛s ❥❛♥❡❧❛s ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❞❡ á❧✲

❣❡❜r❛✳ ❊♠ s❡❣✉✐❞❛✱ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ ❝❧✐q✉❡ ♥❛ ❢❡rr❛♠❡♥t❛ ❈♦♥tr♦❧❡
❉❡s❧✐③❛♥t❡✳ ❆♦ ❝❧✐❝❛r ❡♠ q✉❛❧q✉❡r ❧✉❣❛r ❞❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ s✉r❣✐rá ✉♠❛ ❝❛✐①❛
♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ❞♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✳ ❈♦♥✜❣✉r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ ❋✐❣✉r❛ ✹✳✹✳ ❆♣ós ♣r❡ss✐♦♥❛r ❖❑✱ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❛♣❛r❡❝❡rá ♥❛ ❥❛♥❡❧❛ ❞❡
✈✐s✉❛❧✐③❛çã♦ ✭❋✐❣✉r❛ ✹✳✺✮✳

❋✐❣✉r❛ ✹✳✹✿ ❈♦♥✜❣✉r❛♥❞♦ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✳

✸✷



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✺✿ ❈♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ h✳

✹✳✸✳✷ P❛ss♦ ✷ ✲ ❖❜t❡♥❞♦ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ P❱■

◆♦ ❈❛♠♣♦ ❞❡ ❊♥tr❛❞❛✱ ❞✐❣✐t❡ ❛ ❊❉❖ y′ = y ∗ cos(x)✳ ❊♠ s❡❣✉✐❞❛✱ ❞✐❣✐t❡ g(x) =
ResolverEDO[y′, A2]✳ ❆ s♦❧✉çã♦ ❡①❛t❛ g(x) ❛♣❛r❡❝❡rá ♥❛ ❥❛♥❡❧❛ ❞❡ á❧❣❡❜r❛ ❡ s❡✉
❣rá✜❝♦ s✉r❣✐rá ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✹✳✻✳ ❊s❝♦❧❤❡♠♦s ❛ ❊❉❖
y′ = y ∗ cos(x) ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ❝♦♥t✉❞♦ ♥❛ ❝♦♥str✉çã♦ ♣♦❞❡ s❡r ✉s❛❞❛ q✉❛❧q✉❡r
♦✉tr❛ ❊❉❖ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

❋✐❣✉r❛ ✹✳✻✿ ❙♦❧✉çã♦ ❡①❛t❛✳

✸✸



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

✹✳✸✳✸ P❛ss♦ ✸ ✲ ■♠♣❧❡♠❡♥t❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r

❈♦♠ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ✜①❛❞♦ ❡♠ h = 0, 51✱ ❞✐❣✐t❡ ♥❛ ❝é❧✉❧❛ ❆✶ ❞❛ ♣❧❛♥✐❧❤❛ ❛
♣❛❧❛✈r❛ P♦♥t♦s✳ ◆❛ ❝é❧✉❧❛ ❆✸✱ ❡♥tr❡ ❝♦♠ ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r (x(A2) +
h, y(A2) + h ∗ y′(x(A2), y(A2))) ✭❋✐❣✉r❛ ✹✳✼✮✳

❋✐❣✉r❛ ✹✳✼✿ ▼ét♦❞♦ ❞❡ ❊✉❧❡r✳

❆❣♦r❛✱ ❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ✭❝❛♥t♦ ✐♥❢❡r✐♦r ❞✐r❡✐t♦ ❞❛ ❝é❧✉❧❛✮ ❞❛ ❝é❧✉❧❛
❆✸ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❆✶✷✳ ◆♦t❡ q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s s✉r❣✐rá ♥❛ ❥❛♥❡❧❛
❞❡ ✈✐s✉❛❧✐③❛çã♦ ✭❋✐❣✉r❛ ✹✳✽✮✳

❋✐❣✉r❛ ✹✳✽✿ P♦♥t♦s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

❙❡❧❡❝✐♦♥❡ ❞❛ ❝é❧✉❧❛ ❆✷ ❛té ❛ ❝é❧✉❧❛ ❆✶✷✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡

❝❧✐q✉❡ ♥❛ ♦♣çã♦ ✱ ♣❛r❛ q✉❡ ♦s rót✉❧♦s ❞♦s ♣♦♥t♦s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐✲
③❛çã♦ ❞❡s❛♣❛r❡ç❛♠✳ Pr❡ss✐♦♥❛♥❞♦ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ♥❛s ❝é❧✉❧❛s s❡❧❡❝✐♦♥❛❞❛s✱
❝❧✐❝❛♥❞♦ ❡♠ Pr♦♣r✐❡❞❛❞❡s ❡ ❡♠ s❡❣✉✐❞❛ ♥❛ ❛❜❛ ❈♦r é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ❛ ❝♦r ❞♦s ♣♦♥✲
t♦s✳ ❖s ♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛ ❡s❝♦♥❞❡r ♦ rót✉❧♦ ❡ ♣❛r❛ ❡s❝♦❧❤❡r ❛ ❝♦r sã♦ r❡❛❧✐③❛❞♦s
❞❡ ✐❣✉❛❧ ❢♦r♠❛ ♣❛r❛ q✉❛❧q✉❡r ♦❜❥❡t♦ ❞♦ ●❡♦❣❡❜r❛✳ ❊s❝♦❧❤❡♠♦s ❛ ❝♦r ❛③✉❧ ♣❛r❛ ♦s
♣♦♥t♦s ❆✷✱ ❆✸✱ . . . , ❆✶✷✳

❆❣♦r❛✱ ❞✐❣✐t❡ ♥♦ ❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛ ♦ ❝♦♠❛♥❞♦CaminhoPoligonal[A2, A3, A4, A5,
A6, A7, A8, A9, A10, A11, A12]✳ ❊st❡ ❝♦♠❛♥❞♦ ❝r✐❛ ✉♠❛ ♣♦❧✐❣♦♥❛❧ ❞♦s ♣♦♥t♦s ❆✷✱

✸✹



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❆✸✱ . . . , ❆✶✷✳ ❉❡♣♦✐s ♠✉❞❡ ❛ ❝♦r ❞♦ ❝❛♠✐♥❤♦ ♣♦❧✐❣♦♥❛❧ ♣❛r❛ ❛ ♠❡s♠❛ ❝♦r ❞♦s
♣♦♥t♦s✱ ✈❡❥❛ ❋✐❣✉r❛ ✹✳✾✳

❋✐❣✉r❛ ✹✳✾✿ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

❆♦ ♠♦✈❡r ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ ♣♦❧✐❣♦♥❛❧ ❞❡ ❊✉❧❡r ♠✉❞❛
❝♦♥❢♦r♠❡ ♦s ✈❛❧♦r❡s ❞❡ h s❡ ❛❧t❡r❛♠✳

✹✳✸✳✹ P❛ss♦ ✹ ✲ ❈r✐❛♥❞♦ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r

◆❛ ♣❧❛♥✐❧❤❛✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❇✶ ❞❡ n ❡ ♥❛s ❝é❧✉❧❛s ❇✷✿❇✶✷ ❞✐❣✐t❡ 0, 1, . . . , 10✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ s❡❣✉✐❞❛✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❈✶ ❞❡ xn ❡ ♥❛ ❝é❧✉❧❛ ❈✷ ❞✐❣✐t❡ x(A2)✳
▲♦❣♦ ❛♣ós✱ ❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❈✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❈✶✷✳
◆♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❉✶ ❝♦♠♦ ❊✉❧❡r s♦❧✉çã♦ ❡ ♥❛ ❝é❧✉❧❛ ❉✷ ❞✐❣✐t❡ y(A2)✳ ▲♦❣♦ ❛♣ós✱
❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❉✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❉✶✷✳ ❊♥tr❡
❝♦♠ ♦ t❡①t♦ ❙♦❧✉çã♦ ❡①❛t❛ ♥❛ ❝é❧✉❧❛ ❊✶✱ ♥❛ ❝é❧✉❧❛ ❊✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ g(x(A2))✱
❡♠ s❡❣✉✐❞❛✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ♣❛r❛ ❛s ❞❡♠❛✐s ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛ ❊ ❛té ❛ ❝é❧✉❧❛ ❊✶✷✳
❉✐❣✐t❡ ♦ t❡①t♦ ❊rr♦ ❛❜s♦❧✉t♦ ♥❛ ❝é❧✉❧❛ ❋✶✱ ❡ ♥❛ ❝é❧✉❧❛ ❋✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ |D2−E2|✳
▲♦❣♦ ❛♣ós✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ❛té ❛ ❝é❧✉❧❛ ❋✶✷✳

❉❡ss❛ ❢♦r♠❛✱ ❝r✐❛♠♦s ✉♠❛ t❛❜❡❧❛ q✉❡ ❛♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ P❱■ ✭♣❡❧♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r✮✱ ❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ♦ ❡rr♦ ❛❜s♦❧✉t♦ ♣❛r❛ ✶✵ ✈❛❧♦r❡s ❞❡ x ❞❡✜♥✐❞♦s
❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❆✷ ❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ h✱ ✈❡❥❛ ❋✐❣✉r❛ ✹✳✶✵✳

✸✺



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✶✵✿ ❚❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

◆♦t❡ q✉❡ ❛❧t❡r❛♠♦s ❛s ❝♦r❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❝♦❧✉♥❛s ❉ ❡ ❊✳ ❆❧é♠ ❞✐ss♦✱ ❝❡♥tr❛✲
❧✐③❛♠♦s t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛s ❝é❧✉❧❛s ♣r❡❡♥❝❤✐❞❛s✱ s❡❧❡❝✐♦♥❛♥❞♦✲❛s ❡ ❝❧✐❝❛♥❞♦ ❡♠
❝❡♥tr❛❧✐③❛r ✳ ❖ ♥ú♠❡r♦ ❞❡ ❝❛s❛s ❞❡❝✐♠❛✐s ❞♦s ✈❛❧♦r❡s ❞❛ t❛❜❡❧❛ t❛♠❜é♠ ♣♦❞❡♠
s❡r ❡s❝♦❧❤✐❞♦s✱ ♣❛r❛ ✐ss♦✱ ✈❡❥❛ ❋✐❣✉r❛ ✹✳✶✶✳ ❆♣r❡s❡♥t❛♠♦s ♦s ✈❛❧♦r❡s ❝♦♠ ✺ ❝❛s❛s
❞❡❝✐♠❛✐s✳

❋✐❣✉r❛ ✹✳✶✶✿ ❆rr❡❞♦♥❞❛♠❡♥t♦✳

✹✳✸✳✺ P❛ss♦ ✺ ✲ ■♠♣❧❡♠❡♥t❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦

❖ ♦❜❥❡t✐✈♦ ♥❡ss❡ ♣❛ss♦ é ❝r✐❛r ❛ ♣♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ◆❛
❝é❧✉❧❛ ❍✷✱ ❞✐❣✐t❡ ❆✷✳ ◆❛ ❝é❧✉❧❛ ❍✸✱ ❡♥tr❡ ❝♦♠ ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r (x(H2)+
h, y(H2)+h ∗ y′(x(H2), y(H2)))✳ ❊♠ s❡❣✉✐❞❛✱ ♥❛ ❝é❧✉❧❛ ■✶ ❞✐❣✐t❡ ♦ t❡①t♦ ♣♦♥t♦s✱ ♥❛
❝é❧✉❧❛ ■✷ ❞✐❣✐t❡ ❆✷ ❡ ♥❛ ❝é❧✉❧❛ ■✸ ❡♥tr❡ ❝♦♠ ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦
(x(H2) + h, y(H2) + h/2 ∗ (y′(x(H2), y(H2)) + y′(x(H3), y(H3)))) ✭❋✐❣✉r❛ ✹✳✶✷✮✳

✸✻



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✶✷✿ ❋ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

❆❣♦r❛✱ ♥❛ ❝é❧✉❧❛ ❍✹ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r ❛t✉❛❧✐③❛❞❛ (x(H3)+h, y(I3)+h ∗
y′(x(H3), y(I3))) ❡ ♥❛ ❝é❧✉❧❛ ■✹ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❛t✉❛❧✐③❛❞❛ (x(H4) +
h, y(I3) + h/2 ∗ (y′(x(H3), y(I3)) + y′(x(H4), y(H4)))) ✭❋✐❣✉r❛ ✹✳✶✸✮✳

❋✐❣✉r❛ ✹✳✶✸✿ ❋ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❛t✉❛❧✐③❛❞❛✳

▲♦❣♦ ❛♣ós✱ ❝❧✐q✉❡ ♥❛ ❝é❧✉❧❛ ❍✹ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❍✺✱ ❢❛ç❛ ♦ ♠❡s♠♦ ❝♦♠ ❛s
❝é❧✉❧❛s ■✹ ❡ ■✺ ✭❋✐❣✉r❛s ✹✳✶✹ ❡ ✹✳✶✺✮✳ ❘❡♣✐t❛ ❡ss❡ ♣r♦❝❡ss♦ ❝♦♠ ❛s ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛
❍ ❡ ❞❛ ❝♦❧✉♥❛ ■✱ ♥❡st❛ ♦r❞❡♠✱ ❛té ❛s ❝é❧✉❧❛s ❍✶✷ ❡ ■✶✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✹✳✶✹✿ ❉❡ ❍✹ ♣❛r❛ ❍✺✳ ❋✐❣✉r❛ ✹✳✶✺✿ ❉❡ ■✹ ♣❛r❛ ■✺✳

❆♦ ✜♥❛❧ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ t❡r❡♠♦s ♦s ✈❛❧♦r❡s ❞❛ ❋✐❣✉r❛ ✹✳✶✻✳

✸✼



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✶✻✿ ▼ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

◆♦t❡ q✉❡ ♦s ♣♦♥t♦ ❍✷✿❍✶✷ t❛♠❜é♠ s✉r❣❡♠ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱
só q✉❡r❡♠♦s q✉❡ ♦s ♣♦♥t♦s ■✷✿■✶✷ ❛♣❛r❡ç❛♠✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡s sã♦ ♦s ♣♦♥t♦s ❞♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❧❡❝✐♦♥❡ ❞❛ ❝é❧✉❧❛ ❍✷ ❛té ❍✶✷✱ ❝❧✐q✉❡

❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ♥❛ s❡❧❡çã♦ ❡ ❝❧✐q✉❡ ♥❛ ♦♣çã♦ ✱ ♣❛r❛ q✉❡
♦s ♣♦♥t♦s ❍✷✿❍✶✷ ❞❡s❛♣❛r❡ç❛♠ ❞❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ❊♠ s❡❣✉✐❞❛✱ ❡s❝♦♥❞❛ ♦
rót✉❧♦ ❞♦s ♣♦♥t♦s ■✷✿■✶✷✱ ❛ss✐♠ ❝♦♠♦ ✜③❡♠♦s ❝♦♠ ♦s ♣♦♥t♦s ❆✷✿❆✶✷✳ ❊♠ s❡❣✉✐❞❛✱
♠✉❞❡ ❛ ❝♦r ❞♦s ♣♦♥t♦s ■✷✿■✶✷ ♣❛r❛ ❛ ❝♦r ✈❡r❞❡✳

P❛r❛ ❝r✐❛r ❛ ♣♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ❞✐❣✐t❡ ♥♦ ❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛
CaminhoPoligonal[I2, I3, I4, I5, I6, I7, I8, I9, I10, I11, I12]✳ ▲♦❣♦ ❛♣ós✱ ❡s❝♦♥❞❛
♦ rót✉❧♦ ❞♦ ❝❛♠✐♥❤♦ ♣♦❧✐❣♦♥❛❧ ❡ ❛❧t❡r❡ s✉❛ ❝♦r ♣❛r❛ ✈❡r❞❡✳ ❈♦♠ ✐ss♦✱ t❡r❡♠♦s ❛
❝♦♥str✉çã♦ ❞❛ ❋✐❣✉r❛ ✹✳✶✼✳

❋✐❣✉r❛ ✹✳✶✼✿ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

✸✽
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✹✳✸✳✻ ❈r✐❛♥❞♦ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦

◆❛ ♣❧❛♥✐❧❤❛✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❏✶ ❞❡ n ❡ ♥❛s ❝é❧✉❧❛s ❏✷✿❏✶✷ ❞✐❣✐t❡ 0, 1, . . . , 10✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ s❡❣✉✐❞❛✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❑✶ ❞❡ xn ❡ ♥❛ ❝é❧✉❧❛ ❑✷ ❞✐❣✐t❡ x(I2)✳
▲♦❣♦ ❛♣ós✱ ❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❑✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❑✶✷✳
◆♦♠❡✐❡ ❛ ❝é❧✉❧❛ ▲✶ ❝♦♠♦ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ s♦❧✉çã♦ ❡ ♥❛ ❝é❧✉❧❛ ▲✷ ❞✐❣✐t❡ y(I2)✳ ▲♦❣♦
❛♣ós ❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ▲✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ▲✶✷✳ ❊♥tr❡
❝♦♠ ♦ t❡①t♦ ❙♦❧✉çã♦ ❡①❛t❛ ♥❛ ❝é❧✉❧❛ ▼✶✱ ♥❛ ❝é❧✉❧❛ ▼✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ g(x(I2))✱ ❡♠
s❡❣✉✐❞❛✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ♣❛r❛ ❛s ❞❡♠❛✐s ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛ ▼ ❛té ❛ ❝é❧✉❧❛ ▼✶✷✳
❉✐❣✐t❡ ♦ t❡①t♦ ❊rr♦ ❛❜s♦❧✉t♦ ♥❛ ❝é❧✉❧❛ ◆✶✱ ❡ ♥❛ ❝é❧✉❧❛ ◆✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ |L2−M2|✳
❊♠ s❡❣✉✐❞❛✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ❛té ❛ ❝é❧✉❧❛ ◆✶✷✳

❉❡ss❛ ❢♦r♠❛✱ ❝r✐❛♠♦s ✉♠❛ t❛❜❡❧❛ q✉❡ ❛♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ P❱■ ✭♣❡❧♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✮✱ ❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ♦ ❡rr♦ ❛❜s♦❧✉t♦ ✭❋✐❣✉r❛ ✹✳✶✽✮✳

❋✐❣✉r❛ ✹✳✶✽✿ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

◆♦t❡ q✉❡ ❛❧t❡r❛♠♦s ❛s ❝♦r❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❝♦❧✉♥❛s ▲ ❡ ▼✳

✹✳✸✳✼ P❛ss♦ ✻ ✲ ■♠♣❧❡♠❡♥t❛♥❞♦ ♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ❞❡

q✉❛rt❛ ♦r❞❡♠

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝r✐❛r ❛ ♣♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r✲
❞❡♠✱ ♥♦♠❡✐❡ ❛s ❝é❧✉❧❛s P✶✱ ◗✶✱ ❘✶✱ ❙✶ ❡ ❚✶ ❞❡ P♦♥t♦s✱ k1✱ k2✱ k3✱ k4✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ◆❛ ❝é❧✉❧❛ P✷ ❞✐❣✐t❡ ❆✷ ❡ ♥❛s ❝é❧✉❧❛s ◗✷✱ ❘✷✱ ❙✷✱ ❚✷ ❞✐❣✐t❡ ❛s ❢ór♠✉❧❛s
y′(x(P2), y(P2)), y′(x(P2)+h/2, y(P2)+Q2∗h/2), y′(x(P2)+h/2, y(P2)+R2∗h/2)
❡ y′(x(P2) + h/2, y(P2) + S2 ∗ h)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✾✳

✸✾
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❋✐❣✉r❛ ✹✳✶✾✿ ❉❡✜♥✐♥❞♦ ♦s ♣❛râ♠❡tr♦s✳

❊♠ s❡❣✉✐❞❛✱ ♥❛ ❝é❧✉❧❛ P✸ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛
♦r❞❡♠ (x(P2) + h, y(P2) + (h/6) ∗ (Q2 + 2 ∗R2 + 2 ∗ S2 + T2)) ✭❋✐❣✉r❛ ✹✳✷✵✮✳

❋✐❣✉r❛ ✹✳✷✵✿ ❋ór♠✉❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

P❛r❛ ♦❜t❡r ♦s ♣❛râ♠❡tr♦s k1✱ k2✱ k3✱ k4 ❞❛ ❧✐♥❤❛ ✸✱ ❝❧✐q✉❡ ♥❛ ❝é❧✉❧❛ ◗✷ ❡ ❛rr❛st❡
❛té ❛ ❝é❧✉❧❛ ◗✸✱ ❢❛ç❛ ♦ ♠❡s♠♦ ♣❛r❛ ❛s ❝é❧✉❧❛s ❘✷✱ ❙✷✱ ❡ ❚✷✳ ❉❡♣♦✐s q✉❡ ♦s ✈❛❧♦r❡s
❞❡ k1✱ k2✱ k3✱ k4 ❞❛ ❧✐♥❤❛ ✸ ❢♦r❡♠ ♦❜t✐❞♦s✱ ❢❛r❡♠♦s ♦ ♠❡s♠♦s ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛
❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❛s ❝é❧✉❧❛s P✹✱ ◗✹✱ ❘✹✱ ❙✹ ❡ ❚✹✱ ♦✉ s❡❥❛✱ ❝❧✐q✉❡ ♥❛ ❝é❧✉❧❛ ❞❛
❧✐♥❤❛ ❞❡ ❝✐♠❛ ❡ ❛rr❛st❡✳ ❘❡❛❧✐③❛♥❞♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❡♠ t♦❞❛s ❛s ❧✐♥❤❛s ❛té ❛ ❧✐♥❤❛
✶✷✱ ♥❛ ♦r❞❡♠ P✱ ◗✱ ❘✱ ❙ ❡ ❚✱ ♦❜tê♠✲s❡ ♦s ✈❛❧♦r❡s ❞❛ ❋✐❣✉r❛ ✹✳✷✶✳

❋✐❣✉r❛ ✹✳✷✶✿ P♦♥t♦s ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

❆❣♦r❛✱ ❛ss✐♠ ❝♦♠♦ ✜③❡♠♦s ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❡ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱
❡s❝♦♥❞❛ ♦s rót✉❧♦s ❞♦s ♣♦♥t♦s P✷✿P✶✷ ❡ ❛❧t❡r❡ s✉❛ ❝♦r ♣❛r❛ ♠❛rr♦♠✳

P❛r❛ ❝r✐❛r ❛ ♣♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✱ ❞✐❣✐t❡ ♥♦
❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛ CaminhoPoligonal[P2, P3, P4, P5, P6, P7, P8, P9, P10, P11, P12]✳

✹✵
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▲♦❣♦ ❛♣ós✱ ❡s❝♦♥❞❛ ♦ rót✉❧♦ ❞♦ ❝❛♠✐♥❤♦ ♣♦❧✐❣♦♥❛❧ ❡ ❛❧t❡r❡ s✉❛ ❝♦r ♣❛r❛ ♠❛rr♦♠✳
❆ss✐♠✱ t❡r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛ ❋✐❣✉r❛ ✹✳✷✷✳

❋✐❣✉r❛ ✹✳✷✷✿ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

✹✳✸✳✽ P❛ss♦ ✼ ✲ ❈r✐❛♥❞♦ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❝♦♥str✉çã♦ ❞❛s t❛❜❡❧❛s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❡ ❞♦ ♠ét♦❞♦ ❞❡
❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❯✶ ❞❡ n ❡ ♥❛s ❝é❧✉❧❛s ❯✷✿❯✶✷ ❞✐❣✐t❡ 0, 1, . . . , 10✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ s❡❣✉✐❞❛✱ ♥♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❱✶ ❞❡ xn ❡ ♥❛ ❝é❧✉❧❛ ❱✷ ❞✐❣✐t❡ x(P2)✳
▲♦❣♦ ❛♣ós✱ ❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❱✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❱✶✷✳
◆♦♠❡✐❡ ❛ ❝é❧✉❧❛ ❲✶ ❝♦♠♦ ❘✲❑ s♦❧✉çã♦ ❡ ♥❛ ❝é❧✉❧❛ ❲✷ ❞✐❣✐t❡ y(P2)✳ ▲♦❣♦ ❛♣ós✱
❝❧✐q✉❡ ♥❛ ❛❧ç❛ ❞❡ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❲✷ ❡ ❛rr❛st❡ ❛té ❛ ❝é❧✉❧❛ ❲✶✷✳ ❊♥tr❡
❝♦♠ ♦ t❡①t♦ ❙♦❧✉çã♦ ❡①❛t❛ ♥❛ ❝é❧✉❧❛ ❳✶✱ ♥❛ ❝é❧✉❧❛ ❳✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛ g(x(P2))✱
❡♠ s❡❣✉✐❞❛✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ♣❛r❛ ❛s ❞❡♠❛✐s ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛ ❳ ❛té ❛ ❝é❧✉❧❛
❳✶✷✳ ❉✐❣✐t❡ ♦ t❡①t♦ ❊rr♦ ❛❜s♦❧✉t♦ ♥❛ ❝é❧✉❧❛ ❨✶✱ ❡ ♥❛ ❝é❧✉❧❛ ❨✷ ❞✐❣✐t❡ ❛ ❢ór♠✉❧❛
|W2 − X2|✳ ▲♦❣♦ ❛♣ós✱ ❡st❡♥❞❛ ❛ ❢ór♠✉❧❛ ❛té ❛ ❝é❧✉❧❛ ❨✶✷✳ ❆ss✐♠✱ ❝r✐❛♠♦s ✉♠❛
t❛❜❡❧❛ q✉❡ ❛♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ P❱■ ✭♣❡❧♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡
q✉❛rt❛ ♦r❞❡♠✮✱ ❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ♦ ❡rr♦ ❛❜s♦❧✉t♦ ✭❋✐❣✉r❛ ✹✳✷✸✮✳
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❋✐❣✉r❛ ✹✳✷✸✿ P♦❧✐❣♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳

◆♦t❡ q✉❡ ❛❧t❡r❛♠♦s ❛s ❝♦r❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❝♦❧✉♥❛s ❲ ❡ ❳✳

✹✳✸✳✾ P❛ss♦ ✽ ✲ ❚r❛♥s❢❡r✐♥❞♦ ❛s t❛❜❡❧❛s ♣❛r❛ ❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉✲

❛❧✐③❛çã♦

◆❡st❡ ♣❛ss♦✱ ✈❛♠♦s tr❛♥s❢❡r✐r ❛s t❛❜❡❧❛s ❞❛ ♣❧❛♥✐❧❤❛ ♣❛r❛ ❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳
❙❡❧❡❝✐♦♥❡ ❞❛ ❝é❧✉❧❛ ❇✶ ❛té ❛ ❝é❧✉❧❛ ❋✶✷✱ ❡♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦
♠♦✉s❡ ❡ s❡❧❡❝✐♦♥❡ ❛ ♦♣çã♦ ❈r✐❛r✱ ❞❡♣♦✐s ❝❧✐q✉❡ ♥❛ ♦♣çã♦ ❚❛❜❡❧❛ ✭❋✐❣✉r❛ ✹✳✷✹✮✳ ❉❡ss❛
❢♦r♠❛✱ ❛ t❛❜❡❧❛ s❡❧❡❝✐♦♥❛❞❛ ❛♣❛r❡❝❡rá ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

❋✐❣✉r❛ ✹✳✷✹✿ ❚r❛♥s❢❡r✐♥❞♦ ❛ ❚❛❜❡❧❛✳

✹✷



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❘❡♣✐t❛ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❛s t❛❜❡❧❛s q✉❡ ✈ã♦ ❞❛ ❝é❧✉❧❛ ❏✶ ❛té ❛ ❝é❧✉❧❛ ◆✶✷ ❡ ❞❛
❝é❧✉❧❛ ❯✶ ❛té ❛ ❝é❧✉❧❛ ❨✶✷✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s t❛❜❡❧❛s ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ ❞♦ ♠ét♦❞♦
❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ✐rã♦ s✉r❣✐r ♥❛
❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✹✳✷✺✳

❋✐❣✉r❛ ✹✳✷✺✿ ❚❛❜❡❧❛s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

✹✳✸✳✶✵ P❛ss♦ ✾ ✲ ❆❜r✐♥❞♦ ♦✉tr❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❝r✐✲

❛♥❞♦ t❡①t♦s

◆❡st❛ ❡t❛♣❛ ❞❛ ❝♦♥str✉çã♦ ❛❜r✐r❡♠♦s ✉♠❛ ♦✉tr❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ♥❡❧❛
✐♥s❡r✐r❡♠♦s ❛❧❣✉♥s t❡①t♦s✳

◆❛ ❜❛rr❛ ❞❡ ♠❡♥✉s✱ ❝❧✐q✉❡ ❡♠ ❊①✐❜✐r ❡ ❞❡♣♦✐s ♥❛ ♦♣çã♦ ✳
❯♠❛ ♥♦✈❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ s✉r❣✐rá✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ♥♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✱ ❧♦❣♦ ❞❡♣♦✐s✱ ❝❧✐q✉❡ ❡♠ Pr♦♣r✐❡❞❛❞❡s✱ ❝❧✐q✉❡ ♥❛ ❛❜❛
❆✈❛♥ç❛❞♦✱ ❞❡s♠❛rq✉❡ ❛ ♦♣çã♦ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ♠❛rq✉❡ ❛ ♦♣çã♦ ❏❛♥❡❧❛ ❞❡
✈✐s✉❛❧✐③❛çã♦ ✷✳ ❙❡❣✉✐♥❞♦ ❡ss❡s ♣❛ss♦s ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❞❡s❛♣❛r❡❝❡ ❞❛ ❥❛♥❡❧❛ ❞❡
✈✐s✉❛❧✐③❛çã♦ ❡ ❛♣❛r❡❝❡ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳

P❛r❛ ❝r✐❛r t❡①t♦s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✳ ❊♠
s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳ ❆ ❝❛✐①❛ ❞❛ ❋✐❣✉r❛ ✹✳✷✻ s✉r❣✐rá✳ ❉✐❣✐t❡
♦ t❡①t♦ ❞❛ ❋✐❣✉r❛ ✹✳✷✻✱ ♠❛rq✉❡ ❛ ♦♣çã♦ ❡ ❧♦❣♦ ❞❡♣♦✐s ❝❧✐q✉❡ ❡♠ ❖❑✳
❖ t❡①t♦ ❙♦❧✉çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ ✉♠ P❱■ ❛♣❛r❡❝❡rá ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳
▼❛r❝❛r ❛ ♦♣çã♦ ❋ór♠✉❧❛ ▲❛❚❡①✱ ♥❛ ❝❛✐①❛ ❞❡ t❡①t♦✱ ♣❡r♠✐t❡ q✉❡ t❡①t♦s ❡ ❢ór♠✉❧❛s

✹✸



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

s❡❥❛♠ ❞✐❣✐t❛❞♦s ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❝♦♠❛♥❞♦s ❡ ❛ ♠❡s♠❛ s✐♥t❛①❡ ❞♦ ▲❛t❡①✳ P❛r❛
❝♦♥✜❣✉r❛r ♦ t❡①t♦✱ ❛❧t❡r❛♥❞♦ ❝♦r✱ t❛♠❛♥❤♦ ❡ t✐♣♦ ❞❛ ❢♦♥t❡✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦
❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡♠ ❝✐♠❛ ❞♦ t❡①t♦ ❡ s❡❧❡❝✐♦♥❡ ❛ ♦♣çã♦ Pr♦♣r✐❡❞❛❞❡s✳

❋✐❣✉r❛ ✹✳✷✻✿ ❈❛✐①❛ ❞❡ t❡①t♦✳

❚♦❞♦s ♦s t❡①t♦s ❞♦ ❛♣♣❧❡t✱ ❥á ❝♦♥✜❣✉r❛❞♦s ❡ ♣♦s✐❝✐♦♥❛❞♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❢♦✲
r❛♠ ❝r✐❛❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❡ ❡stã♦ ♥❛ ❋✐❣✉r❛ ✹✳✷✼✳

✹✹



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✷✼✿ ❚❡①t♦s ❞♦ ❛♣♣❧❡t✳

❱❛❧❡ ❧❡♠❜r❛r q✉❡ ❡♠ t♦❞♦s ♦s t❡①t♦s sã♦ ♠❛r❝❛❞♦s ❛ ♦♣çã♦ P♦s✐çã♦ ❛❜s♦❧✉t❛ ♥❛
t❡❧❛✱ ❝❧✐❝❛♥❞♦ s♦❜r❡ ♦s ♠❡s♠♦s ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡ s❡❧❡❝✐♦♥❛♥❞♦ ❡st❛
♦♣çã♦✳

✹✳✸✳✶✶ P❛ss♦ ✶✵ ✲ ❈r✐❛♥❞♦ ❝❛♠♣♦s ❞❡ ❡♥tr❛❞❛ ❡ ❝❛✐①❛s ♣❛r❛

❡①✐❜✐r ❡ ❡s❝♦♥❞❡r ❛s ♣♦❧✐❣♦♥❛✐s ❡ t❛❜❡❧❛s

❱❛♠♦s ❝r✐❛r ❞♦✐s ❝❛♠♣♦s ❞❡ ❡♥tr❛❞❛✿ ✉♠ ♣❛r❛ ❛ ❊❉❖ ❡ ♦✉tr♦ ♣❛r❛ ❛ ❝♦♥❞✐✲

çã♦ ✐♥✐❝✐❛❧✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ✳ ❊♠
s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ q✉❛❧q✉❡r ❧♦❝❛❧ ❞❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳ ❆ ❝❛✐①❛ ❞❛ ❋✐❣✉r❛
✹✳✷✽ ❛♣❛r❡❝❡rá✳ ❉✐❣✐t❡ y′ ❝♦♠♦ ❧❡❣❡♥❞❛ ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛ ❡ ✈✐♥❝✉❧❡ ♦ ♦❜❥❡t♦
y′(x, y) = ycos(x)✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✹✳✷✽

✹✺



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✷✽✿ ❈♦♥✜❣✉r❛♥❞♦ ♦ ❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛✳

❆♦ ❝r✐❛r ♦ ❝❛♠♣♦ ❞❡ ❡♥tr❛❞❛ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❝❧✐q✉❡ ♥❡❧❡ ❝♦♠ ♦ ❜♦tã♦
❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡ s❡❧❡❝✐♦♥❡ ❛ ♦♣çã♦ Pr♦♣r✐❡❞❛❞❡s✱ ♥❛ ❛❜❛ ❇ás✐❝♦✱ ❞❡s♠❛rq✉❡ ❛
♦♣çã♦ ❊①✐❜✐r ❘ót✉❧♦ ❡ ♥❛ ❛❜❛ ❊st✐❧♦✱ ❞✐❣✐t❡ ✶✵ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ❞❡
t❡①t♦✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ❝♦♥✜❣✉r❛r ❛ ❝♦r ❞❛ ❢♦♥t❡ ❡ ❛ ❝♦r ❞❡ ❢✉♥❞♦ ❞♦ ❝❛♠♣♦ ❞❡
❡♥tr❛❞❛ ♥❛ ❛❜❛ ❈♦r✳

❈r✐❡ ♦✉tr♦ ❈❛♠♣♦ ❞❡ ❡♥tr❛❞❛✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦ ❛♥t❡r✐♦r✱ ❝♦♠ ❛ ❧❡❣❡♥❞❛
(x0, y0) ❡ ✈✐♥❝✉❧❛❞♦ ❛♦ ♦❜❥❡t♦ A2✳ ❆♣❧✐q✉❡ ❛s ♠❡s♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞♦ ❝❛♠♣♦ ❞❡
❡♥tr❛❞❛ ❛♥t❡r✐♦r ❛ ❡ss❡ s❡❣✉♥❞♦ ❝❛♠♣♦✳ ❊♠ s❡❣✉✐❞❛✱ ♣♦s✐❝✐♦♥❡✲♦s ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛
✹✳✷✾✳

❋✐❣✉r❛ ✹✳✷✾✿ ❈❛♠♣♦s ❞❡ ❡♥tr❛❞❛✳

❆❣♦r❛✱ ♣❛r❛ ❝r✐❛r ❛s ❝❛✐①❛s q✉❡ ♣❡r♠✐t❡♠ ❛ ❡①✐❜✐çã♦ ✭♦✉ ♥ã♦✮ ❞❛s ♣♦❧✐❣♦♥❛✐s ❡

t❛❜❡❧❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❡ ❝❧✐q✉❡ ❡♠ q✉❛❧q✉❡r ❧♦❝❛❧ ❞❛
❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳ ❆♦ ❝❧✐❝❛r ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✱ s✉r❣✐rá ✉♠❛ ❝❛✐①❛
♥❛ q✉❛❧ ♣♦❞❡✲s❡ ❡s❝♦❧❤❡r ♦s ♦❜❥❡t♦s q✉❡ s❡ ❞❡s❡❥❛ ❡①✐❜✐r✴❡s❝♦♥❞❡r✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛
❋✐❣✉r❛ ✹✳✸✵✱ ❞✐❣✐t❡ ❊✉❧❡r ♣❛r❛ ❛ ❧❡❣❡♥❞❛ ❡ ❙❡❧❡❝✐♦♥❡ ♦s ♦❜❥❡t♦s✿ ❈❛♠✐♥❤♦P♦❧✐❣♦♥❛❧
❢✱ ♦s ♣♦♥t♦s ❆✷✿❆✶✷ ❡ ♦ t❡①t♦✷ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳

✹✻



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✸✵✿ ❊①✐❜✐♥❞♦✴❡s❝♦♥❞❡♥❞♦ ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❊✉❧❡r✳

❆♦ ❝❧✐❝❛r ❡♠ ❆♣❧✐❝❛r ❛ ❝❛✐①❛ q✉❡ ❊①✐❜❡✴❡s❝♦♥❞❡ ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦
❞❡ ❊✉❧❡r ❛♣❛r❡❝❡rá ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳ ❊♠ s❡❣✉✐❞❛✱ ❡s❝♦♥❞❛ ♦ rót✉❧♦ ❞❛
❝❛✐①❛ ❡ ❛ ♣♦s✐❝✐♦♥❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✹✳✸✶✳

❋✐❣✉r❛ ✹✳✸✶✿ ❈❛✐①❛ ♣❛r❛ ❊①✐❜✐r✴❡s❝♦♥❞❡r ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❊✉❧❡r✳

◗✉❛♥❞♦ ❛ ❝❛✐①❛ ❡st✐✈❡r ♠❛r❝❛❞❛ ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r s❡rã♦
❡①✐❜✐❞❛s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ❈r✐❡ ♠❛✐s ❞✉❛s ❝❛✐①❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❋✐❣✉r❛s
✹✳✸✷ ❡ ✹✳✸✸✱ ❡♠ s❡❣✉✐❞❛✱ ♦❝✉❧t❡ ♦s rót✉❧♦s ❞❡st❛s ❝❛✐①❛s ❡ ❛s ♣♦s✐❝✐♦♥❡ ❞❡ ❛❝♦r❞♦ ❝♦♠
❛ ❋✐❣✉r❛ ✹✳✸✹✳

✹✼



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✸✷✿ ❊①✐❜✐♥❞♦✴❡s❝♦♥❞❡♥❞♦ ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❊✉❧❡r ♠❡❧❤♦✲
r❛❞♦✳

❋✐❣✉r❛ ✹✳✸✸✿ ❊①✐❜✐♥❞♦✴❡s❝♦♥❞❡♥❞♦ ❛ ♣♦❧✐❣♦♥❛❧ ❡ ❛ t❛❜❡❧❛ ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛
❞❡ q✉❛rt❛ ♦r❞❡♠✳

✹✽



✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❋✐❣✉r❛ ✹✳✸✹✿ ❈❛✐①❛ ♣❛r❛ ❊①✐❜✐r✴❡s❝♦♥❞❡r ❛s ♣♦❧✐❣♦♥❛✐s ❡ ❛s t❛❜❡❧❛s ❞♦s ♠ét♦❞♦s ❞❡
❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳

P♦r ✜♠✱ ❝❧✐❝❛♥❞♦ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ ❡♠ q✉❛❧q✉❡r ❧♦❝❛❧ ❞❛ ❥❛♥❡❧❛ ❞❡
✈✐s✉❛❧✐③❛çã♦ ❡ s❡❧❡❝✐♦♥❛♥❞♦ ❛ ♦♣çã♦ Pr♦♣r✐❡❞❛❞❡s é ♣♦ssí✈❡❧ ❛❧t❡r❛r ❛ ❝♦r ❞❡ ❢✉♥❞♦
❞❛ ❥❛♥❡❧❛✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ❛❧t❡r❛r✱ ❝♦r✱ ❢♦♥t❡✱ t❛♠❛♥❤♦✱ ❧♦❝❛❧✐③❛çã♦✱ ❡t❝ ✳✳✳
❞❡ q✉❛❧q✉❡r ♦❜❥❡t♦ ❞❛s ❥❛♥❡❧❛s ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ❙❡♥❞♦ ❛ss✐♠✱ é ♣♦ssí✈❡❧ ❝♦♥✜❣✉r❛r ❛
✐♥t❡r❢❛❝❡ ❞♦ ❛♣♣❧❡t ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s✳ ❆ ✈❡rsã♦ ✜♥❛❧✱ ❞♦ ❛♣♣❧❡t ❛♣r❡s❡♥t❛❞♦ ♥❡st❡
tr❛❜❛❧❤♦✱ é ❛ ❞❛ ❋✐❣✉r❛ ✹✳✶✳

✹✳✸✳✶✷ P❛ss♦ ✶✶ ✲ ❉✐s♣♦♥✐❜✐❧✐③❛♥❞♦ ♦ ❛♣♣❧❡t ♥❛ ✇❡❜✳

❆♣ós ❛ ✜♥❛❧✐③❛çã♦ ❞♦ ❛♣♣❧❡t✱ ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❞✐s♣♦♥✐❜✐❧✐③á✲❧♦ ♥❛ ✇❡❜✱
é ♥❡❝❡ssár✐♦ ❝r✐❛r ✉♠❛ ❝♦♥t❛ ♥♦ s✐t❡ ♦✜❝✐❛❧ ❞♦ ●❡♦❣❡❜r❛ ❡♠ ❤tt♣s✿✴✴❛❝❝♦✉♥ts✳

❣❡♦❣❡❜r❛✳♦r❣✴✉s❡r✴❝r❡❛t❡✴❡①♣✐r❛t✐♦♥✴✶✷✾✻✵✵✴❝❧✐❡♥t✐♥❢♦✴✇❡❜s✐t❡✳ ▲♦❣♦ ❛♣ós✱
♥❛ ❜❛rr❛ ❞❡ ♠❡♥✉s ❞♦ ❛rq✉✐✈♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ ❛♣❧❧❡t✱ ❝❧✐q✉❡ ❡♠ ❆rq✉✐✈♦✱ ❡♠ s❡✲
❣✉✐❞❛✱ s❡❧❡❝✐♦♥❡ ❛ ♦♣çã♦ ❊①♣♦rt❛ ❡ ❝❧✐q✉❡ ❡♠ ✳
❆♦ ❛❜r✐r ❛ ❥❛♥❡❧❛ ❞❛ ❋✐❣✉r❛ ✹✳✸✺✱ ❡❞✐t❡ ♦ tít✉❧♦ ❡ ❛s ❞❡s❝r✐çõ❡s ❞♦ ❛♣♣❧❡t✳

❋✐❣✉r❛ ✹✳✸✺✿ ❯♣❧♦❛❞ ❞♦ ❛♣♣❧❡t✳
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✹✳✸✳ ❈❖◆❙❚❘❯➬➹❖ ❉❖ ❆PP▲❊❚

❆♦ ❝❧✐❝❛r ❡♠ ❯♣❧♦❛❞ ♦ ❛♣♣❧❡t s❡rá✱ ❞❡ ❢❛t♦✱ ❝r✐❛❞♦ ❡ ❡st❛rá ❞✐s♣♦♥í✈❡❧ ♥❛ ✇❡❜✱
♥♦ s✐t❡ ❞❡ ♠❛t❡r✐❛✐s ❞♦ ●❡♦❣❡❜r❛✳ P❛r❛ ❢❛③❡r ♠♦❞✐✜❝❛çõ❡s ♥♦ ❛♣♣❧❡t ❝r✐❛❞♦✱ ❜❛st❛
❛❜r✐r ❛ ❝♦♥str✉çã♦ ✭❛rq✉✐✈♦ ✳❣❣❜✮✱ ❢❛③❡r ❛s ❛❧t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ❡ s❛❧✈á✲❧❛s✳ ❊st❛s
♠♦❞✐✜❝❛çõ❡s ❛♣❛r❡❝❡rã♦✱ ❛✉t♦♠❛t✐❝❛♠❡♥t❡✱ q✉❛♥❞♦ ♦ ❛♣♣❧❡t ❢♦r ❛❜❡rt♦✱ ✉♠❛ ✈❡③ q✉❡
♦ ♠❡s♠♦ ❡stá ❛ss♦❝✐❛❞♦ à ❝♦♥str✉çã♦ ❢❡✐t❛ ♥♦ ●❡♦❣❡❜r❛✳ ◆♦ ❛♣♣❧❡t é ♣♦ssí✈❡❧ r❡❛❧✐③❛r
❛çõ❡s ❞✐✈❡rs❛s✱ ♠❛s✱ ❛♦ ❢❡❝❤á✲❧♦ ❡ss❡ r❡t♦r♥❛rá ❛♦ s❡✉ ❡st❛❞♦ ♦r✐❣✐♥❛❧✱ ♦✉ s❡❥❛✱ ♥ã♦
é ♣♦ssí✈❡❧ s❛❧✈❛r ♠♦❞✐✜❝❛çõ❡s✱ ❞✐r❡t❛♠❡♥t❡✱ ♥♦ ♣ró♣r✐♦ ❛♣♣❧❡t✳ ❈♦♥t✉❞♦✱ q✉❛❧q✉❡r
✉s✉ár✐♦ ♣♦❞❡ ❢❛③❡r ♦ ❞♦✇♥❧♦❛❞ ❞♦ ❛rq✉✐✈♦ ✳❣❣❜✱ ❞♦ ❛♣♣❧❡t✱ ❡ ❛ss✐♠✱ ♠♦❞✐✜❝á✲❧♦ ♦✉
♠❡❧❤♦rá✲❧♦✳

✺✵



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ✜③❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ ❛♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❞❡ ♣❛ss♦
s✐♠♣❧❡s q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✳ ❆♣r❡s❡♥t❛♠♦s
♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❞❡ ❛♣r♦①✐♠❛çã♦ ♣♦r ♠❡✐♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ ❞❛ s♦❧✉çã♦
❡①❛t❛ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛✱ ♣♦r ✐♥t❡❣r❛✐s ❡✱ ❛té ♠❡s♠♦✱ ❛tr❛✈és ❞❡ ✉♠❛
sér✐❡ ❞❡ ❚❛②❧♦r tr✉♥❝❛❞❛✳ ❯t✐❧✐③❛♥❞♦ ❛ sér✐❡ ❞❡ ❚❛②❧♦r✱ ❛♥❛❧✐s❛♠♦s ♦ ❡rr♦ ❞❡ tr✉♥✲
❝❛♠❡♥t♦ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✳ ❱✐♠♦s q✉❡ ♦ ❡rr♦ ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦
❛♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳ ▼♦str❛♠♦s q✉❡✱ r❡❛❧✐③❛♥❞♦ ✉♠ ♣❡q✉❡♥♦ ❛❥✉st❡ ♥❛ ❢ór♠✉❧❛
❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r✱ s❡ ♦❜té♠ ♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ❆tr❛✈és ❞❛ ❛♥á❧✐s❡
❞♦ ❡rr♦ ❞❡ tr✉♥❝❛♠❡♥t♦ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡ss❡
♠ét♦❞♦ é ♠❛✐s ♣r❡❝✐s♦✱ ❝♦♠♣❛r❛❞♦ ❛♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ♣❛r❛ ✉♠ ♠❡s♠♦ t❛♠❛♥❤♦
❞❡ ♣❛ss♦✳ ❆♣r❡s❡♥t❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛✱ t❡r❝❡✐r❛ ❡ q✉❛rt❛
♦r❞❡♠✳ ▼♦str❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡q✉✐✈❛❧❡ ❛♦
♠ét♦❞♦ ❞❡ ❊✉❧❡r ♠❡❧❤♦r❛❞♦✳ ❆tr❛✈és ❞❡ ✉♠ ❡①❡♠♣❧♦✱ ❝♦♠♣❛r❛♠♦s ♦s ♠ét♦❞♦s ❞❡
❊✉❧❡r✱ ❊✉❧❡r ♠❡❧❤♦r❛❞♦ ❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❡ ♣❡r❝❡❜❡♠♦s ♦ q✉ã♦ ♠❛✐s
❡✜❝✐❡♥t❡ é ♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s ❞❡♠❛✐s✳ Pr♦♣♦♠♦s ✉♠
❛♣♣❧❡t✱ ❝♦♥str✉í❞♦ ♥♦ ●❡♦❣❡❜r❛ ❡ ❞✐s♣♦♥✐❜✐❧✐③❛❞♦ ♥❛ ✇❡❜✱ q✉❡ ♠♦str❛ ❛s s♦❧✉çõ❡s
♥✉♠ér✐❝❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✉t✐❧✐③❛♥❞♦ ♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r✱ ❊✉❧❡r
♠❡❧❤♦r❛❞♦ ❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳ ▼♦str❛♠♦s ♣❛ss♦ ❛ ♣❛ss♦ ❛ ❝♦♥str✉çã♦
❞♦ ❛♣♣❧❡t✳ ❊s♣❡r❛♠♦s q✉❡ ♦ ❛♣♣❧❡t s❡❥❛ ✉♠❛ ❢❡rr❛♠❡♥t❛ út✐❧ ♥♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐✲
③❛❣❡♠ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ♣♦ss❛ ♠♦t✐✈❛r ♣r♦❢❡ss♦r❡s ❛ ❝r✐❛r
❛♣♣❧❡ts✱ ♦✉ ♠❡❧❤♦r❛r ♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦✱ ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❘❊◆❆▲❊❙✱ ❙✳❀ ❉❆❘❊❩❩❖✱ ❆✳ ❈á❧❝✉❧♦ ◆✉♠ér✐❝♦✿ ❆♣r❡♥❞✐③❛❣❡♠ ❝♦♠ ❆♣♦✐♦
❞❡ ❙♦❢t✇❛r❡✳ ❙ã♦ P❛✉❧♦✿ ❚❤♦♠s♦♥ ▲❡❛r♥✐♥❣✱ ✷✵✵✽✳

❬✷❪ ❇❆❘❈❊▲❖❙✱ ●✳ ❚✳❀ ❇❆❚■❙❚❆✱ ❙✳ ❈✳ ❋✳❀ ❇❊❍❆❘✱ P✳ ❆✳❀ P❛ss❡r✐♥♦✱ ▲✳ ▼✳
❆♣♣❧❡ts ❡♠ ❆♠❜✐❡♥t❡s ❞❡ ●❡♦♠❡tr✐❛ ❉✐♥â♠✐❝❛✿ ❆çõ❡s P❛r❛ ❛ ❋♦r♠❛çã♦ ❞❡
Pr♦❢❡ss♦r❡s ❞❡ ▼❛t❡♠át✐❝❛✳ ❘❡♥♦t❡✳ ✈ ✼✱ ♥✳ ✸✱ ♣✳ ✺✺✾✲✺✻✾✱ ✷✵✵✾✳

❬✸❪ ❇❆❘❘❖❙❖✱ ▲✳ ❈✳❀ ❇❆❘❘❖❙❖✱ ▼✳ ▼✳ ❆✳❀ ❋■▲❍❖✱ ❋✳ ❋✳ ❈✳❀ ❈❆❘❱❆▲❍❖✱
▼✳ ▲✳ ❇✳❀ ▼❆■❆✱ ▼✳ ▲✳ ❈á❧❝✉❧♦ ◆✉♠ér✐❝♦ ❝♦♠ ❆♣❧✐❝❛çõ❡s✳ ✷✳ ❡❞✳ ❙ã♦ P❛✉❧♦✿
❍❛r❜r❛✱ ✶✾✽✼✳

❬✹❪ ❇❖❨❈❊✱ ❲✳ ❊✳❀ ❉■P❘■▼❆✱ ❘✳ ❈✳ ❊q✉❛❝õ❡s ❉✐❢❡r❡♥❝✐❛✐s ❊❧❡♠❡♥t❛r❡s ❡ Pr♦❜❧❡✲
♠❛s ❞❡ ❱❛❧♦r❡s ❞❡ ❈♦♥t♦r♥♦✳ ✾✳ ❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ▲❚❈✱ ✷✵✶✵✳

❬✺❪ ❇❘❆◆❉➹❖✱ ▲✳ ❖✳❀ ■❙❖❚❆◆■✱ ❙✳❀ ▼❖❯❘❆✱ ❏✳ ●✳ ■♠❡r❣✐♥❞♦ ❛ ●❡♦♠❡tr✐❛ ❉✐♥â✲
♠✐❝❛ ❡♠ ❙✐st❡♠❛s ❞❡ ❊❞✉❝❛çã♦ ❛ ❉✐stâ♥❝✐❛✿ ✐●❡♦♠ ❡ ❙❆❲✳ ❘❡✈✐st❛ ❇r❛s✐❧❡✐r❛
❞❡ ■♥❢♦r♠át✐❝❛ ♥❛ ❊❞✉❝❛çã♦✳ ✈✳ ✶✹✱ ♥✳ ✶✱ ♣✳ ✹✶✲✹✾✱ ✷✵✵✻✳

❬✻❪ ❇❯❚❈❍❊❘✱ ❏✳ ❈✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✐♥
t❤❡ ✷✵t❤ ❈❡♥t✉r②✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳ ✈ ✶✷✺✱
♥✳✶✲✷✱ ♣✳ ✶✲✷✾✱ ✷✵✵✵✳

❬✼❪ ❇❯❚❈❍❊❘✱ ❏✳ ❈✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ✷✳
❡❞✳ ❈❤✐❝❤❡st❡r✿ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ✷✵✵✽✳

❬✽❪ ❈❍❆P❘❆✱ ❙✳ ❈✳❀ ❈❆◆❆▲❊ ❘✳ P✳ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ♣❛r❛ ❊♥❣❡♥❤❛r✐❛✳ ✺✳ ❡❞✳
P♦rt♦ ❆❧❡❣r❡✿ ❆▼●❍✱ ✷✵✶✶✳

❬✾❪ ❈❖▲▲■◆❙✱ P❡t❡r✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s✳ ◆❡✇ ❨♦r❦✿ ❖①❢♦r❞
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