
	

	

   	
 

  Mestrado Profissional em Matemática em Rede Nacional	
                 PROFMAT	

 
 

           DISSERTAÇÃO DE MESTRADO	

 
                  Os três famosos problemas gregos: uma proposta de introdução à álgebra 

moderna para o Ensino Médio Integrado do IFAL	
	

 
                        Max Manoel Lima de Souza	

 	
             	
 
                    	
	

	

	

	

	

	

               Maceió, 05 de maio de 2020 







 
 
 
 
 
 
 
 
 
 
 
 
 
 

. 
 

 
 
 
 
 
 

CaWaORgaomR Qa fRQWe 
UQiYeUVidade FedeUaO de AOagRaV 

BibOiRWeca CeQWUaO 
DiYiVmR de TUaWaPeQWR TpcQicR 

  BLbOLRWHciULR: MaUcHOLQR GH CaUYaOKR FUHLWaV NHWR ± CRB-4 ± 1767                                               
                      
               S729t       Souza, Max Manoel Lima de. 

     Os três famosos problemas gregos : uma proposta de introdução à 
álgebra moderna para o ensino médio integrado do IFAL / Max Manoel 
Lima de Souza. - 2020. 

                                      48 f. : il.   
                                    
                                      Orientadora: Juliana Roberta Theodoro de Lima. 

       Dissertação (Mestrado Profissional em Matemática) ± Universidade Federal 
de  Alagoas. Instituto de Matemática. Programa de Pós Graduação de Mestrado 
Profissional em Matemática em Rede Nacional, 2020. 

              
                                      Bibliografia: f. 47-48. 
    

     1. Método de projeto no ensino. 2. Régua de cálculo. 3. Matemática - 
Resolução de problemas. 4. Èlgebra. I. Título.      

                                                                                                                    
                                                                                     CDU: 372.851.2(813.5)                                               

 
 
 
 













())

(()





11/2018/

4

3

1

45



3



2017

70%

(1999)

. . .

”



. . .

”

. . .

”



440

b 2b

x y

b

x
=

x

y
=

y

2b
,

x2 = b.y y2 = 2b.x b

x3 = 2.b3

A,B,C,D

ABC ABD AB P BD

AC A bPB =
⇡

2
APB BPC APD



PC

PB
=

PB

PA
=

PA

PD
.

PD = 2PC PB
2
= PA.PC PA

2
= 2PB.PC

PB
3
= 2PA

3

PD = 2PC

PC PD PD = 2PC

PC

PD

E 4

a

O

d(O,F2) = 2d(O,F1) = 2
a

4
F1 F2

P



x2 = ay y2 = 2.ax

x4 = 2a3x ) x3 = 2a3 ) x = 3
p
2a

P

a



4

↵

DACB AB

BC ↵ r

B AC E s AD s

r F EF = 2AB

G EF

AEHF EG = GF = AG = AB A bBG = A bGB ABG

A bGB = G bAF +G bFA = 2G bFA

G bFA = G bBC A bBG = 2G bBC G bBC =
↵

3

2AB

B AC



AD 4

↵ AB

↵ 1 3

↵ = 3� � =
↵

3
l = ↵r l ↵

r 4

1800
16

9
3, 16

225

P

r

O OA OP = r↵



OP AOB

↵ =
⇡

2
OP =

⇡r

2

A =
⇡r

2
2r = OP2r,

l2 = OP2r,

↵ =
⇡

2

l

OP 4



L Q ⇢ L ⇢ R
Q

5

K[x]

x K

K[x] = {f(x) = anx
n + an�1x

n�1 + . . .+ a1x+ a0; n � 0, ai 2 K, i = 1, . . . , n}.

; 6= K ✓ R

k1, k2 2 K k1 � k2 k1.k2 2 K

k1 6= 0 k1 2 K
1

k1
2 K

Q R
Z Q R

b1, b2, . . . , bn 2 R�K

K[b1] := {f(b1); f(x) 2 K[x]}

K[b1, b2] := K[b1][b2] := {f(b2); f(x) 2 K[b1][x]}

K[b1, b2, . . . , bn�1, bn] := K[b1, b2, . . . , bn�1][bn] := {f(bn); f(x) 2 K[b1, b2, . . . , bn�1][x]}

K[b1, b2, . . . , bn�1, bn]

Q[
p
2] = {f(

p
2); f(x) 2 Q[x]}

f(x) = (x2 � 2).q(x) + r(x)

q(x), r(x) 2 Q[x] r(x) f(
p
2) = r(

p
2) = a.

p
2+ b

a, b 2 Q Q[
p
2] = {a.(

p
2) + b; a, b 2 Q}

Q[
p
2,
p
3] = Q[

p
2][

p
3] = {f(

p
3); f(x) 2 Q[

p
2][x]}



Q[
p
2][

p
3] = {a.(

p
3) + b; a, b 2

Q[
p
2]} a.(

p
3)+b = (a1+b1

p
2)
p
3+(a2+b2.

p
2) = b1

p
6+a1

p
3+b2.

p
2+a2

a1, b1, a2, b2 2 Q Q[
p
2,
p
3] = {b1

p
6 + a1

p
3 + b2

p
2 + a2; a1, b1, a2, b2 2 Q}

K ⇢ R b 2 R � K b K

f(x) 2 K[x] f(b) = 0 b

K L � K

L K L K

b K[x]

f(x) K[x] f(b) = 0
p
2 Q f(x) = x2 � 2

b K K[b]

b K

b 2 R �K K K

b K n ↵, � 2 K[b]

K[b] = {an�1.bn�1 + . . .+ a1.b+ a0; ai 2 K, 0  i  n� 1}

↵� � 2 K[b]

↵.� 2 K[b]

1

↵
2 K[b] ↵ 6= 0

f(x) 2 K[x] f(b) = an�1bn�1+ . . .+a1b+

a0 ai 2 K, 0  i  n� 1 p(x) b

K f(x) = p(x).q(x) + r(x)

q(x), r(x) 2 K[x] r(x) n � 1 r(x) =

an�1xn�1 + . . .+ a1x+ a0

f(b) = p(b)q(b) + r(b) = r(b) = an�1.bn�1 + . . .+ a1b+ a0

↵ = an�1bn�1 + . . . + a1b + a0 � =

cn�1bn�1 + . . .+ c1b+ c0 ai, ci 2 K, 0  i  n� 1

↵� � = (an�1 � cn�1).b
n�1 + . . .+ (a1 � c1).b+ (a0 � c0).

K ↵ � 2 K[b]



↵ �

↵� = (d2n�2)b
2n�2 + . . .+ (d1)b+ (d0),

di 2 K

f(x) = (d2n�2)x2n�2 + . . . + (d1).x + (d0) f(x) =

p(x)q(x) + r(x) r(x) n� 1 p(x)

b K[x] ↵� = f(b) = r(b) r(b) 2 K[b]

↵ = an�1bn�1+. . .+a1b+a0 f(x) = an�1xn�1+. . .+a1x+a0 ai 2 K

q(x) r1(x) K[x] p(x) = q(x)f(x)+r1(x)

r1(x) n� 2 p(x) b K[x]

r1(x) p(b) = 0 = q(b)f(b)

q(b) = 0 f(b) = 0 p(x)

r1(x) 0 r1(x) = b1 2 K �r1(b) = q(b)f(b)

1

↵
=

1

f(b)
=

q(b)

q(b)f(b)
=

q(b)

�r1(b)
=

1

�b0
q(b).

1

�b1
2 K

1

�b1
2 K[b]

1

�b1
q(b) 2 K[b]

r1(x) 0
1

↵
=

q(b)

�r1(b)
.

�r1(x) n � 2 p(x) =

(�r1(x))(q2(x))+r2(x) q2(x) r2(x) K[x] r2(x)

n� 3 r2(x)

r2(x) 0

q(b)

�r1(b)
=

q(b).q2(b)

�r1(b)q2(b)
=

q(b)q2(b)

�r2(b)
=

q(b)q2(b)

�b2
=

1

�b2
(q(b)q2(b)) 2 K[b],

b2 2 K r2(x) 0

rk(x) 0

rk(x) 0 p(x) rk(x)

rk



1

↵
=

1

�bk
(q(b)q2(b) . . . qk(b)) 2 K[b],

1

�bk
2 K[b] q(b)q2(b) . . . qk(b) 2 K[b].

K[b]

K[b] K b

K ⇢ L ⇢ R

k1 2 L k1 = a1.b1 + a2b2 + . . . + anbn ai 2 K

bi 2 L a1b1 + a2b2 + . . .+ anbn = 0 ai 0

{b1, b2, . . . , bn} L K L K n

[L,K] = n L K

K

{1,
p
2} Q[

p
2] Q [Q[

p
2],Q] = 2

↵ 2 Q[
p
2] ↵ = a.1 + b

p
2 a, b 2 Q a.1 + b

p
2 = 0

a = �b
p
2 a b a = b = 0

[K[b], K] b K

b K

K ⇢ R b 2 R�K K

n [K[b], K] = n

K[b] = {an�1bn�1 + . . .+ a1b+ a0; ai 2

K, 0  i  n � 1} ↵ 2 K[b] ↵ = an�1bn�1 + . . . + a1b + a0

an�1bn�1 + . . . + a1b + a0 = 0 f(x) = an�1xn�1 + . . . + a1x + a0 = 0

x = b f(x) n� 1 K

n f(x) = 0 a1 = a2 = . . . = an�1 = 0

{1, b, b2, . . . , bn�1} K[b] K



M ⇢ K ⇢ L ⇢ R

[K,M ] = m [L,K] = n [L,M ] = mn

A = {a1, a2, . . . , am} K M B = {b1, b2, . . . , bn}

L K C = {aibj; ai 2 A bj 2 B}

L M C mn l 2 L

l = x1b1 + x2.b2 + . . .+ xnbn xi 2 K B L K

xi = yi1a1 + yi2a2 + . . .+ yimam yij 2 M A K M

l = y11a1b1 + y21a1b2 + . . .+ yn1a1bn + . . .+ y1mamb1 + y2mamb2 + . . .+ ynmambn,

yij 2 M

y11a1b1 + y21a1b2 + . . .+ yn1a1bn + . . .+ y1mamb1 + y2mamb2 + . . .+ ynmambn = 0,

a1(y11b1+y21b2+. . .+yn1bn)+a2(y12b1+y22b2+. . .+yn2bn)+. . .+am(y1mb1+. . .+ynmbn) = 0,

y1jb1 + y2jb2 + . . . + ynjbj = 0 A K M

yij = 0 B K M C L M



4

A R2

P 2 R2 A P

A

A

A

A

hAi A

A = {(0, 0), (1, 0)} hAi

c1 c2 r

P1 P2 P3 P4 P5 P6



8
><

>:

x2 + y2 = 1

(x� 1)2 + y2 = 1
,

8
><

>:

x2 + y2 = 1

y = 0
,

8
><

>:

(x� 1)2 + y2 = 1

y = 0.
.

{(12 ,
p
3
2 ), (12 ,

p
�3
2 )} {(�1, 0), (1, 0)} {(0, 0), (2, 0)}

A = {(0, 0), (1, 0)}

hAi =
( 

1

2
,

p
3

2

!
,

✓
1

2
,

p
�3

2

◆
, (�1, 0), (1, 0), (0, 0), (2, 0)

)
.

hAi2 hhAii
hAi hAin

⌦
hAin�1↵



A = {(0, 0), (1, 0)} P 2 R2

P 2 hAin n 2 N r r

hAin n 2 N a 2 R (a, 0) 2 hAin

n 2 N

hAin�1 ⇢ hAin 8n 2 N P1, P2 2 hAin�1 P1

P2

P1, P2 2 hAin

P Q R r

P

M PQ PQ

P Q M

P Q R X X 2 r
��PS

�� =
��QR

��

c1 P

c2 Q M P Q

S T

M P Q

M

M PQ

M T S

Q UP P

QV PQ

Q0 r

Q P R0 r

R P Q0 R0

��Q0R0
�� =

��QR
��



N
��PQ0

�� =
��Q0N

�� M Q0R0

N r

Q0 P M

1.) X P Q0
��XM

�� =
��MN

��

��R0Q0
�� =

��Q0N
���
��R0N

�� =
��PQ0

���
��XQ0

�� =
��PX

�� .

X r



M N

P Q R

R P Q

r P Q s P R

R0 r
��PR0

�� =
��PR

��

Q0 s
��PQ0

�� =
��PQ

��

X r
��QX

�� =
��PR0

�� Y s
��Q0P

�� =
��Y R

��

S Q

X R Y

S S S R

s

P (a, b) 2 R2 a b

()) P (a, b) M OP

O(0, 0) Q(a, 0)

O (1, 0) M P M



())

Q a

R O Q
��PQ

�� =
��QR

��

R O Q

Q P

X X
��OX

�� =
��RQ

�� ��RQ
�� = b X(b, 0) b

(() a > 0 b > 0 a b

(a, 0) (b, 0) r (0, 0) (0, 1)

1. (0, 0)

(�1, 0) (1, 0) r s (�1, 0) (1, 0)

(0, b) (0, 0)

(b, 0) r (0, b)

(0, 2b) (2a, 0) (a, b)

s (a, 0) r

(0, b) 1. (a, b)



(()

z 2 Z (z, 0) 2 hAi|z| (z, 0) (0, 0)

(1, 0) (z � 1, 0) (z � 2, 0)

(1, 0) 2 hAi

R2

T a, b 2 T

b� a 2 T

a.b 2 T

1

a
2 T a 6= 0

P (a, 0) Q(b, 0)

b > a > 0
��OX

�� =
��PQ

�� = b� a b� a 2 T

r O(0, 0)



P1 P6 P Q P 0

P 0 2 r
��OP

�� =
��OP 0

�� = a

Q0 QQ0 P 0 (1, 0)

a =

��OQ0
��

b��OQ0
�� = a.b S O (1, 0)

��OQ0
�� =

��OS
�� S

Y r
��OY

�� = 1 Y 0

O (1, 0) Y 0Y P 0 (1, 0)

Y 0

��OY 0
�� = 1

a

1

a
2 T

R2

Bn hAin B0

A Bn ⇢ T
Q ⇢ Q[B1] ⇢ Q[B2] ⇢ . . . ⇢ T b 2 T (b, 0)

b 2 Q[Bn] n



1[

i=0

Q[Bn] = T.

b 2 R�Q [Q[b],Q] = 2k

k

b 2 T b 2 Q[Bn] n

[Q[Bn],Q] = [Q[Bn],Q[b]].[Q[b],Q].

[Q[Bn],Q] = 2k

[Q[Bn],Q]

[Q[Bn],Q] = [Q[Bn],Q[Bn�1]].[Q[Bn�1],Q[Bn�2]] . . . [Q[B0], [Q]].

[Q[Bi],Q[Bi�1]] Q[Bi] = Q[Bi�1][b1, b2, . . . , br]

{b1, b2, . . . , br} = Bi�Bi�1 Q[Bi�1] = K0 Q[Bi�1][b1] = K1 Q[Bi�1][b1, b2] = K2

. . . Q[Bi�1][b1, b2, . . . , bj] = Kj, . . . ,Q[Bi�1][b1, b2, . . . , br] = Kr

[Kr, K0] = [Kr, Kr�1].[Kr�1, Kr�2] . . . [K1, K0]

[Kj, Kj�1] 1 2 8 0  j  r

Kj = Kj�1[bj] bj

Bi�1 Bi�1

Bi�1 Bi�1



8
><

>:

(x� a1)2 + (y � b1)2 = r2

(x� a2)2 + (y � b2)2 = s2
)

8
><

>:

x2 � 2a1x+ a12 + y2 � 2b1y + b1
2 = r2

x2 � 2a2x+ a22 + y2 � 2b2y + b2
2 = s2

)

8
><

>:

x2 � 2a1x+ a12 + y2 � 2b1y + b1
2 � r2 = 0

(2a1 � 2a2)x+ (2b1 � 2b2)y + a22 + b2
2 � s2 � a12 � b1

2 + r2 = 0
,

(a1, b1) 2 hAii�1 (c1, d1) 2 hAii�1

(a2, b2) 2 hAii�1 (c2, d2) 2 hAii�1

r2 = (a1 � c1)2 + (b1 � d1)2 s2 = (a2 � c2)2 + (b2 � d2)2

y

2 Q[Bi�1] ⇢ Kj�1

bj 2 Kj�1 [Kj, Kj�1] =

[Kj�1[bj], Kj�1] = 2

8
>><

>>:

x2 � 2a1x+ a12 + y2 � 2b1y + b1
2 = r2

y = b2 +

✓
d2 � b2
c2 � a2

◆
.(x� a2)

,

(a1, b1) 2 hAii�1 (c1, d1) 2 hAii�1

(a2, b2) (c2, d2) 2 hAii�1 r2 = (a1 � c1)2 + (b1 � d1)2

[Kj, Kj�1] = 2

8
>><

>>:

y = b1 +

✓
d1 � b1
c1 � a1

◆
.(x� a1)

y = b2 +

✓
d2 � b2
c2 � a2

◆
.(x� a2)

,

(a1, b1) (c1, d1) 2 hAii�1 (a2, b2) (c2, d2) 2 hAii�1

Q[Bi�1] ⇢ Kj�1

[Kj, Kj�1] = 1



[Q[Bi],Q[Bi�1]] = 2r r 2 N [Q[Bn],Q] = 2k k 2 N

r  k



↵ �

↵3 = 2�3 ↵ = 3
p
2�

3
p
2�

� = 1 3
p
2 f(x) = x3 � 2

3
p
2 Q [Q[ 3

p
2],Q] = 3

3
p
2 � ↵ = 3

p
2�

↵ ↵
1

�
= 3

p
2

↵ 2 (0, ⇡)

(cos
⇣↵
3

⌘
, sin

⇣↵
3

⌘
)

↵ =
⇡

2
↵ =

⇡

3
↵ =

⇡

3

⇣
cos
⇣⇡
9

⌘
, sin

⇣⇡
9

⌘⌘

cos
⇣⇡
9

⌘

cos

✓
3.⇡

9

◆
=

1

2
= 4. cos3

⇣⇡
9

⌘
� 3. cos

⇣⇡
9

⌘
) 8. cos3

⇣⇡
9

⌘
� 6. cos

⇣⇡
9

⌘
� 1 = 0.

f(x) = 8.x3 � 6x � 1
⇡

9
Q

f(x)
p

q
p = ±1 q = 1 q = 2 q = 4 q = 8

p

q
f(x)

h
Q
h⇡
9

i
,Q
i
= 3



⇡

3

1 O AB =
⇡

3⇡

3
O O C C

A B

1 D
⇡

3
O AB

E 6= O DE = 1

F G OA OB

1 H I EF EG

1 H bOI 1
3A
bOB

O bGE O bGE = 1
2(D

bOI+B bOD)

B bOD = O bGE + O bEG

O bEG = 1
2(D

bOI � B bOD)

O bGE

OG

sin(O bEG)
=

OE

sin(O bGE)



) 1

sin

✓
1

2
(D bOI � B bOD)

◆ =
2

sin

✓
1

2
(D bOI +B bOD)

◆

)
sin

✓
1

2
(D bOI � B bOD)

◆

sin

✓
1

2
(D bOI +B bOD)

◆ =
1

2

)
sin

 
D bOI

2

!
. cos

 
B bOD

2

!
� cos

 
D bOI

2

!
. sin

 
B bOD

2

!

sin

 
D bOI

2

!
. cos

 
B bOD

2

!
+ cos

 
D bOI

2

!
. sin

 
B bOD

2

! =
1

2

) sin

 
D bOI

2

!
. cos

 
B bOD

2

!
= 3 cos

 
D bOI

2

!
. sin

 
B bOD

2

!

) tan

 
D bOI

2

!
= 3 tan

 
B bOD

2

!
.

2.D bOI = H bOI 2.B bOD = A bOB = ⇡

3

tan(B
bOD

2 )

tan(D
bOI

2 )
⇡ B bOD

D bOI

H bOI ⇡ 1
3A
bOB

tan(⇡6 )

tan(⇡9 )
⇡

1, 58
(⇡6 )

(⇡9 )
= 1, 5



x x2 = ⇡r2 r

x =
p
⇡r

p
⇡

p
⇡

p
⇡
p
⇡ = ⇡ ⇡

Q f(x) 2 Q[x] f(⇡) 6= 0

Q ⇡

Q[⇡]

Q
r x =

p
⇡r x

x1
r
=

p
⇡

r

l l
p
2 = 2r l =

p
2r

6r +

p
2r

5
⇡ 6, 2828427r 2⇡r a =

6r +

p
2r

5
2

⇡r r

r

a

r + a



a

r a h

h2 = ra ⇡ ⇡r2 h

4



R

” Q

Q[
p
2] Q[ 4

p
2]

K[b] b K

K ⇢ L ⇢ R K

L L K



•

•

•

•

•

•

•

•

•



•

•

(x0, y0) x2 = ay

x2 + y2 = ay + bx
a

x0
=

x0

y0
=

y0
b

s

x2 =
s

4
y

4s

r O AB

B C

BOC ⇡

6

B CD BD = 3r 2AD

Q[
p
2 +

p
3] Q[

p
2 +

p
3] = Q[

p
2,
p
3]

p
2 +

p
3 Q

Q[
p
2,
p
5]

[Q[ 4
p
3],Q[

p
3]]

Q[
p
2] \Q[ 3

p
2] = Q

Q

• 3 +
p
3

• 4
p
2 + 1

•
p

2 +
p
2

cos
2⇡

18



• ↵ cos↵ = 1
4

• ↵ cos↵ = � 9
16

• ↵ cos↵ = �2
3

↵ tan↵

x3�1 = 0

1

⇡ e

R






