


❏♦ã♦ ❏♦sé ❞❡ ❇❛rr♦s ◆❡t♦

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✿

❉❡s✈❡♥❞❛♥❞♦ ♦ ◆ú♠❡r♦ ❡

❉✐ss❡rt❛çã♦ s✉❜♠❡t✐❞❛ à ❈♦♦r❞❡♥❛ç❛♦ ❞♦

Pr♦❣r❛♠❛ ❞❡ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠

▼❛t❡♠át✐❝❛ ✲ Pr♦❢♠❛t✱ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡

❋❡❞❡r❛❧ ❞♦ P✐❛✉í✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧

♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❣r❛✉ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛ ♥❛ ♠♦❞❛❧✐❞❛❞❡ ♣r♦✜ss✐♦♥❛❧✳

❖r✐❡♥t❛❞♦r✿

Pr♦❢✳ ❉r✳ ❘♦❣❡r P❡r❡s ❞❡ ▼♦✉r❛✳

❚❡r❡s✐♥❛ ✲ ✷✵✷✵



❈♦♣②r✐❣❤t ➞ ✷✵✷✵ ❜② ❏♦ã♦ ❏♦sé ❞❡ ❇❛rr♦s ◆❡t♦✳

❉✐r❡✐t♦s r❡s❡r✈❛❞♦s✱ ✷✵✷✵ ♣♦r ❏♦ã♦ ❏♦sé ❞❡ ❇❛rr♦s ◆❡t♦✳

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ P✐❛✉í ✲ ❯❋P■✱ ❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛ ❞❛ ◆❛t✉r❡③❛ ✲ ❈❈◆✱ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛✳ ❈❡♣ ✻✹✵✹✾✲✺✺✵ ✲

❚❡r❡s✐♥❛✱ P■✳

◆❡♥❤✉♠❛ ♣❛rt❡ ❞❡st❛ ❞✐ss❡rt❛çã♦ ♣♦❞❡ s❡r r❡♣r♦❞✉③✐❞❛ s❡♠ ❛ ❡①♣r❡ss❛ ❛✉t♦r✐③❛çã♦

❞♦ ❛✉t♦r✳





❉❡❞✐❝♦ ❡st❛ ❞✐ss❡rt❛çã♦ à ♠✐♥❤❛ ❢❛♠í❧✐❛✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❢♦r♠❛ ❝♦♠♦ ♦ ❯♥✐✈❡rs♦ s❡ ♦r❣❛♥✐③❛ ♣❛r❛ s❡ ❝♦♥❝r❡t✐③❛r ❛q✉✐❧♦ q✉❡ t❡♠ ♠✉✐t❛ ❢♦rç❛✱

♥ã♦ ❞❡✐①❛ ❞ú✈✐❞❛s q✉❛♥t♦ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s❡r s✉♣r❡♠♦✳ ❙✐♠♣❧❡s♠❡♥t❡✱ ❡①✐st❡ ✉♠❛

♠ã♦ q✉❡ ❣✉✐❛✱ ♦r✐❡♥t❛✱ ❧❡✈❛♥t❛✱ ♦r❣❛♥✐③❛ t✉❞♦ ❡ t♦❞♦s✳ ➱ ✐♠♣♦ssí✈❡❧ ❞❡ s❡ ❡♥t❡♥❞❡r ❝♦♠♦

♦ ❝❛♠✐♥❤♦ ❢♦✐ tr❛ç❛❞♦✱ ♣r♦❜❧❡♠❛s ✐♥✐♠❛❣✐♥á✈❡✐s ❝♦♠ s♦❧✉çõ❡s q✉❡ ❛♣❛r❡❝❡r❛♠ ❞❡ ❢♦r♠❛

♠✉✐t♦ ❣❡♥t✐❧✱ ♥♦rt❡❛r❛♠ ❡ss❡ ♠❡str❛❞♦✳ ❖❧❤♦ ♣❛r❛ ✐ss♦ ❡ t❡♥❤♦ s❡♥t✐♠❡♥t♦ ❞❡ ❣r❛t✐❞ã♦

♠✉✐t♦ ❣r❛♥❞❡ ❛ ❉❡✉s✱ s✐♥t♦ q✉❡ r❡❝❡❜✐ ✉♠ ♣r❡s❡♥t❡ ❞✐✈✐♥♦✳ ◆ã♦ é ✏só✑ ♣❡❧♦ tít✉❧♦ ❞❡

♠❡str❡✱ ♠❛s ❛ ❢♦r♠❛ ❝♦♠♦ ❡ss❛ tr❛❥❡tór✐❛ ❢♦✐ ♣❡r❝♦rr✐❞❛ ♠❡ ❢❡③ r❡✢❡t✐r s♦❜r❡ ♠✉✐t❛s ❝♦✐s❛s

❡ ❝❡rt❛♠❡♥t❡ ❡✈♦❧✉✐ ❝♦♠♦ ♣❡ss♦❛✳ ❆ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ P✐❛✉í é ♠♦t✐✈♦ ❞❡ ♦r❣✉❧❤♦

❞♦s q✉❡ s❛❜❡♠ ❞❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❡❞✉❝❛çã♦ ♥♦ ❝♦♥✈í✈✐♦ s♦❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛ ❡st❡ ❧✉❣❛r✱ ♦♥❞❡

♠❡ s✐♥t♦ tã♦ ❜❡♠✳ ❆❣r❛❞❡ç♦ ❛♦s ❝♦❧❡❣❛s ❞❡ ❝✉rs♦✱ s❡♠♣r❡ ♠✉✐t♦ s♦❧í❝✐t♦s ❡ ❝♦♠♣❛♥❤❡✐r♦s✳

❖s ♣r♦❢❡ss♦r❡s ❡ ❝♦♦r❞❡♥❛❞♦r❡s t✐✈❡r❛♠ ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❡s♣❡❝✐❛❧✱ ✈ár✐❛s ✈❡③❡s ❞✉r❛♥t❡ ♦

❝✉rs♦ t✐✈❡ ❛♠♣❛r♦ ❤✉♠❛♥♦ ❡♥♦r♠❡✱ s❡♥t✐♠❡♥t♦ ❞❡ ❣r❛t✐❞ã♦ ♣♦r t♦❞♦s✳ ❆❣r❛❞❡ç♦ ❛♦ ♠❡✉

♦r✐❡♥t❛❞♦r ❘♦❣❡r✱ ❛ q✉❡♠ ❡s❝♦❧❤✐ ♣❡❧♦ s❡♥t✐♠❡♥t♦ ❞❡ r❡s♣❡✐t♦ q✉❡ t❡♥❤♦ ♣♦r ❡❧❡✱ ♠❛s ♥❛

✈❡r❞❛❞❡ ❡r❛ ✉♠❛ ❞❡ss❛s ♦r❣❛♥✐③❛çõ❡s ❞♦ ❯♥✐✈❡rs♦✱ q✉❡ ❢❡③ t♦❞♦ s❡♥t✐❞♦ q✉❛♥❞♦ ♣❛ss❡✐ ♣♦r

✉♠ ❞❡ss❡s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s✳ ❘♦❣❡r é ✉♠❛ ♣❡ss♦❛ ❞❛q✉❡❧❛s q✉❡ ♣❛ss❛♠ ♣❡❧❛ s✉❛ ✈✐❞❛✱ ❢❛③

✉♠❛ ❣r❛♥❞❡ ❝♦✐s❛ ♣♦r ✈♦❝ê✱ ❡ ✜❝❛ ✉♠ s❡♥t✐♠❡♥t♦ ❡t❡r♥♦ ❞❡ ❣r❛t✐❞ã♦✳ ❆ ♠✐♥❤❛ ❢❛♠í❧✐❛✱

❡ss❛ ❡♥t✐❞❛❞❡ q✉❡ t❛♥t♦ ♠❡ ❡♠♦❝✐♦♥❛✳ ❖❜r✐❣❛❞♦ ❛ ❝❛❞❛ ✉♠✱ ✈♦❝ês sã♦ ❛ ✈❡r❞❛❞❡✐r❛ r❛③ã♦✳

✐✐



✏❯♠ ❤♦♠❡♠ é ✉♠❛ ❢r❛çã♦ ❝✉❥♦ ♥✉♠❡r❛✲

❞♦r ❝♦rr❡s♣♦♥❞❡ ❛♦ q✉❡ ❡❧❡ é✱ ❡♥q✉❛♥t♦ ♦

❞❡♥♦♠✐♥❛❞♦r é ♦ q✉❡ ❡❧❡ ❛❝r❡❞✐t❛ s❡r✧✳

▲✳ ❚♦❧st♦✐✳



❘❡s✉♠♦

◆♦ss♦ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ♦ ❡st✉❞♦ ❞❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❞♦ ♥ú♠❡r♦ ❡ ❡

s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s✳ ❊①✐❜✐♠♦s três ❞❡✜♥✐çõ❡s ❞❡ ❡ ❡ ♠♦str❛♠♦s ❛s ❝♦♥❡①õ❡s

❡♥tr❡ ❡❧❛s✳ ❈♦♠ ✐ss♦ ♣✉❞❡♠♦s ♠♦str❛r q✉❡ ❡ é ✐rr❛❝✐♦♥❛❧ ❡ t❛♠❜é♠ ❞❡s❡♥✈♦❧✈❡r ✉♠ ♠ét♦❞♦

❞❡ ❝á❧❝✉❧♦ ❞❡ s✉❛s ❝❛s❛s ❞❡❝✐♠❛✐s✱ s❡♥❞♦ ❡st❡ ú❧t✐♠♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦✳ ❆ ❞❡♠♦♥s✲

tr❛çã♦ ❞❡ q✉❡ ❡ é ✐rr❛❝✐♦♥❛❧ t❡♠ ❝♦♠♦ ♣ré✲r❡q✉✐s✐t♦ ♦ ❡st✉❞♦ ❞❡ ♣♦tê♥❝✐❛s ❞❡ ♥ú♠❡r♦s

✐rr❛❝✐♦♥❛✐s✱ ❞❡ ❛r✐t♠ét✐❝❛ ❜ás✐❝❛ ❡ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ex✳ ❏á ♦ ♠ét♦❞♦ ❞❡ ❝á❧❝✉❧♦ ❞❛s

❝❛s❛s ❞❡❝✐♠❛✐s ❞❡ ❡ ❡①✐❣❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞♦ ❝♦♥❥✉♥t♦ ❞♦s

♥ú♠❡r♦s r❡❛✐s ✭❞❡s✐❣✉❛❧❞❛❞❡s✱ ✈❛❧♦r ❛❜s♦❧✉t♦✱ ❝♦♠♣❧❡t✉❞❡ ❡ ♥♦çõ❡s ❞❡ ❧✐♠✐t❡✮✱ ♦ ❡st✉❞♦

❞❡ s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s✱ ♣r♦❣r❡ssõ❡s ❡ sér✐❡s ❣❡♦♠étr✐❝❛s ❡ ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çã♦

❞❡❝✐♠❛❧ ❞❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ q✉❛❧q✉❡r✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ◆ú♠❡r♦ ❡❀ ❆♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s ❞❡ ❡❀ P♦tê♥❝✐❛s ❞❡ ◆ú♠❡r♦s

❘❡❛✐s❀ ❊①♣♦♥❡♥❝✐❛✐s❀ ◆ú♠❡r♦s ■rr❛❝✐♦♥❛✐s✳

✐✈



❆❜str❛❝t

❖✉r ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦ st✉❞② t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡ ♥✉♠❜❡r e ❛♥❞ ✐ts ❢✉♥❞❛♠❡♥t❛❧

♣r♦♣❡rt✐❡s✳ ❲❡ ❞✐s♣❧❛② t❤r❡❡ ❞❡✜♥✐t✐♦♥s ♦❢ e ❛♥❞ s❤♦✇ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✳

❲✐t❤ t❤✐s ✇❡ ✇❡r❡ ❛❜❧❡ t♦ s❤♦✇ t❤❛t ✐t ✐s ✐rr❛t✐♦♥❛❧ ❛♥❞ ❛❧s♦ ❞❡✈❡❧♦♣ ❛ ♠❡t❤♦❞ ♦❢ ❝❛❧❝✉❧❛✲

t✐♥❣ t❤❡✐r ❞❡❝✐♠❛❧ ♣❧❛❝❡s✱ t❤❡ ❧❛tt❡r ❜❡✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧t✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❛t e ✐s ✐rr❛t✐♦♥❛❧

r❡q✉✐r❡s t❤❡ st✉❞② ♦❢ ♣♦✇❡rs ♦❢ ✐rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✱ ❜❛s✐❝ ❛r✐t❤♠❡t✐❝ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝✲

t✐♦♥ ❛s ✇❡❧❧✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ ❞❡❝✐♠❛❧ ♣❧❛❝❡s ♦❢ e r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡

❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs ✭✐♥❡q✉❛❧✐t✐❡s✱ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ❝♦♠♣❧❡✲

t❡♥❡ss ❛♥❞ ❧✐♠✐t ♥♦t✐♦♥s✮✱ t❤❡ st✉❞② ♦❢ ♠♦♥♦t♦♥❡s s❡q✉❡♥❝❡s✱ ♣r♦❣r❡ss✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❝

s❡r✐❡s ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❞❡❝✐♠❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥② r❡❛❧ ♥✉♠❜❡r✳

❑❡② ✇♦r❞s ✿ ◆✉♠❜❡r e❀ ❉❡❝✐♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ e❀ ❘❡❛❧ ◆✉♠❜❡r P♦✇❡rs❀ ❊①♣♦✲

♥❡♥t✐❛❧s❀ ■rr❛t✐♦♥❛❧ ♥✉♠❜❡rs✳

✈



❙✉♠ár✐♦

❘❡s✉♠♦ ✐✈

❆❜str❛❝t ✈

❙✉♠ár✐♦ ✈✐

✶ Pr❡❧✐♠✐♥❛r❡s ✹

✶✳✶ ❖ ❈♦♥❥✉♥t♦ ❞♦s ◆ú♠❡r♦s ❘❡❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❙❡q✉ê♥❝✐❛s ▼♦♥ót♦♥❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸ ◆ú♠❡r♦s ❆❧❣é❜r✐❝♦s ❡ ❚r❛♥s❝❡♥❞❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❙ér✐❡s ●❡♦♠étr✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✺ ❆ ❘❡♣r❡s❡♥t❛çã♦ ❉❡❝✐♠❛❧ ❞❡ ✉♠ ◆ú♠❡r♦ ❘❡❛❧ ◗✉❛❧q✉❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✻ P♦tê♥❝✐❛s ❝♦♠ ❊①♣♦❡♥t❡s ❘❡❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷ ❉❡✜♥✐çõ❡s ❡ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❡ ✷✺

✷✳✶ ❉❡✜♥✐çã♦ ❞❡ e ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✷ ❆ ❋✉♥çã♦ ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸ ■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❡ ❈á❧❝✉❧♦ ❞❛s ❈❛s❛s ❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ ❡ ✸✺

✸✳✶ ■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❞❡ e ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✷ ❈á❧❝✉❧♦ ❞❛s ❆♣r♦①✐♠❛çõ❡s ❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ e ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✈✐



■♥tr♦❞✉çã♦

❈♦♥❤❡❝❡r ❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞♦s ♥ú♠❡r♦s✱ ♥❛ ♥♦ss❛ ♦♣✐♥✐ã♦✱ é ♣❡ç❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛

❢♦r♠❛çã♦ ❞❡ ✉♠ ❜♦♠ ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠át✐❝❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♥♦ss♦ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦

❛❧✈♦ ♦ ❡st✉❞♦ ❞❡ ✉♠ ✐♠♣♦rt❛♥t❡ ❡ ♣♦✉❝♦ ❝♦♥❤❡❝✐❞♦ ♥ú♠❡r♦✿ ♦ ♥ú♠❡r♦ e✳

❊ss❡ ♥ú♠❡r♦ s✉r❣❡ ❛ ♣❛rt✐r ❞❡ ❡st✉❞♦ ❞♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧✱ ♦ ln✱ ✐♥✈❡♥t❛❞♦ ♣❡❧♦

♠❛t❡♠át✐❝♦ ❡s❝♦❝ês ❏♦❤♥ ◆❛♣✐❡r ✭✶✳✺✺✵ ✲ ✶✻✼✶✮✳ ❆♦ ❝r✐❛r ♦ ❧♦❣❛r✐t♠♦ ✭❛♦ ♣✉❜❧✐❝❛r ♦ ❧✐✈r♦

✑❯♠❛ ❉❡s❝r✐çã♦ ❞♦ ▼❛r❛✈✐❧❤♦s♦ ❈â♥♦♥ ❞❡ ▲♦❣❛r✐t♠♦s✑✱ ❞❡ ✶✳✾✶✹✮ ◆❛♣✐❡r ❞❡♣❛r♦✉✲s❡ ❝♦♠

r✉❞✐♠❡♥t♦s ❞❛ ❝♦♥st❛♥t❡ q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠♦ ♥ú♠❡r♦

❞❡ ❊✉❧❡r ❡ ❞❡s✐❣♥❛❞❛ ♣❡❧❛ ❧❡tr❛ e✱ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛♦ ❣r❛♥❞❡ ♠❛t❡♠át✐❝♦ ▲❡♦♥❛r❞ ❊✉❧❡r

✭✶✳✼✵✼ ✲ ✶✼✽✸✮✳ ❖ ♥ú♠❡r♦ e é ❛ ❜❛s❡ ❞♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧✳

◆❛ ✈❡r❞❛❞❡ ❢♦✐ ❏❛❝♦❜ ❇❡r♥♦✉❧❧✐ q✉❡♠ ♣r✐♠❡✐r♦ ❞❡s❝r❡✈❡✉ ❡ss❛ ❝♦♥st❛♥t❡ ❛♦ ❝❛❧❝✉❧❛r

♦ ❧✐♠✐t❡ limn→∞(1 + 1

n
)n✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♥ú♠❡r♦ e✳ ◆♦ss♦ ♣r✐♥❝✐♣❛❧

♦❜❥❡t✐✈♦ é ❢❛③❡r t♦❞❛s ❛s s✉❛s ❝❛r❛❝t❡r✐③❛çõ❡s ♣♦ssí✈❡✐s✱ ✈✐st♦ q✉❡ ♥♦s t❡①t♦s q✉❡ ❝♦♥s✉❧✲

t❛♠♦s✱ ✜❝❛♠♦s ❝♦♠ ❛ ✐♠♣r❡ssã♦ ❞❡ ❡st❛r❡♠ ✐♥❝♦♠♣❧❡t♦s ❡♠ r❡❧❛çã♦ ❛ ✐ss♦✱ ❝♦♠♦ ✈❡r❡♠♦s

♥♦ ❝❛♣ít✉❧♦ ✹✳

❆❧é♠ ❞❡ t❡♥t❛r t♦r♥❛r ♦ ♠❛✐s ❝❧❛r♦ ♣♦ssí✈❡❧ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ e✱ ♣r♦♣♦♠♦s ✉♠

♠ét♦❞♦ ❞❡ ❝á❧❝✉❧♦ ❞❛s ❝❛s❛s ❞❡❝✐♠❛✐s ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e ✉s❛♥❞♦ ✉♠ ♠ét♦❞♦

❝❧áss✐❝♦ ♠✉✐t♦ ❡✜❝✐❡♥t❡ ❡♠ s❡ tr❛t❛♥❞♦ ❞❡ ♥ú♠❡r♦s ❞♦ t✐♣♦
√
2,
√
3, ❡t❝ ✭♥ú♠❡r♦s ❛❧❣é❜r✐✲

❝♦s✮✱ ♠❛s ❛♣❛r❡♥t❡♠❡♥t❡ ♣♦✉❝♦ ❡❢❡t✐✈♦ ♥♦ ❝❛s♦ ❞❡ ♥ú♠❡r♦s ❝♦♠♦ ♦ e ❡ ♦ π✱ ♣♦r ❡①❡♠♣❧♦✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r ❛ ❣r❛♥❞❡ ❡s❝❛ss❡③ ❞❡ ♠❛t❡r✐❛❧ ❜✐❜❧✐♦❣rá✜❝♦ ❞❡❞✐❝❛❞♦ ❛ ❡ss❛

t❛r❡❢❛✿ ❛ ú♥✐❝❛ r❡❢❡rê♥❝✐❛ ❡♥❝♦♥tr❛❞❛ ♣♦r ♥ós q✉❡ ❢❛③ ♠❡♥çã♦ ❛ ✉♠ ♠ét♦❞♦ ❞❡ ♦❜t❡♥çã♦

❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e ♣♦r r❛❝✐♦♥❛✐s ❢♦✐ ❛ ❞❡ ❆✳ ❈❛♠✐♥❤❛ ❬✷❪✱ ♦♥❞❡ ❡❧❡ ✐♥❞✐❝❛ ❛tr❛✈és

❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡①❡r❝í❝✐♦s ❝♦♠♦ ❡♥❝♦♥tr❛r ❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠ ❝✐♥❝♦ ❝❛s❛s ❞❡❝✐♠❛✐s✱

♠❛s ♥ã♦ r❡s♣♦♥❞❡ ♣♦r q✉❡ ❛q✉❡❧❛s sã♦ ❞❡ ❢❛t♦ ❛s ❝✐♥❝♦ ♣r✐♠❡✐r❛s ❝❛s❛s ❞❡❝✐♠❛✐s ❞❡ e✳

◆♦ss❛ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✱ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ❡st❛ ✐♥tr♦❞✉✲

çã♦✳

❖ ❈❛♣ít✉❧♦ ✷ é ❞❡❞✐❝❛❞♦ ❛♦ ❡♠❜❛s❛♠❡♥t♦ t❡ór✐❝♦✳ ◆❡❧❡ tr❛t❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ✭❞❡

♠♦❞♦ r❡s✉♠✐❞♦✮ ❞♦ ❝♦♥❥✉♥t♦ R ❞♦s ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ♦s r❛❝✐♦♥❛✐s❀ ❢❛❧❛♠♦s

❞♦ ❝♦r♣♦ (R,+, ∗) ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s✱ ❡①✐❜✐♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♦r❞❡♠ ❡♠

✶



R ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ ✐♥t❡r✈❛❧♦s✱ ❞❡✜♥✐♠♦s s✉♣r❡♠♦ ❡ í♥✜♠♦ ❡ ❡♥✉♥❝✐❛♠♦s ♦ ❛①✐♦♠❛ ❞♦

❝♦♠♣❧❡t❛♠❡♥t♦ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ R é ❝♦♠♣❧❡t♦✳ ❉❡♣♦✐s✱ ✭❙❡çã♦ ✷✳✷✮ ❞❡✜♥✐♠♦s s❡q✉ê♥❝✐❛s✱

❧✐♠✐t❡s ❞❡ s❡q✉ê♥❝✐❛s✱ P✳❆✳✬s✱ P✳●✳✬s✱ s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❛ ✷✳✸✱

❢❛❧❛♠♦s s♦❜r❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s ❡ ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❡s✳ ◆❛ ❙❡çã♦ ✷✳✹ ❞✐s❝♦rr❡♠♦s

s♦❜r❡ ❛s sér✐❡s ❣❡♦♠étr✐❝❛s✳ ◆❛ s❡çã♦ ✷✳✺ ♠♦str❛♠♦s q✉❡ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ ♣♦ss✉✐ ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛ ú♥✐❝❛✳ ❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ♦ ❡st✉❞♦ ❞❛s ♣♦tê♥❝✐❛s

❞❡ ♥ú♠❡r♦s r❡❛✐s ❝♦♠ ❡①♣♦❡♥t❡s r❡❛✐s✱ ♦♥❞❡ r❡ss❛❧t❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❞♦♠í♥✐♦ ❞❡ss❡

❛ss✉♥t♦ r❡q✉❡r ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s✳ ❖ ♦❜❥❡t✐✈♦ é ❞❡✜♥✐r ❛ ❢✉♥çã♦ ax✱

❝♦♠ a > 0 ❡ x ∈ R✱ ♣❛r❛ ♥♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡ ❞❡✜♥✐r ex, x ∈ R✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❡①✐❜✐♠♦s três ❞❡✜♥✐çõ❡s ❞❡ e ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ Pr✐♠❡✐r♦ ✜③❡♠♦s

✉♠❛ ❞❡✜♥✐çã♦ ❣❡♦♠étr✐❝❛ ❞❡ e ✭❛ ♣❛rt✐r ❞♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧✮✱ ♦ q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❛ ❡♥tã♦

❞❡✜♥✐r ❛ ❢✉♥çã♦ ex, x ∈ R✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ exp : R −→ R

❞❛❞❛ ♣♦r

exp(x) =
+∞∑

n=0

xn

n!

❡ ♣r♦✈❛♠♦s ♦ s❡❣✉✐♥t❡ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦✿

lim
n−→∞

(

1 +
1

n

)n

= exp(1). ✭✶✮

❊♠ s❡❣✉✐❞❛ ♣r♦✈❛♠♦s q✉❡

e = lim
n−→∞

(

1 +
1

n

)n

, ✭✷✮

♣❛r❛ ❡♥tã♦ ❝♦♥❝❧✉✐r q✉❡

e = exp(1) ✭✸✮

♦✉ s❡❥❛✱

e = 1 + 1 +
1

2!
+

1

3!
+ ...+

1

n!
+ ... =

∞∑

n=0

1

n!
. ✭✹✮

❖ ❝❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❛ ♣r♦✈❛ ❞❡ q✉❡

exp(x) = ex, para todo x ∈ R. ✭✺✮

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ✉s❛♠♦s ❛ ❝❛r❛❝t❡r✐③❛çã♦ ✭✹✮ ❞❡ e ♣❛r❛ ♣r♦✈❛r♠♦s q✉❡ ♦ ♠❡s♠♦

é ✐rr❛❝✐♦♥❛❧ ❡ ❡♠ s❡❣✉✐❞❛ ✜③❡♠♦s ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦✿ ♥ã♦ s♦♠❡♥t❡ ❡①✐❜✐♠♦s ✉♠

♠ét♦❞♦ ❞❡ ❡♥❝♦♥tr❛r ❛s ❝❛s❛s ❞❡❝✐♠❛✐s ❞❡ e✱ ❝♦♠♦ t❛♠❜é♠ ♠♦str❛♠♦s q✉❡ ❡ss❛s sã♦ ❞❡

❢❛t♦ s✉❛s ❝❛s❛s ❞❡❝✐♠❛✐s✱ s❡♠ ✉s❛r ❞❡ ❛♥t❡♠ã♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ♠❡s♠❛s✳

✷



❊ss❡ tr❛❜❛❧❤♦ t❡✈❡ ❝♦♠♦ ❜❛s❡ ✉♠ ♠❛♥✉s❝r✐t♦ ❞♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ✭Pr♦❢❡ss♦r ❘♦❣❡r

P❡r❡s ❞❡ ▼♦✉r❛✮❀ ❝♦♠✉♥✐❝❛çã♦ ♣❡ss♦❛❧✳ P❛r❛ ❡❧❛❜♦r❛çã♦ ❞♦ ❝❛♣ít✉❧♦ ✷ ❢♦r❛♠ ❝♦♥s✉❧t❛❞❛s

❛s r❡❢❡rê♥❝✐❛s ❬✺❪✱ ❬✼❪✱ ❬✻❪ ❡ ❬✶❪✳ P❛r❛ ♦ ❝❛♣ít✉❧♦ ✸ ❝♦♥s✉❧t❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✻❪✱ ❬✺❪✱ ❬✷❪ ❡

❬✽❪✳ ❏á ♣❛r❛ ♦ ❝❛♣ít✉❧♦ ✹✱ ❝♦♥s✉❧t❛♠♦s ❬✶❪✱ ❬✷❪✱❬✸❪✱ ❬✹❪✱ ❬✺❪✱ ❬✽❪ ❡ ❬✻❪✳

✸
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✶✳✶ ❖ ❈♦♥❥✉♥t♦ ❞♦s ◆ú♠❡r♦s ❘❡❛✐s

❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❘❛❝✐♦♥❛✐s s✉r❣❡ ❞♦ ❢❛t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s

Z = {...,−3,−2,−1, 0, 1, 2, 3, ...}

♥ã♦ s❡r ❢❡❝❤❛❞♦ ❡♠ r❡❧❛çã♦ à ❞✐✈✐sã♦✱ ♦✉ s❡❥❛✱ ♥❡♠ s❡♠♣r❡ ❛ ❞✐✈✐sã♦ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s

✐♥t❡✐r♦s r❡s✉❧t❛ ♥✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳❖s ú♥✐❝♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s q✉❡ tê♠ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐✲

❝❛t✐✈♦ sã♦ ♦ ✲✶ ❡ ♦ ✶✳

❆ ❞✐✈✐sã♦ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s q✉❛♥❞♦ ♦ ❞✐✈✐❞❡♥❞♦ ♥ã♦ é ♠ú❧t✐♣❧♦ ❞♦ ❞✐✈✐s♦r✱ ♣♦❞❡

❣❡r❛r ❢r❛çõ❡s ❞♦ t✐♣♦ 1

2
, 3
4
, 2
3
, ..., ♦✉ s❡❥❛✱ a

b
❝♦♠ b 6= 1 ❡ ♠❞❝(a, b) ❂✶✳

❋❛❧❛♥❞♦ ❞❡ ♠♦❞♦ ♥ã♦ r✐❣♦r♦s♦✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s é ♦❜t✐❞♦ ❛❞✐❝✐♦♥❛♥❞♦✲

s❡ ❛♦ ❝♦♥❥✉♥t♦ Z ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s t♦❞❛s ❛s ❢r❛çõ❡s ♥ã♦ ✐♥t❡✐r❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❉✐③❡♠♦s q✉❡ ✉♠ ♥ú♠❡r♦ é r❛❝✐♦♥❛❧ q✉❛♥❞♦ ❡❧❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦

♥❛ ❢♦r♠❛
a

b
✱ ♦♥❞❡ a, b ∈ Z✳ ❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ♣♦r Q✳ ❆ss✐♠

Q = {a
b

| a, b ∈ Z e b 6= 0}.

❊st✉❞❛♥❞♦ ●❡♦♠❡tr✐❛ ❡❧❡♠❡♥t❛r ❞❡s❝♦❜r❡✲s❡ r❛♣✐❞❛♠❡♥t❡ q✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❡①✐st❡♠ tr✐✲

â♥❣✉❧♦s r❡tâ♥❣✉❧♦s ❝♦♠ ❝❛t❡t♦s ♥❛t✉r❛✐s ❝✉❥❛s ❤✐♣♦t❡♥✉s❛s ♥ã♦ sã♦ r❛❝✐♦♥❛✐s✳ ❱❡❥❛♠♦s

❞♦✐s ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✶ ❈♦♥s✐❞❡r❡ ♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❝✉❥♦s ❞♦✐s ❝❛t❡t♦s tê♠ ♠❡❞✐❞❛ ✶✳

✹
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P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s t❡♠♦s q✉❡ x2 = 12 + 12✱ ♦✉ s❡❥❛✱ x2 = 2✳ ▼❛s ❡ss❡ x /∈
Q✱ ♣♦✐s✱ s✉♣♦♥❞♦ ①❂a

b
✱ ❝♦♠ a, b ∈ N ❡ ♠❞❝(a, b) ❂✶✱ t❡rí❛♠♦s✱ a2

b2
❂✷✳ ❉❛í a2❂2 · b2✱ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ a s❡r✐❛ ♣❛r✱ ❞✐❣❛♠♦s ❛❂2 ·m✳ ❉✐st♦ r❡s✉❧t❛r✐❛ 2 · b2❂4 ·m2✱ ❡ ♣♦rt❛♥t♦✱

b2❂2 ·m2✳ P♦rt❛♥t♦✱ b t❛♠❜é♠ s❡r✐❛ ♣❛r✱ ❞✐❣❛♠♦s ❜❂2 · n✱ n ∈ N✳ ◆❡st❡ ❝❛s♦✱ ♠❞❝(a, b)

≥ 2✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ ❡ss❡ ♥ú♠❡r♦ x ♥ã♦ é r❛❝✐♦♥❛❧✳

❊①❡♠♣❧♦ ✷ ❈♦♥s✐❞❡r❡ ♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❝✉❥♦s ❞♦✐s ❝❛t❡t♦s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✶ ❡

✷✳

❉❡ ❢❛t♦✱ s❡ x ♣✉❞❡ss❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

x =
a

b
, com mdc(a, b) = 1

✱ ❡♥tã♦ a2❂5 · b2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛❂5 · k✱ ♣❛r❛ ❛❧❣✉♠ K ∈ N✳ ❉❛í✱ b2❂5 · k2✱ ❡ ❞❛í✱ b

t❛♠❜é♠ s❡r✐❛ ♠ú❧t✐♣❧♦ ❞❡ ✺✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❖s ❡①❡♠♣❧♦s ❛❝✐♠❛ ♠♦str❛♠ q✉❡ ♦ ❝♦♥❥✉♥t♦ Q ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ♥ã♦ é ❢❡❝❤❛❞♦

♣❛r❛ ❛ r❛❞✐❝✐❛çã♦✳

❆♣❡s❛r ❞❡ s❡r ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❡ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s r❛❝✐♦♥❛✐s ❡①✐st✐r❡♠ ✐♥✜♥✐t♦s

r❛❝✐♦♥❛✐s✱ ♦ ❝♦♥❥✉♥t♦ Q ♥ã♦ é ❢❡❝❤❛❞♦ ♣❛r❛ ❛ ♦♣❡r❛çã♦ ❞❡ r❛❞✐❝✐❛çã♦✱ ❡ ♣♦rt❛♥t♦✱ é ✉♠

❝♦♥❥✉♥t♦ ♥✉♠ér✐❝♦ ✐♥❝♦♠♣❧❡t♦✳

❖s ♥ú♠❡r♦s x ❡♥tr❡ ❞♦✐s r❛❝✐♦♥❛✐s q✉❡ ♥ã♦ sã♦ r❛❝✐♦♥❛✐s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♥ú♠❡r♦s

✐rr❛❝✐♦♥❛✐s✳

✺
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◆ã♦ é ♥♦ss♦ ♣r♦♣♦s✐t♦ ♥❡ss❡ tr❛❜❛❧❤♦ ♣r❡❡♥❝❤❡r ❛s ❧❛❝✉♥❛s ❞❡ Q✳ ❊ss❛ ❛♠♣❧✐❛çã♦ ❞❡

Q q✉❡ é ❝♦♠♣❧❡t❛ é ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s✱ ❞❡♥♦t❛❞♦ ♣♦r R✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❖ ❝♦♥❥✉♥t♦ R ❞♦s ♥ú♠❡r♦s r❡❛✐s é ♦ ❝♦♥❥✉♥t♦ ♥✉♠ér✐❝♦ q✉❡ s❛t✐s❢❛③ ♦s

s❡❣✉✐♥t❡s ❛①✐♦♠❛s✳

❆①✐♦♠❛ ✶✳ R é ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡ ❛❞✐çã♦✱ ❞❡♥♦t❛❞❛ ♣♦r ✰✱ ♦✉

s❡❥❛✱ s❡ x, y ∈ R ❡♥tã♦ x+ y ∈ R✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❛❞✐çã♦ é

✶✳✶ ❆ss♦❝✐❛t✐✈❛

(x+ y) + z = x+ (y + z), ∀ x, y, z ∈ R✳

✶✳✷ ❈♦♠✉t❛t✐✈❛

x+ y = y + x, ∀ x, y ∈ R✳

✶✳✸ ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦

x+ 0 = x, ∀ x ∈ R✳

✶✳✹ ❚♦❞♦ ♥ú♠❡r♦ r❡❛❧ t❡♠ ✭✉♠ ú♥✐❝♦✮ ✐♥✈❡rs♦ ❛❞✐t✐✈♦✱ ♦✉ s❡❥❛

P❛r❛ t♦❞♦ x ∈ R ❡①✐st❡ y ∈ R t❛❧ q✉❡ x+ y = 0✳

❊ss❡ ♥ú♠❡r♦ ② é ❞❡♥♦t❛❞♦ ♣♦r ✲①✳

❆①✐♦♠❛ ✷✳ R é ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❝❤❛♠❛❞❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ ❞❡♥♦✲

t❛❞❛ ♣♦r (·)✱ ♦✉ s❡❥❛✱ s❡ x, y ∈ R ❡♥tã♦ x · y ∈ R✳ ❚❛❧ ♦♣❡r❛çã♦ é

✷✳✶ ❆ss♦❝✐❛t✐✈❛

(x · y) · z = x · (y · z), ∀ x, y, z ∈ R✳

✷✳✷ ❈♦♠✉t❛t✐✈❛

x · y = y · x, ∀ x, y ∈ R✳

✷✳✸ P♦ss✉✐ ✉♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ✭❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡✮

x · 1 = 1 · x = x, ∀ x ∈ R✳

✷✳✹ ❚♦❞♦ ♥ú♠❡r♦ r❡❛❧ ♥ã♦✲♥✉❧♦ ♣♦ss✉✐ ✉♠ ✐♥✈❡rs♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ♦✉ s❡❥❛

✻
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∀ x ∈ R− {0}, ∃ y ∈ R− {0} tal que x · y = 1✳

❊ss❡ ❡❧❡♠❡♥t♦ ② é ❞❡♥♦t❛❞♦ ♣♦r x−1✳

✷✳✺ ❉✐str✐❜✉t✐✈✐❞❛❞❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦

x · (y + z) = x · y + x · z, ∀x, y, z ∈ R✳

➱ ♠✉✐t♦ ❢á❝✐❧ ♣r♦✈❛r q✉❡

x · 0 = 0, ∀x ∈ R✳

❉❡ ❢❛t♦✱

x · 0 = x · (0 + 0) = x · 0 + x · 0✳

♦✉ s❡❥❛✱

x · 0 = x · 0 + x · 0✳

❉❛í s❡❣✉❡ q✉❡✱

x · 0 = 0✳

❱❛♠♦s ❛❣♦r❛ ♠♦str❛r✱ ❞❡ ♠♦❞♦ r❡s✉♠✐❞♦✱ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ R é ♠✉♥✐❞♦ ❞❡ ✉♠❛

♦r❞❡♠✳

❆①✐♦♠❛ ✸✿ ❊①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ P ❞❡ R ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

♣♦s✐t✐✈♦s✱ q✉❡ s❛t✐s❢❛③

✭P✶✮ P❛r❛ q✉❛✐sq✉❡r x, y ∈ R✱ x+ y ∈ P ❡ x · y ∈ P ✳

✭P✷✮ ❉❛❞♦ x ∈ R✱ ♦✉ x ∈ P ♦✉ x = 0 ♦✉ −x ∈ P ✳

❉❛í s❡❣✉❡ q✉❡ R❂(−P )
⋃{0}⋃P ✱ ♦♥❞❡

−P = {x ∈ R/− x ∈ P}✳

❚❛♠❜é♠ t❡♠✲s❡

s❡ x ∈ P ❡ y ∈ −P ✱ ❡♥tã♦ x · y ∈ −P ✳

❉❡✜♥✐çã♦ ✶✳✶✳✸ ❉❛❞♦s x, y ∈ R✱ ❞✐③❡♠♦s q✉❡ x ≤ y s❡✱ ❡ s♦♠❡♥t❡ s❡✱ y − x ∈ P ♦✉

x = y✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✹ ❆ r❡❧❛çã♦ ≤ é ✉♠❛ ♦r❞❡♠ s♦❜r❡ R✳ ❆❧é♠ ❞✐ss♦✱ ∀x, y, z ∈ R ✈❛❧❡♠

✼
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✐✳ x ≤ y ⇒ x+ z ≤ y + z✳

✐✐✳ x ≤ y ≤ z ⇒ x · z ≤ y · z✳

❉❡✜♥✐çã♦ ✶✳✶✳✺ ❉❡✜♥✐çã♦✿ ❙❡❥❛♠ x, y ∈ R✳ ❉✐③❡♠♦s q✉❡

✭✐✮ ① é ♥❡❣❛t✐✈♦ q✉❛♥❞♦ ✲① é ♣♦s✐t✐✈♦✳

✭✐✐✮ x < y s✐❣♥✐✜❝❛ y − x ∈ P ✳ ✭②✲① é ♣♦s✐t✐✈♦✮✳

✭✐✐✐✮x ≥ y s✐❣♥✐✜❝❛ q✉❡ y ≤ x✳

✭✐✈✮ x > y s✐❣♥✐✜❝❛ q✉❡ x− y ∈ P ✳

❉❡✜♥✐çã♦ ✶✳✶✳✻ ❙❡❥❛ x ∈ R✳ ❖ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❡ x✱ ✐♥❞✐❝❛❞♦ ♣♦r |x|✱ é ❞❡✜♥✐❞♦ ♣♦r

|x| =







x, s❡ x ≥ 0

−x, s❡ x < 0.

❆❧t❡r♥❛t✐✈❛♠❡♥t❡ t❡♠✲s❡

|x| = max{x,−x}✳

❱❛❧❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Pr♦♣r✐❡❞❛❞❡ ✶ ❙❡❥❛ ε > 0✳ ❊♥tã♦

|x| ≤ ε s❡✱ ❡ s♦♠❡♥t❡ s❡✱ −ε ≤ x ≤ ε✳

❆❧é♠ ❞✐ss♦✱

|x| < ε se, e somente se,−ε < x < ε✳

Pr♦♣r✐❡❞❛❞❡ ✷ x ≤ |x|, ∀x ∈ R✳

Pr♦♣r✐❡❞❛❞❡ ✸ |x+ y| ≤ |x|+ |y|, ∀x, y ∈ R✳

Pr♦♣r✐❡❞❛❞❡ ✹ |x · y| = |x| · |y|, ∀x, y ∈ R✳

❆ ❞❡♠♦♥str❛çã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ é ❡♥❝♦♥tr❛❞❛ ❡♠ q✉❛❧q✉❡r ❧✐✈r♦ ❞❡ ❛♥á❧✐s❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✼ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ I ⊂ R é ✉♠ ✐♥t❡r✈❛❧♦ q✉❛♥❞♦ ♣❛r❛ q✉❛✐sq✉❡r

a, b, x ∈ R✱ t❡♠✲s❡

✽
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a, b ∈ I ❡ a < x < b ⇒ x ∈ I✳

❙❡❥❛♠ a, b ∈ R t❛✐s q✉❡ a < b✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ q✉❡ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ ❞❡ R é ❞❡

✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❢♦r♠❛s✳

[a, b] = {x ∈ R/a ≤ x ≤ b}❀

(a, b) = {x ∈ R/a < x < b}✳

[a, b) = {x ∈ R/a ≤ x < b}❀

(a, b] = {x ∈ R/a < x ≤ b}✳

[a,+∞) = {x ∈ R/a ≤ x < +∞};

(a,+∞) = {x ∈ R/a < x < +∞}✳

(−∞, b] = {x ∈ R/−∞ < x ≤ b};

(−∞, b) = {x ∈ R/−∞ < x < b}✳

(−∞,+∞) = R ❡

[a, a] = {a}✳ ✭✐♥t❡r✈❛❧♦ ❞❡❣❡♥❡r❛❞♦✮

❆❣♦r❛ ❢❛❧t❛ ❛♣❡♥❛s ✉♠ ❛①✐♦♠❛ ♣❛r❛ ❢❡❝❤❛r ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡ Q✳ ❆♥t❡s ✈❛♠♦s

❡♥✉♥❝✐❛r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✶✳✽ ❙❡❥❛ X 6= ∅ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R✳ ❉✐③❡♠♦s q✉❡

✭✐✮ ❳ é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ q✉❛♥❞♦ ❡①✐st❡ a ∈ R t❛❧ q✉❡ x ≤ a, ∀x ∈ X✳

✭✐✐✮ ❳ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❛♥❞♦ ❡①✐st❡ ✉♠ b ∈ R t❛❧ q✉❡ b ≤ x, ∀x ∈ X✳

✭✐✐✐✮ ❳ é ❧✐♠✐t❛❞♦ q✉❛♥❞♦ ❡①✐st❡ ✉♠ R ∈ R t❛❧ q✉❡ |x| ≤ R, ∀x ∈ X✳

◗✉❛❧q✉❡r ♥ú♠❡r♦ a ∈ R q✉❡ s❛t✐s❢❛③ ✭✐✮ é ❝❤❛♠❛❞♦ ❞❡ ❧✐♠✐t❡ ✭♦✉ ❝♦t❛✮ s✉♣❡r✐♦r ❞❡

❳✳

◗✉❛❧q✉❡r ♥ú♠❡r♦ b ∈ R q✉❡ s❛t✐s❢❛③ ✭✐✐✮ é ❝❤❛♠❛❞♦ ❞❡ ❧✐♠✐t❡ ✭♦✉ ❝♦t❛✮ ✐♥❢❡r✐♦r ❞❡

❳✳

❉❡✜♥✐çã♦ ✶✳✶✳✾ ❙❡❥❛ X 6= ∅ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R✳

✭✐✮ ❯♠ ♥ú♠❡r♦ r❡❛❧ s é ❞✐t♦ s❡r ♦ s✉♣r❡♠♦ ❞❡ ❳ q✉❛♥❞♦ s é ❛ ♠❡♥♦r ❞❛s ❝♦t❛s

s✉♣❡r✐♦r❡s ❞❡ ❳✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ s❛t✐s❢❛③

✭❙✶✮ x ≤ s, ∀x ∈ X ✭s é ❝♦t❛ s✉♣❡r✐♦r✮✳

✭❙✷✮ x ≤ a, ∀x ∈ X ⇒ s ≤ a ✭s é ❛ ♠❡♥♦r ❞❛s ❝♦t❛s s✉♣❡r✐♦r❡s✮✳

◆♦t❛çã♦ ✿ s = supX✳

✭✐✐✮ ❯♠ ♥ú♠❡r♦ r❡❛❧ m é ❞✐t♦ s❡r ♦ í♥✜♠♦ ❞❡ X✱ ❞❡♥♦t❛❞♦ ♣♦r infX✱ q✉❛♥❞♦ m é

❛ ♠❛✐♦r ❞❛s ❝♦t❛s ✐♥❢❡r✐♦r❡s ❞❡ X✱ ♦✉ s❡❥❛

✾
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✭▼✶✮ m ≤ x, ∀ x ∈ X ✭m é ❝♦t❛ ✐♥❢❡r✐♦r✮✳

✭▼✷✮ b ≤ x, ∀ x ∈ X ⇒ b ≤ m ✭m é ❛ ♠❛✐♦r ❞❛s ❝♦t❛s ✐♥❢❡r✐♦r❡s✮✳

◆♦t❛çã♦ ✿ m = infX

❆❧t❡r♥❛t✐✈❛♠❡♥t❡ ❛ ✭❙✷✮ t❡♠♦s

✭❙✷✬✮ ∀ε > 0, ∃ x ∈ X t❛❧ q✉❡ s− ε < x✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡ ❛ ✭▼✷✮ t❡♠♦s

✭▼✷✬✮ ∀ε > 0, ∃ x ∈ X t❛❧ q✉❡ x < b+ ε✳

❖❜s❡r✈❛çã♦ ✶ ◆♦t❡ q✉❡ ♦ í♥✜♠♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X✱ q✉❛♥❞♦ ❡①✐st❡✱ é ú♥✐❝♦✳

❊①❡♠♣❧♦ ✸ sup(0, 1) = sup[0, 1] = 1 ❡ inf(0, 1) = inf [0, 1] = 0✳

❊①❡♠♣❧♦ ✹

sup

{
1

n
| n ∈ N

}

= 1 e inf

{
1

n
| n ∈ N

}

= 0

❊✐s ♦ ú❧t✐♠♦ ❛①✐♦♠❛✿

❆①✐♦♠❛ ❞♦ ❈♦♠♣❧❡t❛♠❡♥t♦✿ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ R ❧✐♠✐t❛❞♦ s✉♣❡r✐✲

♦r♠❡♥t❡ t❡♠ s✉♣r❡♠♦✳

❈♦♠ ❡ss❡ ❛①✐♦♠❛ ♣♦❞❡✲s❡ ♣r♦✈❛r q✉❡

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✵ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ R ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ t❡♠ í♥✜♠♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ ✺✳✹ ❡♠ ❬✻❪✳

P❛r❛ ✉♠❛ ❧❡✐t✉r❛ ❞❡t❛❧❤❛❞❛ ❞❡ss❡ ❛ss✉♥t♦✱ s✉❣❡r✐♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✻❪✱❬✷❪ ❡ ❬✺❪✳

✶✳✷ ❙❡q✉ê♥❝✐❛s ▼♦♥ót♦♥❛s

❱❛♠♦s ♣r✐♠❡✐r♦ ❞❡✜♥✐r s❡q✉ê♥❝✐❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ X é q✉❛❧q✉❡r

❢✉♥çã♦ ❞❡ N ❡♠ X✱ ♦✉ s❡❥❛✱ ❝♦♠ N ❝♦♠♦ ❞♦♠í♥✐♦ ❡ X ❝♦♠♦ ❝♦♥tr❛❞♦♠í♥✐♦✳

◆♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❛s s❡q✉ê♥❝✐❛s s❡rã♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✱ ✐st♦ é✱ X = R✳

◆♦t❛çã♦✿ ❆ ✐♠❛❣❡♠ ❞❡ ✉♠ ♥ú♠❡r♦ n ∈ N ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛

x : N −→ R

✶✵
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é ❞❡♥♦t❛❞❛ ♣♦r xn ❡♠ ✈❡③ ❞❡ x(n)✳ ❆ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ é ❞❡♥♦t❛❞❛ ♣♦r (x1, x2, ..., xn, ...)

♦✉ ❛✐♥❞❛ ♣♦r (xn)n∈N ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r (xn)✳ ❆s ✈❡③❡s ❛ s❡q✉ê♥❝✐❛ é ❞❡♥♦t❛❞❛ ❛♣❡♥❛s

♣♦r s❡✉ ♥✲és✐♠♦ t❡r♠♦✳ P♦r ❡①❡♠♣❧♦✱ ❛ s❡q✉ê♥❝✐❛
(
1, 1

2
, ..., 1

n

)
s❡rá ❞❡♥♦t❛❞❛ ♣♦r 1

n
✳

❊①❡♠♣❧♦ ✺ ❙ã♦ ❡①❡♠♣❧♦s ❞❡ s❡q✉ê♥❝✐❛s✿

✭❛✮ (1, 0, 0, 0, ...)

✭❜✮ ((−1)n + 1)n∈N❂(0, 1, 0, 1, 0, 1, ...)

❆s ✈❡③❡s✱ s❡q✉ê♥❝✐❛s sã♦ ❞❡✜♥✐❞❛s r❡❝✉rs✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✻ ❆ s❡q✉ê♥❝✐❛ (xn) ❞❡ t❡r♠♦s x1 = a✱ xn+1 = xn + r✱ ♦♥❞❡ r é ✜①♦✱ é ❝♦♥❤❡✲

❝✐❞❛ ❝♦♠♦ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ ✭P✳❆✳✮✳ ❯♠❛ P✳❆✳ é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ q✉❡ ♦s t❡r♠♦s

s✉❝❡ss✐✈♦s ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ✜①❛✱ ❛ r❛③ã♦✳

❊①❡♠♣❧♦ ✼ ❆ s❡q✉ê♥❝✐❛ (xn) ❝✉❥♦s t❡r♠♦s s❛t✐s❢❛③❡♠ ❛ r❡❣r❛

x1 = a✱ xn+1 = r · xn✱ ∀n ≥ 1✱

♦♥❞❡ r é ✉♠❛ ❝♦♥st❛♥t❡ ✜①❛✱ é ❞❡♥♦♠✐♥❛❞❛ ❞❡ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ✭P✳●✳✮ ❞❡ r❛③ã♦

r✳

❆s P❆✬s ❡ ❛s P●✬s sã♦ ❡①❡♠♣❧♦s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ❞❡ s❡q✉ê♥❝✐❛s ❡ ❛♠♣❧❛♠❡♥t❡

❛♣❧✐❝❛❞❛s✳

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛
(
n+1

n

)

n∈N
✳ ❙❡✉s ❝✐♥❝♦ ♣r✐♠❡✐r♦s t❡r♠♦s sã♦

2,
3

2
,
4

5
,
5

4
e

6

5
.

❏á ♣❛r❛ ♥❂✶✵✵✱ ♥❂✶✵✶ ❡ ♥❂✶✵✷ s❡✉s t❡r♠♦s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀

101

100
,
102

101
,
103

102

✳

❖❜s❡r✈❛çã♦ ✷ ❱❡❥❛ q✉❡ ♦s t❡r♠♦s ❞❛ s❡q✉ê♥❝✐❛ ❛❝✐♠❛ ✈ã♦ ✜❝❛♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐✲

♠♦s ❞❡ ✶ ❛ ♠❡❞✐❞❛ q✉❡ ♥ ❝r❡s❝❡✳

✶✶
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✳

P♦r ❡①❡♠♣❧♦

103

102
=

102

102
+

1

102
= 1 +

1

102
✳

❉❛í✱

103

102
− 1 =

1

102
✳

❉❡✜♥✐çã♦ ✶✳✷✳✷ ❙❡❥❛ (xn) s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❉✐③❡♠♦s q✉❡ (xn) t❡♠ ❧✐♠✐t❡

✭❝♦♥✈❡r❣❡ ♣❛r❛✮ L ∈ R q✉❛♥❞♦✱ para todo ε > 0 existe n0 = n0 (ε) ∈ N tal que |xn−L| <
ε, para todo n ≥ n0✳

◆♦t❛çã♦✿ lim
n→∞

xn = L✳

❊①❡♠♣❧♦ ✽ ❆ s❡q✉ê♥❝✐❛

(
n+ 1

n

)

n∈N

t❡♠ ❧✐♠✐t❡ ✶✳

❉❡ ❢❛t♦✱ ❞❛❞♦ ε > 0

∣
∣
∣
∣

n+ 1

n
− 1

∣
∣
∣
∣
=

∣
∣
∣
∣
1 +

1

n
− 1

∣
∣
∣
∣
=

1

n
✳

❈♦♠♦ ε > 0 ❡ N é ✐❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡✱ ∃ n0 ∈ N t❛❧ q✉❡ 0 <
1

n0

< ε ❡ ❞❛í✱

∣
∣
∣
∣

n+ 1

n
− 1

∣
∣
∣
∣
=

1

n
≤ 1

n0

< ε, ∀n ≥ n0✳

▲♦❣♦✱ lim
n→∞

n+ 1

n
= 1✳

P❛r❛ ♥ã♦ ❢✉❣✐r♠♦s ♠✉✐t♦ ❞♦ ♥♦ss♦ t❡♠❛✱ ✈❛♠♦s ♦♠✐t✐r ❛q✉✐ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❧✐♠✐t❡s

❞❡ s❡q✉ê♥❝✐❛s✳ ■ss♦ ♥ã♦ ❝❛✉s❛ ♣r❡❥✉í③♦✱ ♣♦rq✉❡ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞❛s ❡♠ q✉❛❧q✉❡r ❧✐✈r♦

❞❡ ❛♥á❧✐s❡ ✶ ♦✉ ❛té ♠❡s♠♦ ❞❡ ❝á❧❝✉❧♦✳

P❛ss❡♠♦s ❛s s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✸ ❙❡❥❛ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ r❡❛❧✳ ❉✐③❡♠♦s q✉❡ (xn) é

✭✐✮ ❈r❡s❝❡♥t❡ q✉❛♥❞♦ xn ≤ xn+1, ∀n ∈ N✳

✭✐✐✮ ❉❡❝r❡s❝❡♥t❡ q✉❛♥❞♦ xn+1 ≤ xn✱ ∀n ∈ N✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s ❛❝✐♠❛ ❞✐③❡♠♦s q✉❡ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛✳

✭✐✐✐✮ ❙❡ xn < xn+1✱ ∀n ∈ N✱ ❞✐③❡♠♦s q✉❡ (xn) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳

✭✐✈✮ ❙❡ xn+1 < xn✱ ∀n ∈ N✱ ❞✐③❡♠♦s q✉❡ (xn) é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✳

✶✷
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❖❜s❡r✈❛çã♦ ✸ ❚♦❞❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❊ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡✲

❝r❡s❝❡♥t❡ é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✹ ❯♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ (xn) é ❝♦♥✈❡r❣❡♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❧✐✲

♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✿ (⇒) ➱ ✐♠❡❞✐❛t♦✱ ♣♦rq✉❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ é ❧✐♠✐t❛❞❛✳

(⇐) ❙❡❥❛ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡ s❡❥❛ X = {xn ∈ N} ♦ ❝♦♥❥✉♥t♦ ❞♦s s❡✉s

♣♦♥t♦s✱ ✐st♦ é✱ s✉❛ ✐♠❛❣❡♠✳ ❈♦♠♦ ❳ é ♣♦r ❤✐♣♦t❡s❡ ❧✐♠✐t❛❞♦✱ ❡①✐st❡ b = supX ❡ a = infX✳

❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡s✱ (xn) ❞❡❝r❡s❝❡♥t❡✳ ❉❛❞♦ ε > 0✱ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡ a ≤ xn0
< a+ ε✳ ❉❛í✱

a− ε < a < xn < a+ ε✱ ∀n ≥ n0❀

♦✉ s❡❥❛✱

|xn − a| < ε✱ ∀n ≥ n0✳

▲♦❣♦✱ lim
n→∞

xn = a = infX✳

◗✉❛♥❞♦ (xn) é ❝r❡s❝❡♥t❡✱ ♣r♦✈❛✲s❡ q✉❡

lim
n→∞

xn = b = supX✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✺ ❙❡❥❛ r ∈ R✳ ❙❡ |r| < 1✱ ❡♥tã♦ lim
n→∞

rn = 0✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❞✐✈✐❞✐r ❡♠ ❞♦✐s ❝❛s♦s✳

✶✳ ❙✉♣♦♥❤❛ 0 < r < 1✳ ❊♥tã♦ (rn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❧✐♠✐t❛✳ ❉❛í✱ ♣❡❧❛

♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r (rn)n∈N é ❝♦♥✈❡r❣❡♥t❡✳

❙❡❥❛ L = lim
n→∞

rn✳ ❝♦♠♦ (rn+1)n∈N é s✉❜s❡q✉ê♥❝✐❛ ❞❡❧❛✱ s❡❣✉❡ q✉❡ lim
n→∞

rn+1 = L✳

❉❛í✱

L = lim
n→∞

rn+1 = lim
n→∞

r · rn = r lim
n→∞

rn = r · L✳

❚❡♥❞♦ q✉❡ L = rL s❡❣✉❡ q✉❡ L(r − 1) = 0✳

❈♦♠♦ |r| < 1 s❡❣✉❡ q✉❡ r− 6= 0 ❡ ♣♦rt❛♥t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ L(r − 1) = 0 s❡❣✉❡ q✉❡

L = 0✳

✷✳ ❙✉♣♦♥❤❛ −1 < r < 0✳ ❊♥tã♦ 0 < −r < 1 ❡ ♣♦rt❛♥t♦✱ lim
n→∞

(−r)n = 0✳ ❉❛í✱

lim
n→∞

rn = lim
n→∞

(−1)n · (−r)n = 0✱

♣♦✐s ((−1)n)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳

❈♦♠ ✐ss♦✱ t❡♠♦s ❡♠ ♠ã♦s ♦ q✉❡ ♣r❡❝✐sá✈❛♠♦s s♦❜r❡ s❡q✉ê♥❝✐❛s ♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦

❞♦ ♥ú♠❡r♦ e✳

✶✸
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✶✳✸ ◆ú♠❡r♦s ❆❧❣é❜r✐❝♦s ❡ ❚r❛♥s❝❡♥❞❡♥t❡s

❱❡r❡♠♦s ❛q✉✐ q✉❡ ♦s ♥ú♠❡r♦s r❡❛✐s✱ ❛❧é♠ ❞❡ r❛❝✐♦♥❛✐s ❡ ✐rr❛❝✐♦♥❛✐s✱ t❛♠❜é♠ ♣♦❞❡♠ s❡r

❞✐✈✐❞✐❞♦s ❡♠ ❛❧❣é❜r✐❝♦s ❡ tr❛♥s❝❡♥❞❡♥t❡s✳ ◆♦ ❝❛♣ít✉❧♦ ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞♦ ♥ú♠❡r♦ e✱

♣r♦✈❛r❡♠♦s q✉❡ ❡❧❡ é ✐rr❛❝✐♦♥❛❧✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❉✐③❡♠♦s q✉❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ r é ❛❧❣é❜r✐❝♦ q✉❛♥❞♦ ❡❧❡ é s♦❧✉çã♦ ✭r❛✐③✮

❞❡ ✉♠❛ ❡q✉❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛ ❢♦r♠❛

anx
n + an−1x

n−1 + ...+ a1x+ a0 = 0; ✭✶✳✶✮

♦♥❞❡ a0, a1, ..., an−1, an ∈ Z✳

◗✉❛❧q✉❡r ♥ú♠❡r♦ ♥ã♦ ❛❧❣é❜r✐❝♦ é ❞✐t♦ tr❛♥s❝❡♥❞❡♥t❡✳

❊①❡♠♣❧♦ ✾ ❚♦❞♦ ♥ú♠❡r♦ r❛❝✐♦♥❛❧ é ❛❧❣é❜r✐❝♦✳ ❉❡ ❢❛t♦✱ s❡ r = a
b
✱ ❝♦♠ a, b ∈ Z✱ (b 6= 0)✱

❡♥tã♦ r é r❛✐③ ❞❛ ❡q✉❛çã♦

b · x− a = 0. ✭✶✳✷✮

❱❡r❡♠♦s ♣♦st❡r✐♦r♠❡♥t❡ q✉❡ ❞❡t❡r♠✐♥❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✭♦✉ ✉♠❛ ❜♦❛ ❛♣r♦①✐✲

♠❛çã♦ ❞❡❝✐♠❛❧✮ ❞❡ ✉♠ ♥ú♠❡r♦ ❛❧❣é❜r✐❝♦ ♣♦❞❡ s❡r tr❛❜❛❧❤♦s♦✱ ♠❛s ♥ã♦ ❞✐❢í❝✐❧✱ ♣♦rq✉❡

s❡❣✉❡ ✉♠ ♠ét♦❞♦ ♣❛❞r♦♥✐③❛❞♦✳ ❏á ♣❛r❛ ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❡s✱ ❛ t❛r❡❢❛ é ❜❡♠ ♠❛✐s

❝♦♠♣❧✐❝❛❞❛✳

❆ ♣r♦✈❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❡s ❢♦✐ ♣r✐♠❡✐r❛♠❡♥t❡ ❢❡✐t❛ ♣♦r ●✳

❈❛♥t♦r✳ P❛r❛ ✈ê✲❧❛✱ s✉❣❡r✐♠♦s ❛s r❡❢❡rê♥❝✐❛s [✹] (Captulo 4) ❡ [✽] (Captulo 7)✳

❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

✶✳ Pr♦✈❛✲s❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s é ❡♥✉♠❡rá✈❡❧✳

✷✳ Pr♦✈❛✲s❡ q✉❡ R é ♥ã♦ ❡♥✉♠❡rá✈❡❧✳ ❉❡ss❡ ❢❛t♦✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ♥ú♠❡r♦s tr❛♥s✲

❝❡♥❞❡♥t❡s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ R s❡r✐❛ ❡♥✉♠❡rá✈❡❧✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s tr❛♥s✲

❝❡♥❞❡♥t❡s é ❜❡♠ ♠❛✐s ❛♠♣❧♦ q✉❡ ♦ ❞♦s ❛❧❣é❜r✐❝♦s✳

❖ ♠❛t❡♠át✐❝♦ ❏✳ ▲✐♦♥✈✐❧❧❡ ♣✉❜❧✐❝♦✉ ❡♠ ✶✽✺✶ ✉♠ ❝r✐tér✐♦ q✉❡ ♣❡r♠✐t❡ ❡①✐❜✐r ❛❧❣✉♥s

t✐♣♦s ❞❡ ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❡s✳ ✭❱❡❥❛ ♦ ❝❛♣ít✉❧♦ ✼ ❞❡ ❬✹❪ ❡ ♦ ❝❛♣ít✉❧♦ ✺ ❞❡ ❬✽❪✮✳

✶✳✹ ❙ér✐❡s ●❡♦♠étr✐❝❛s

❱❛♠♦s ♣r❡❝✐s❛r ❞♦ ❝♦♥❝❡✐t♦ ❞❡ sér✐❡s ♣❛r❛ ❡st✉❞❛r ❛ ✐rr❛❝✐♦♥❛❧✐❞❛❞❡ ❞❡ e✱ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e✱ ♣♦rq✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛ ❞❡ q✉❛❧q✉❡r ♥ú♠❡r♦

r❡❛❧ é ♥❛ ✈❡r❞❛❞❡ ❛ s♦♠❛ ❞❡ ✉♠❛ sér✐❡ ❣❡♦♠étr✐❝❛✱ ❝♦♠♦ ✈❡r❡♠♦s✳

✶✹
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❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛ (an)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❯♠❛ s♦♠❛ ♣❛r❝✐❛❧ ❞❡

♦r❞❡♠ n ❞❡ss❛ s❡q✉ê♥❝✐❛✱ ❞❡♥♦t❛❞❛ ♣♦r Sn é

Sn = a1 + a2 + ...+ an =
n∑

n=1

ak✳

❈❤❛♠❛♠♦s ❞❡ sér✐❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r (an)n∈N à s❡q✉ê♥❝✐❛ (Sn)n∈N ❞❡ s✉❛s s♦♠❛s ♣❛r❝✐❛✐s✳

P♦r ✉♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❛ s❡q✉ê♥❝✐❛ (Sn) ❡ s❡✉ ❧✐♠✐t❡ sã♦ ✐♥❞✐❝❛❞♦s ♣❡❧♦ ♠❡s♠♦

sí♠❜♦❧♦

∞∑

n=1

an✳

❈❛❞❛ (an) é ❝❤❛♠❛❞♦ n✲és✐♠♦ t❡r♠♦ ❞❛ sér✐❡✳ ❈❛❞❛ Sn = a1 + ... + an✱ ❛❧é♠ ❞❡

♥✲és✐♠❛ s♦♠❛ ♣❛r❝✐❛❧✱ t❛♠❜é♠ é ❝❤❛♠❛❞❛ ❞❡ ♥✲és✐♠❛ s♦♠❛ r❡❞✉③✐❞❛ ❞❛ sér✐❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✷ ❆ sér✐❡
∞∑

n=1

an é ❝♦♥✈❡r❣❡♥t❡ q✉❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ (Sn)n∈N ❞❡ s✉❛s r❡❞✉✲

③✐❞❛s ❝♦♥✈❡r❣❡ ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ s ∈ R✱ ♦✉ s❡❥❛❀

lim
n−→∞

Sn = s✳

❈❛s♦ ❝♦♥trár✐♦✱ ❛ sér✐❡ é ❞✐✈❡r❣❡♥t❡✳

❊①❡♠♣❧♦ ✶✵ ❯♠ ❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❡①❡♠♣❧♦s ❞❡ sér✐❡ é ❛q✉❡❧❛ ❝♦♠ t❡r♠♦ ❣❡r❛❧
1

2n
✱

♦✉ s❡❥❛✱
∞∑

n=1

1

2n
✳ ❙✉❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ❞❡ ♦ q✉♦❝✐❡♥t❡ ❞♦ ♥✲és✐♠♦ t❡r♠♦ ♣❡❧♦

❛♥t❡❝❡ss♦r s❡r ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛
1

2
✱ ♦✉ s❡❥❛✱ an =

1

2
·an−1, ∀n ≥ 2✳ ❆❧é♠ ❞✐ss♦✱

∞∑

n=1

1

2n
= 1✱

♦✉ s❡❥❛✱ s❡✉ ❧✐♠✐t❡ é ✐❣✉❛❧ ❛ ✶✳

❊ss❡ ❡①❡♠♣❧♦ ✐❧✉str❛ ✉♠ t✐♣♦ ♠✉✐t♦ ❡s♣❡❝✐❛❧ ❞❡ sér✐❡✿ ❛q✉❡❧❡ ❝✉❥♦s t❡r♠♦s ❞✐❢❡r❡♠ ✉♥s ❞♦s

♦✉tr♦s ♣♦r ♣♦tê♥❝✐❛s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✜①❛✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ❯♠❛ sér✐❡
∞∑

n=1

an ♣❛r❛ ❛ q✉❛❧ ❡①✐st❡ ✉♠ r ∈ R+ t❛❧ q✉❡ an+1 = r ·

an, para todo n ≥ 1 é ❝❤❛♠❛❞❛ ❞❡ sér✐❡ ❣❡♦♠étr✐❝❛ ❞❡ r❛③ã♦ r✳ ◆❡ss❡ ❝❛s♦ ✈❡❥❛ q✉❡ ♦

t❡r♠♦ ❣❡r❛❧ é ❞❛❞♦ ♣♦r

an = arn.

❉❡st❛ ❢♦r♠❛ t❡♠♦s
∞∑

n=1

an =
∞∑

n=1

arn. ✭✶✳✸✮

✶✺
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❚❡♦r❡♠❛ ✶✳✹✳✹ ❉❛❞❛ ❛ sér✐❡ ❣❡♦♠étr✐❝❛ ✭✶✳✸✮✱ é ✈á❧✐❞♦ ♦ s❡❣✉✐♥t❡ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥✲

❝✐❛✳

✭✐✮ ❙❡ |r| < 1✱ ❡♥tã♦ ❡❧❛ ❝♦♥✈❡r❣❡ ❡ s❡✉ ❧✐♠✐t❡ é a
1−r

✳

✭✐✐✮ s❡ |r| ≥ 1✱ ❡♥tã♦ ❡❧❛ é ❞✐✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ ✈❡❥❛ q✉❡

Sn − rSn = a+ ar + ar2 + · · ·+ arn

− ar − ar2 − · · · − arn − arn+1

= a− arn+1.

P♦rt❛♥t♦✱ ♦❜t❡♠♦s

Sn =
a · (1− rn+1)

1− r
✳

▲♦❣♦

∞∑

n=1

a · rn = lim
n−→∞

a · (1− rn+1)

1− r
✳

∞∑

n=1

a · rn =
a

1− r
− a

1− r
· lim
n−→∞

rn+1✳

P♦rt❛♥t♦✱ s❡ |r| < 1,
∞∑

n=1

a · rn =
a

1− r
✳

❈❛s♦ |r| > 1 t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ rn ❞✐✈❡r❣❡✱ ❡ ♣♦rt❛♥t♦ ❛ sér✐❡ s❡rá ❞✐✈❡r❣❡♥t❡✳

▲❡♠❛ ✶✳✹✳✺ ❙❡❥❛ b > 1 ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ❡ s❡❥❛ (an)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s

♥❛t✉r❛✐s ♦♥❞❡ 0 6 an < b, ∀n ∈ N✳ ❊♥tã♦ ❛ sér✐❡

∞∑

n=1

an
bn

é ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ P♦r ❤✐♣ót❡s❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

an
bn

6
b− 1

bn
✳

❉❛í✱

∞∑

n=1

an
bn

6

∞∑

n=1

b− 1

bn
= (b− 1)

∞∑

n=1

(
1

bn

)

= 1✱

P❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✷✳✺✳

✶✻
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✶✳✺ ❆ ❘❡♣r❡s❡♥t❛çã♦ ❉❡❝✐♠❛❧ ❞❡ ✉♠ ◆ú♠❡r♦ ❘❡❛❧ ◗✉❛❧✲

q✉❡r

❱❛♠♦s ♥❡st❛ s❡çã♦ ♠♦str❛r q✉❡ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ ♣♦ss✉✐ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❡ q✉❡✱

q✉❛♥❞♦ ✐♥✜♥✐t❛✱ t❛❧ r❡♣r❡s❡♥t❛çã♦ é ú♥✐❝❛✳ ❉❡ ❢❛t♦✱ ✈❡r❡♠♦s q✉❡ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ ♣♦ss✉✐

✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛✳

❊①❡♠♣❧♦ ✶✶ ❖ ♥ú♠❡r♦ 1 ❥á ❡stá ♥❛ ❢♦r♠❛ ❞❡❝✐♠❛❧ ❡ ❡ss❛ é ❧♦❣✐❝❛♠❡♥t❡ ✉♠❛ r❡♣r❡s❡♥✲

t❛çã♦ ❞❡❝✐♠❛❧ ✜♥✐t❛ ❞♦ ♠❡s♠♦✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✳✺✱ sér✐❡
∞∑

n=1

1

10n
é

❝♦♥✈❡r❣❡♥t❡✳ ❈♦♠♦
∞∑

n=1

1

10n
=

1

9
✱ t❡♠✲s❡

∞∑

n=1

9

10n
= 9 ·

∞∑

n=1

1

10n
= 9 · 1

9
= 1✳

♦✉ s❡❥❛

∞∑

n=1

9

10n
= 1✳

P♦rt❛♥t♦

1 =
9

10
+

9

102
+

9

103
+ ...1 = 0, 9 + 0, 09 + 0, 009 + ... = 0, 999...

é t❛♠❜é♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞♦ ♥ú♠❡r♦ ✶✳❊ ❡st❛ é ú♥✐❝❛✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❜❛✐①♦✳

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✹✳✺ q✉❡✱ ❞❛❞♦ q✉❛❧q✉❡r a ∈ N✱ ❛ sér✐❡

a+
∞∑

n=1

an
10n

, 0 6 an 6 9✱

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ α ∈ R+✳ ❯s❛♥❞♦ ❛ ♥♦t❛çã♦

a1
10

= 0, a1,
a2
102

= 0, 0a2, ...,
an
10n

= 0, 00...0
︸ ︷︷ ︸

n−1

an✱

♦♥❞❡ ❝❛❞❛ ♥✲és✐♠❛ ♣♦s✐çã♦ à ❞✐r❡✐t❛ ❞❛ ✈ír❣✉❧❛ é ❝❤❛♠❛❞❛ ❞❡ ♥✲és✐♠❛ ❝❛s❛ ❞❡❝✐♠❛❧ P♦❞❡✲

♠♦s ❡s❝r❡✈❡r

α = a, a1a2...an... ✭✶✳✹✮

✶✼
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❉❡✜♥✐çã♦ ✶✳✺✳✶ ❖ ♥ú♠❡r♦ a, a1a2...an... ❝❤❛♠❛✲s❡ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞❡ α ∈ R+✳ ❙❡

❡①✐st❡ ✉♠ k ∈ N t❛❧ q✉❡✱ an = 0, ∀n > k✱ ❞✐③❡♠♦s q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞❡ α é

✜♥✐t❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ é ✐♥✜♥✐t❛✳

❯s❛♥❞♦ ♦ ❡①❡♠♣❧♦ ✶✶✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧✱ ❡ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ t♦❞♦ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ ♣♦ss✉✐ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛✳ P♦r ❡①❡♠♣❧♦

2 = 1 + 1 = 1 + 0, 999... = 1, 999...✳

❆❣♦r❛ ❞❛❞♦ a ≥ 2 ♥❛t✉r❛❧✱ ❞❡ ❢❛t♦ t❡♠♦s q✉❡

a = a− 1 + 1 = a− 1 + 0, 999... = (a− 1) , 999...

❡ ❞✐ss♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉♦ ▲❡♠❛ ✶✳✹✳✺ t❛♠❜é♠ s❡❣✉❡ q✉❡ t♦❞❛ sér✐❡ ❞❛ ❢♦r♠❛
∞∑

n=1

an
10n

✱ ❝♦♠ an ∈ N, 0 6

an 6 9✱ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ r❡❛❧ α ∈ [0, 1] ❡ ❝❤❛♠❛♠♦s s❡✉ ❧✐♠✐t❡ ❞❡✱

0, a1a2...an...

❊ss❡ ❧✐♠✐t❡ é ú♥✐❝♦ ✭❧❡♠❜r❡✲s❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✮✳ ❆❣♦r❛ ✈❛♠♦s ❛ r❡❝✐♣r♦❝❛

❞❡ss❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✺✳✷ ❙❡❥❛ α ∈ (0, 1) ✉♠ ♥ú♠❡r♦ r❡❛❧✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛✱ ❡ s♦♠❡♥t❡ ✉♠❛✱

s❡q✉ê♥❝✐❛ (an)n∈N ❝♦♠ an ∈ N ❡ 0 6 an 6 9, ∀n ∈ N✱ t❛❧ q✉❡

α =
∞∑

n=1

an
10n

✱

♦✉ s❡❥❛✱ α = 0, a1a2...an... ❡ t❛❧ r❡♣r❡s❡♥t❛çã♦ ❞❡ α é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ✉s❛ ❢♦rt❡♠❡♥t❡ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ❞❡ ❛♥á❧✐s❡ ✶✱

♠❛s ♣r❡❝✐s❛ s❡r ❝✉✐❞❛❞♦s❛♠❡♥t❡ ❡st✉❞❛❞❛ ♣♦r t♦❞♦s q✉❡ ♣r❡t❡♥❞❡♠ ❡♥s✐♥❛r ♠❛t❡♠át✐❝❛✱

♣♦rq✉❡ ❡♥s✐♥❛ ✉♠ ♠ét♦❞♦ ❜❛st❛♥t❡ ❡✜❝❛③ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛s ❝❛s❛s ❞❡❝✐♠❛✐s ❞❡ ✉♠

♥ú♠❡r♦ r❡❛❧ ❛❧❣é❜r✐❝♦✳ P❛r❛ ♥ú♠❡r♦s tr❛♥s❝❡♥❞❡♥t❡s✱ ❡❧❛ ❞á ✉♠❛ ♣✐st❛✱ ♠❛s ♥ã♦ é ❡✜❝❛③✱

♣♦rq✉❡ ❝❛❞❛ ❝❛s♦ é ❞✐❢❡r❡♥t❡✳

❙❡❥❛♠ α1 =
a1
10

❡ β1 =
a1+1

10
✱ ♦♥❞❡

a1❂♠❛①
{
k/ k

10
6 α, 0 6 k 6 9

}
✳

❊♥tã♦

α1 6 α < β1. ✭✶✳✺✮

❙❡ α = α1✱ ❡♥tã♦ α = 0, a1 ❡ ♦ ♣r♦❝❡ss♦ ✜♥❛❧✐③❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ t♦♠❡

✶✽
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α2 =
a1
10

+ a2
102

❡ β2 =
a1
10

+ a2+1

102
✱

♦♥❞❡

a2❂♠❛①
{
k/a1

10
+ k

102
6 α, 0 6 k 6 9

}
✳

❊♥tã♦

α2 6 α < β2. ✭✶✳✻✮

❙❡ α = α2✱ ❡♥tã♦ α = 0, α1α2 ❡ ❛ ♣r♦✈❛ ✜♥❛❧✐③❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ r❡♣❡t❡✲s❡ ♦ ♣r♦❝❡✲

❞✐♠❡♥t♦✳

❙❡ ❡①✐st✐r ✉♠ n ∈ N ♣❛r❛ ♦ q✉❛❧

α = αn = 0, a1a2...an✱

❡♥tã♦ ❛ ♣r♦✈❛ ✜♥❛❧✐③❛ ♥❡ss❡ ♣❛ss♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❝♦♥s✐❞❡r❡ ❛s s❡q✉ê♥❝✐❛s (αn)n∈N ❡

(βn)n∈N ❞❡✜♥✐❞❛s r❡❝✉rs✐✈❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✶✳✺ ❡ ✶✳✻✳ P♦r ❝♦♥str✉çã♦✱

αn < βn, ∀n ∈ N✳

❉❛❞♦ ε > 0✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠ n0 ∈ N✱ t❛❧ q✉❡✱ 1

10n
< ε✱ ♣❛r❛ t♦❞♦ n ≥ n0✳

❉❛í✱

βn − αn =
n−1∑

j=1

aj
10j

+
an + 1

10n
−

n∑

j=1

aj
10j

=
an + 1

10n
− an

10n
=

1

10n
< ε✳

❈♦♠♦ αn 6 α < βn, ∀n ∈ N✱ t❡♠✲s❡ q✉❡

α− αn < ε, ∀n ≥ n0✳

P♦rt❛♥t♦✱

|α− αn| < ε, ∀n ≥ n0✳

❉✐ss♦ ❝♦♥❝❧✉í♠♦s q✉❡✿

lim
n−→∞

αn = α✱ ♦✉ s❡❥❛✿

α = 0, a1a2...an...

❆❣♦r❛ ✈❡❥❛♠♦s ❛ ✉♥✐❝✐❞❛❞❡✳

❙❡❥❛ α ∈ (0, 1)✳ ❙❡ α ❛❞♠✐t❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✜♥✐t❛✱ ❞✐❣❛♠♦s α =

0, a1a2...ak✱ ❡s❝r❡✈❛

α = 0, a1a2... (ak − 1) + 0, 0...01
︸ ︷︷ ︸

k dgitos

. ✭✶✳✼✮

❱✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✶ q✉❡✿ 1 = 0, 999...✳ ❉❛í✱ ❞✐✈✐❞✐♥❞♦ ✶ ♣♦r 10k ♦❜t❡♠♦s

✶✾
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0, 0...01
︸ ︷︷ ︸

k dgitos

= 0, 0...000
︸ ︷︷ ︸

k dgitos

9999...

❆ss✐♠✱ ♣♦r ✭✶✳✼✮ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

α = 0, a1a2... (ak − 1) 9999...✱

q✉❡ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✜♥✐t❛ ❞❡ α✳

P♦rt❛♥t♦✱ t♦❞♦ α ∈ (0, 1) ♣♦ss✉✐ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛✱ ❞✐❣❛♠♦s✱

α = 0, a1a2...an... ✭✶✳✽✮

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ α = 0, 27✱ t❡♠✲s❡ α = 0, 26999...✳

❙✉♣♦♥❤❛♠♦s q✉❡ ♦ α ❞❡ ✭✶✳✽✮ ♣♦ss✉❛ ✉♠❛ ♦✉tr❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ✐♥✜♥✐t❛ q✉❡

♥ã♦ ❛q✉❡❧❛ ❞❡ ✭✶✳✽✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❛❧❣❛r✐s♠♦ ❞❡ss❛ t❛❧ r❡♣r❡s❡♥t❛çã♦

q✉❡ ❞✐❢❡r❡ ❞❛q✉❡❧❛ ❡♠ ✭✶✳✽✮✱ ❞✐❣❛♠♦s

α = 0, a1a2...an−1bnbn+1, ✭✶✳✾✮

❝♦♠ bn 6= an✳ ❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡s✱ q✉❡ bn < an✳ ❊♥tã♦

(1.8)− (1.9) = an−bn
10n

+ an+1−bn+1

10n+1 + ... > 0✱

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ■ss♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳

❈♦r♦❧ár✐♦ ✶✳✺✳✸ ❙❡❥❛ x ∈ R✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ a ∈ N ❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛

(an)n∈N ♦♥❞❡ an ∈ N ❡ 0 6 an 6 9 para todo n ∈ N✱ t❛❧ q✉❡

✶✳ x = a+
∞∑

n=1

an
10n

= a, a1a2...an...✱ s❡ x ≥ 0✳

✷✳ x = −
(

a+
∞∑

n=1

an
10n

)

= −a, a1a2...an...✱ s❡ x < 0✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ x ≥ 0✱ t♦♠❡ a = [x]✱ ♦♥❞❡ [x]❂♠❛①{m ∈ N/m ≤ x}✱ é ♦ ♠❛✐♦r

♥❛t✉r❛❧ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ x✳❊♥tã♦

x = a+ α✱ ♦♥❞❡ α ∈ (0, 1)✳

❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺✳✷✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛ (an)n∈N✱ ❝♦♠ an ∈ N ❡ 0 ≤
an ≤ 9✱ t❛❧ q✉❡✱

α = 0, a1a2...an...✱

✷✵



❈❛♣ít✉❧♦ ✶✳ Pr❡❧✐♠✐♥❛r❡s

▲♦❣♦✱

x = a+ α = a, a1a2...an...

✷✳ ❙❡ x < 0✱ ❡♥tã♦ ♣❡❧♦ ✐t❡♠ ✶✱ ❡①✐st❡♠ ✉♠ ú♥✐❝♦ a ∈ N ❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛

(an)n∈N✱ ❝♦♠ an ∈ N ❡ 0 ≤ an ≤ 9✱ t❛❧ q✉❡

−x = a, a1a2...an...

❉❛í✱

x = −a, a1a2...an...

❈❛❞❛ aj ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❝✐♠❛ ❝❤❛♠❛✲s❡ ❥✲és✐♠❛ ❝❛s❛ ❞❡❝✐♠❛❧ ❞❡ x✱ ❡ ♦ ♥ú♠❡r♦ ❛

é ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡✳

❊①❡♠♣❧♦ ✶✷ ❉❡t❡r♠✐♥❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞❡
√
3 ❛té ❛ t❡r❝❡✐r❛ ❝❛s❛ ❞❡❝✐♠❛❧✳

❙❡ a ∈ N ❡ a2 ≤ 3✱ ❡♥tã♦ a = 1✱ ♣♦✐s 22 = 4✳ ▲♦❣♦✱
[√

3
]
= 1 ❡ 1 <

√
3 < 2✳

P❛rt✐❝✐♦♥❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ [1, 2] ❡♠ ✶✵ s✉❜✐♥t❡r✈❛❧♦s ❞❡ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✱ ♦❜t❡✲

♠♦s ❛ ♣❛rt✐çã♦

P =

{

1, 1 +
1

10
, 1 +

2

10
, ..., 1 +

9

10

}

✳

❖❜s❡r✈❡♠♦s q✉❡ (1, 7)2 = 2, 89 ❡ (1, 8)2 = 3, 24✳ ▲♦❣♦✱

1, 7 <
√
3 < 1, 8 ❡ ❛ss✐♠✱ a1 = 7✳

P❛rt✐❝✐♦♥❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ [1, 7; 1, 8] ❡♠ ✶✵ s✉❜✐♥t❡r✈❛❧♦s ❞❡ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✱

♦❜t❡♠♦s ❛ ♣❛rt✐çã♦

P =

{

1 +
7

10
, 1 +

7

10
+

1

102
, 1 +

7

10
+

2

102
, ..., 1 +

7

10
+

9

102

}

✳

❖❜s❡r✈❡♠♦s q✉❡ (1, 73)2 = 2, 9929 ❡ (1, 74)2 = 3, 0276✳ ▲♦❣♦✱

1, 73 <
√
3 < 1, 74 ❡ ❝♦♥s❡q✉ê♥t❡♠❡♥t❡✱ a2 = 3✳

P❛rt✐❝✐♦♥❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ [1, 73; 1, 74] ❡♠ ✶✵ s✉❜✐♥t❡r✈❛❧♦s ❞❡ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✱

♦❜t❡♠♦s ❛ ♣❛rt✐çã♦

P =

{

1 +
7

10
+

3

102
, 1 +

7

10
+

3

102
+

1

103
, ..., 1 +

7

10
+

3

102
+

9

103

}

✳

✷✶
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❖❜s❡r✈❡♠♦s q✉❡ (1, 732)2 = 2, 999824 ❡ (1, 733)2 = 3, 003289✳ ▲♦❣♦✱

1, 732 <
√
3 < 1, 733 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ a3 = 2✳

P♦rt❛♥t♦✱ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❡♠ três ❝❛s❛s ❞❡❝✐♠❛✐s ♣❛r❛
√
3 é ✶✱✼✸✷✳ ▲♦❣♦✱

√
3 = 1, 732...

✶✳✻ P♦tê♥❝✐❛s ❝♦♠ ❊①♣♦❡♥t❡s ❘❡❛✐s

Pr❡❝✐s❛r❡♠♦s ❞♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ ♣❛r❛ ❞❡✜♥✐r ♦ ♥ú♠❡r♦ e✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛ a ∈ R✳ ❉❡✜♥✐♠♦s

✭✐✮ a1 = a✳

✭✐✐✮ an+1 = a · an, ∀n ∈ N, n ≥ 1✳

❙❡ a 6= 0✱ ❞❡✜♥✐♠♦s

✭✐✐✐✮ a0 = 1 ❡ a−n =
1

an
, ∀n ∈ N, n ≥ 1✳

❉❡ss❛ ❞❡✜♥✐çã♦ s❡❣✉❡♠ ❛s ❧❡✐s ❞❛s ♣♦tê♥❝✐❛s ✐♥t❡✐r❛s✳ ❉❛❞♦s a, b ∈ R∗✱ t❡♠✲s❡✱

✭✶✮ am+n = am · an, ∀m,n ∈ Z✳

✭✷✮ a−n =
1

an
, n ∈ Z✳

✭✸✮ (a · b)n = an · bn, ∀n ∈ Z✳

✭✹✮ (am)n = am·n, ∀m,n ∈ Z✳

✭✺✮ ❙❡ 0 < a < b✱ ❡♥tã♦ an < bn, ∀n ∈ N∗✳

✭✻✮ ❙❡ n < m ❡ a > 1✱ ❡♥tã♦ an < am, ∀n,m ∈ Z✳

▲❡♠❛ ✶✳✻✳✷ ❙❡ a ∈ R, a ≥ 0 ❡ n ∈ N∗✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ b ≥ 0 t❛❧ q✉❡

bn = a✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ ✼✳✺ ❡♠ [4]✳

❉❛❞♦ ✉♠ a ∈ R, a ≥ 0✱ ♦ ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ b ≥ 0 t❛❧ q✉❡ bn = a é ❝❤❛♠❛❞♦ ❞❡ r❛✐③

♥✲és✐♠❛ ❞❡ a ❡ é ❞❡♥♦t❛❞♦ ♣♦r a

1

n ✱ ♦✉ ❛✐♥❞❛ n
√
a✱ ♦✉ s❡❥❛✱ b = n

√
a = a

1

n ✳

❈♦r♦❧ár✐♦ ✶✳✻✳✸ ❙❡ a ∈ R ❡ n ∈ N é í♠♣❛r✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ b ∈ R t❛❧ q✉❡ bn = a✳

❉❡♠♦♥str❛çã♦✿ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✻✳✷ ❡♠ |a|✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✭✉♠ ú♥✐❝♦✮ c ∈ R

t❛❧ q✉❡ cn = |a|✳ ❉❛í✱ s❡ a ≥ 0 ❡♥tã♦ cn = a ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ❙❡ a < 0✱ t♦♠❡ b = −c✳

❊♥tã♦✱ bn = −cn = a✱ ❡ ♥♦✈❛♠❡♥t❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

✷✷
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❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥✉♥❝✐❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ar✱ ♦♥❞❡ a ∈ R ❡ r ∈ Q✳

❉❡✜♥✐çã♦ ✶✳✻✳✹ ❙❡❥❛♠ a ∈ R+ ❡ n ∈ N✳ ❉❡✜♥✐♠♦s a
1

n ❝♦♠♦ s❡♥❞♦ ♦ b ∈ R t❛❧ q✉❡

bn = a✳ ❙❡ a ∈ R ❡ n ∈ N é ✐♠♣❛r✱ ❞❡✜♥✐♠♦s a
1

n ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ b ∈ N t❛❧ q✉❡

bn = a✳

❉❛❞♦s a ∈ R ❡ n ∈ N✱ ❞❡✜♥✐♠♦s

a
−1

n = 1

a
1
n

✱

❞❡s❞❡ q✉❡ a
1

n 6= 0 ❡ ❡st❡❥❛ ❜❡♠ ❞❡✜♥✐❞♦✳

❉❛❞♦s a ∈ R ❡ r =
p

q
∈ Q ❝♦♠ ♠❞❝(p, q) = 1✱ ❞❡✜♥✐♠♦s

ar =
(

a
1

q

)p

✳

q✉❛♥❞♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❆s ♠❡s♠❛s ❧❡✐s ❞❛s ♣♦tê♥❝✐❛s ✐♥t❡✐r❛s ✭✶✮ ✲ ✭✻✮ ✈❛❧❡♠ ♣❛r❛ ♣♦tê♥❝✐❛s r❛❝✐♦♥❛✐s✳

❱❛♠♦s ✜♥❛❧✐③❛r ❛ s❡çã♦ ❝♦♠ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❡①♣♦❡♥t❡s ❞❡ ♥ú♠❡r♦s r❡❛✐s✳

❱❛♠♦s ❢❛③❡r ✉s♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s ✭Pr♦♣♦s✐çã♦

✶✳✷✳✹✮✳ ❖ ♦❜❥❡t✐✈♦ é ❞❡✜♥✐r ax✱ ♦♥❞❡ a > 0 ❡ x sã♦ r❡❛✐s ✭♣♦❞❡♥❞♦ s❡r ✐rr❛❝✐♦♥❛❧✮✳

❱❛♠♦s ✐❧✉str❛r ❝♦♠ ✉♠ ❡①❡♠♣❧♦✿ ✈✐♠♦s q✉❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ r❛❝✐♦♥❛❧ ♣❛r❛
√
3

❝♦♠ três ❝❛s❛s ❞❡❝✐♠❛✐s é ✶✱✼✸✷✳ ❉❛í✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s❡q✉ê♥❝✐❛s ♠♦♥ót♦♥❛s✱ é ❞❡

s❡ ❡s♣❡r❛r q✉❡ ❛ s❡q✉ê♥❝✐❛

(21, 21,7, 21,732, ...)✳

❝♦♥✈❡r❣❡ ♣❛r❛ 2
√
3✱ ♣♦✐s tr❛t❛✲s❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❧✐♠✐t❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✻✳✺ ❉❛❞♦s a > 0 ❡ x r❡❛✐s✱ ❞❡✜♥✐♠♦s ax ❝♦♠♦ s❡♥❞♦ lim
n−→∞

arn✱ ♦♥❞❡ (rn)n∈N
é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ♥ú♠❡r♦s r❛❝✐♦♥❛✐s t❛❧ q✉❡ lim

n−→∞
rn = x✳

❖ ❚❡♦r❡♠❛ ✶✳✺✳✷ ❡ s❡✉ ❝♦r♦❧ár✐♦ ✶✳✺✳✸ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ t❛❧ s❡q✉ê♥❝✐❛✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ❜❛st❛ ❝♦♥str✉✐r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝♦♠♦ ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s

r❡❛✐s s❡♠♣r❡ ❡①✐st❡ ✉♠ r❛❝✐♦♥❛❧✱ t♦♠❡

x− 1 < r1 < x✱

♠❛①
{
r1, x− 1

2

}
< r2 < x✱

❡✱ ♣r♦❝❡❞❡♥❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ❛♣ós rn✱ t♦♠❡ ✉♠ r❛❝✐♦♥❛❧ rn+1✱ t❛❧ q✉❡

✷✸
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♠❛①
{
rn, x− 1

n+1

}
< rn+1 < x✳

❊♥tã♦ (rn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❡✱ ❝♦♠♦

x− 1

n
< rn < x✱

♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ ♥ t❡♥❞❡ ❛ +∞✱ ♦❜t❡♠♦s lim
n−→∞

rn = x✳

P♦rt❛♥t♦✱ s❡♠♣r❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ (rn)n∈N q✉❡ ❝♦♥✈❡r❣❡ ❛ x✳ ■ss♦

✈❛❧✐❞❛ ❛ ❞❡✜♥✐çã♦

ax = lim
n−→∞

arn , se, a ≥ 1, x ∈ R. ✭✶✳✶✵✮

♦♥❞❡ (rn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❝♦♠ lim
n−→∞

rn = x✳ ❆❣♦r❛✱ s❡ 0 < a < 1 ❡ x ∈ R✱

❞❡✜♥✐♠♦s

ax =

(
1

a

)−x

. ✭✶✳✶✶✮

❖ ✈❛❧♦r ❞❡ ax ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ (rn)n∈N ✭❱❡❥❛ ♦ ▲❡♠❛

✶✼✳✸ ❡♠ ❬✻❪✮✳

◆♦ ❝❛s♦ ❞❡ x ∈ Q✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ s❡q✉ê♥❝✐❛ ❝♦♥st❛♥t❡ (x, x, x, ...)✳ P♦rt❛♥t♦ ❛

❞❡✜♥✐çã♦ ❛❝✐♠❛ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❞❡ ❡①♣♦❡♥t❡s r❛❝✐♦♥❛✐s✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❛s ❧❡✐s ❞❡ ♣♦tê♥❝✐❛s ✭❡①♣♦❡♥t❡s✮ r❡❛✐s sã♦ s✐♠✐❧❛r❡s às ♣♦tê♥❝✐❛s r❛❝✐✲

♦♥❛✐s✳ ❉❛❞♦s a, b ∈ R+✱ ✈❛❧❡♠

✭✐✮ ax+y = ax · ay, ∀x, y ∈ R✳

✭✐✐✮ (ax)y = ax·y, ∀x, y ∈ R✳

✭✐✐✐✮ (a · b)x = ax · bx, ∀x ∈ R✳

✭✐✈✮ a−x =
1

ax
, ∀x ∈ R✳

✭✈✮
(a

b

)x

= (a · b−1)
x
= ax · (b−1)

x
= ax · b−x, ∀x ∈ R✳

✭✈✐✮ ❙❡ a > 1 ❡ x < y✱ ❡♥tã♦ ax < ay✳

✭✈✐✐✮ ❙❡ 0 < a < 1 ❡ x < y✱ ❡♥tã♦ ay < ax✳

✭✈✐✐✐✮ ❙❡ x > 0 ❡ a < b✱ ❡♥tã♦ ax < bx✳

✭✐①✮ ❙❡ x < 0 ❡ a < b✱ ❡♥tã♦ bx < ax✳

❚♦❞❛s ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ✈á❧✐❞❛s ♣❛r❛ ❛s ♣♦tê♥❝✐❛s ❞♦ ♥ú♠❡r♦

e✳ ❊ ✐ss♦ s❡rá ❝r✉❝✐❛❧ ♣❛r❛ ❛❧❝❛♥ç❛r ♥♦ss♦s ♦❜❥❡t✐✈♦s ♥❡ss❡ tr❛❜❛❧❤♦✳
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❉❡✜♥✐çõ❡s ❡ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❡

✷✳✶ ❉❡✜♥✐çã♦ ❞❡ e

❆ ❞❡✜♥✐çã♦ ♠❛✐s s✐♠♣❧❡s ❞❡ e é ❛ s❡❣✉✐♥t❡✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❈❤❛♠❛♠♦s ❞❡ e ❛♦ ✈❛❧♦r ❞♦ ♥ú♠❡r♦ r❡❛❧ ♠❛✐♦r q✉❡ ✶ ♣❛r❛ ♦ q✉❛❧ ❛ ár❡❛

❞❛ r❡❣✐ã♦ ❤❛❝❤✉r❛❞❛ ❛❜❛✐①♦✱ ❡♥tr❡ ♦ ❡✐①♦ ① ❝♦♠ x ≥ 1 ❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f(x) =
1

x
✱ é

✐❣✉❛❧ ❛ ✶✿

❋✐❣✉r❛ ✶

❊ss❡ ♥ú♠❡r♦ ❡①✐st❡✱ ♣♦rq✉❡ ❡stá ✉♥✐✈♦❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ à r❡❣✐ã♦ ❛❝✐♠❛✳

❆ ár❡❛ ❞❡ ✉♠❛ r❡❣✐ã♦ ❡♥tr❡ ✶ ❡ ✉♠ x > 1 é ❞❡❧✐♠✐t❛❞❛ ♣❡❧♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❡ ♦

❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f(t) = 1

t
é ❝❤❛♠❛❞❛ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ ❞❡ x ❡ é ❞❡♥♦t❛❞❛ ♣♦r ln x✳
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❋✐❣✉r❛✷

◆❡st❡ ❝❛s♦✱ ln e = 1✳

◆♦ ❝á❧❝✉❧♦ ✶ ❛♣r❡♥❞❡✲s❡ q✉❡ ♦ ❝á❧❝✉❧♦ ❞❡ss❛ ár❡❛ é ❢❡✐t♦ ♣♦r ♠❡✐♦ ❞❡ ✐♥t❡❣r❛çã♦✳

ln x =

∫ x

1

dt

t
, x > 1

❚❛❧ ✐♥t❡❣r❛❧ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣❛r❛ t♦❞♦ x > 0✳ ▼❛s ♥ã♦ ✈❛♠♦s ❡①♣❧♦r❛r ♦ ❧♦❣❛rí✲

t✐♠♦ ♥❛t✉r❛❧✱ ♥ã♦ ♣r❡t❡♥❞❡♠♦s ♥♦s ❛♣r♦❢✉♥❞❛r s♦❜r❡ ❡ss❡ t❡♠❛ ♥❡ss❡ tr❛❜❛❧❤♦✳ ❆♣❡♥❛s

❧✐st❛r❡♠♦s s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❛♥❞♦ ❢♦r♠♦s ✉sá✲❧❛s✳

P♦❞❡♠♦s ❡st✐♠❛r ❛ ár❡❛ ❞❛ r❡❣✐ã♦ A(x) s❡♠ r❡❛❧✐③❛r ♦ ❝á❧❝✉❧♦ ❞❛ ✐♥t❡❣r❛❧
∫ x

1

dt

t
✳

P♦r ❡①❡♠♣❧♦✱ ❞❛ ✜❣✉r❛ ✷ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡

ln 2 < 1 ✭✷✳✶✮

❉❡✜♥✐❞♦ ♦ ♥ú♠❡r♦ e✱ ♣♦❞❡♠♦s ✉s❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♣♦tê♥❝✐❛s ❝♦♠ ❡①♣♦❡♥t❡s

r❡❛✐s ♣❛r❛ ❞❡✜♥✐r ❛ ❢✉♥çã♦ ex, x ∈ R ✭❱❡❥❛ ❛ s❡çã♦ ✷✳✻✮✳ ❆ ❢✉♥çã♦ ex, x ∈ R s❛t✐s❢❛③ ❛s
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♣r♦♣r✐❡❞❛❞❡s ✭✐✮ ❛ ✭✐①✮ ❞❛ s❡çã♦ ✷✳✻✳ ❊♠ ♣❛rt✐❝✉❧❛r ex, x ∈ R✱ é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡

❝r❡s❝❡♥t❡✳

❆ ❢✉♥çã♦ ❧♦❣❛rít✐♠♦ ♥❛t✉r❛❧ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s✱ ❛s q✉❛✐s

sã♦ ❡st❛❜❡❧❡❝✐❞❛s ♥♦s ❝✉rs♦s ❞❡ ❝á❧❝✉❧♦ ❡✴♦✉ ❛♥á❧✐s❡ ✶✳

✭P✶✮ ❆ ❢✉♥çã♦ ln x é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✱ ❝♦♥tí♥✉❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞❡✜♥✐❞❛ ❡♠

(0,+∞) ❡ ❝♦♠ ✈❛❧♦r❡s ❡♠ R✳

✭P✷✮ ln 1 = 0 ❡ ln e = 1✳

✭P✸✮ ln (x · y) = ln x+ ln y, ∀x, y ∈ (0,+∞)✳

✭P✹✮ ln
(

x
y

)

= ln x− ln y, ∀x, y ∈ (0,+∞)✳

✭P✺✮ ❉❛❞♦ r ∈ R, ln (xr) = r · ln x, ∀x ∈ (0,+∞)✳

✭P✻✮ lim
x−→0+

ln x = +∞ ❡ lim
n−→+∞

ln x = +∞✳

P❛r❛ ✈❡r ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ss❛s ♣r♦♣r✐❡❞❛❞❡s s✉❣❡r✐♠♦s ❛s r❡❢❡rê♥❝✐❛s [3] ❡ [4]✳

✷✳✷ ❆ ❋✉♥çã♦ ❊①♣♦♥❡♥❝✐❛❧

❆ ❞❡✜♥✐çã♦ ❞♦ ♥ú♠❡r♦ e ❢❡✐t❛ ♥❛ s❡çã♦ ✷✳✶ ♥♦s ♣❡r♠✐t❡ ❛♣❡♥❛s s❛❜❡r ❞❡ s✉❛ ❡①✐stê♥✲

❝✐❛✱ ♥ã♦ ♥♦s ❛❥✉❞❛ ♠✉✐t♦ ❛ ❡①♣❧♦r❛r s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◆❡st❛ s❡çã♦ ✈❛♠♦s ❡①✐❜✐r ✉♠❛

❝❛r❛❝t❡r✐③❛çã♦ ❞❡ e ♠✉✐t♦ ♠❛✐s ✈❛♥t❛❥♦s❛ ♣❛r❛ ❡①♣❧♦r❛r s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✷✳✷✳✶ P❛r❛ ❝❛❞❛ x ∈ R ❞❡✜♥❛♠♦s

exp(x) =
∞∑

n=o

xn

n!
. ✭✷✳✷✮

❯s❛♥❞♦ ♦ t❡st❡ ❞❛ r❛③ã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❜s♦❧✉t❛ ❞❡ sér✐❡s ✭❱❡❥❛ ♦ ❚❡♦r❡♠❛ ✷✳✻✳✻

❡♠ ❬✻❪ ♦✉ ♦ ❚❡♦r❡♠❛ ✷✱ ♣á❣✐♥❛ ✺✽✶ ❞❡ ❬✷❪✮ ✈❡♠♦s q✉❡ exp(x) ❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡✱

∀x ∈ R✳

❱❡❥❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❡ exp(x)✳

✭P✶✮ P❛r❛ ❝❛❞❛ x, y ∈ R✱ ✈❛❧❡

exp(x) · exp(y) =
(

∞∑

n=0

xn

n!

)

·
(

∞∑

n=0

yn

n!

)

=
∞∑

n=0

n∑

k=0

xk

k!
· yn−k

(n− k)!
=

∞∑

n=0

(x+ y)n

n!
= exp (x+ y) ✭✷✳✸✮

✷✼
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✭P✷✮ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ ✷✳✷ q✉❡

exp(0) = 1. ✭✷✳✹✮

✭P✸✮ ❉❡ ✭P✶✮ ✭P✷✮ t❡♠✲s❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ R✱

exp(x) · exp(−x) = exp(x− x) = exp(0) = 1✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

exp(−x) =
1

exp(x)
, ∀x ∈ R. ✭✷✳✺✮

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♣♦st♦ ❡♠ ♥♦ss❛ ❞✐ss❡rt❛çã♦✱ ♣r❡✲

❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✱ ❢❡✐t♦ ❡♠ ❬✹❪✳

▲❡♠❛ ✷✳✷✳✷ ❙❡❥❛♠ a, b ∈ R t❛✐s q✉❡ 0 ≤ a < b✳ ❊♥tã♦

bn+1 − an+1

b− a
< (n+ 1) · bn. ✭✷✳✻✮

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ❝♦♠♦ 0 ≤ a < b✱ t❡♠✲s❡

bn+1 − an+1

b− a
= bn + a · bn−1 + a2 · bn−2 + ...+ an−1 · b+ an

< bn + b · bn−1 + b2 · bn−2 + ...+ bn−1 · b+ bn = (n+ 1) · bn ✭✷✳✼✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✷✳✻ ❞♦ ▲❡♠❛ ✷✳✷✳✷ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

bn [b− (n+ 1) · (b− a)] < an+1. ✭✷✳✽✮

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥✉♥❝✐❛r ♦ r❡s✉❧t❛❞♦✳ ❙✉❛ ❞❡♠♦♥str❛ç❛♦ ❢♦✐ ❡①tr❛í❞❛

❞❡ ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ❆ s❡q✉ê♥❝✐❛

((

1 +
1

n

))n

n∈N

é ❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛✱ ❡ ♣♦rt❛♥t♦✱ ❝♦♥✈❡r❣❡

♣❛r❛ ✉♠ ♥ú♠❡r♦ α ∈ R+✳

❉❡♠♦♥str❛çã♦✿ ❊s❝♦❧❤❡♥❞♦ a = 1+
1

n+ 1
❡ b = 1+ 1

n
♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✷✳✽✱ ♦❜t❡♠♦s✿

(
1 + 1

n

)n
<
(
1 + 1

n+1

)n+1
, ∀n ∈ N✳

■ss♦ ♣r♦✈❛ q✉❡
((
1 + 1

n

))n

n∈N
é ❝r❡s❝❡♥t❡✳

❯s❛♥❞♦ ❛ ♠❡s♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✷✳✽✱ ❡s❝♦❧❤❡♥❞♦ ❛❣♦r❛ a = 1 ❡ b = 1 + 1

2n
✱ ♦❜t❡♠♦s

✷✽
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(
1 + 1

2n

)n
< 2✳

❞❛í✱

(
1 + 1

2n

)2n
< 4✳

❈♦♠♦
((
1 + 1

n

))n

n∈N
é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡✱ t❡♠✲s❡

(
1 + 1

n

)n
<
(
1 + 1

2n

)2n
< 4, ∀n ≥ 1✳

▲♦❣♦✱ ❡ss❛ s❡q✉ê♥❝✐❛ é ❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✹
((
1 + 1

n

))n

n∈N

é ❝♦♥✈❡r❣❡♥t❡✳

❚❡♦r❡♠❛ ✷✳✷✳✹ α = exp(1)✱ ♦✉ s❡❥❛✱

lim
n−→∞

(

1 +
1

n

)n

= exp(1)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ an =

(

1 +
1

n

)n

❡ Sn =
n∑

k=0

1

k!
, n ≥ 1✳ ❏á s❛❜❡♠♦s q✉❡ (an) é

✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ❈❤❛♠❡♠♦s

α = lim
n→∞

an.

❙❛❜❡♠♦s t❛♠❜é♠ q✉❡

exp(1) = lim
n→∞

Sn.

❉❡✈❡♠♦s ♣r♦✈❛r q✉❡

α = lim
n→∞

Sn. ✭✷✳✾✮

P❡❧❛ ❢ór♠✉❧❛ ❞♦ ❜✐♥ô♠✐♦ ❞❡ ◆❡✇t♦♥✱

an =

(
n

0

)

· 1n ·
(
1

n

)0

+

(
n

1

)

· 1n−1 ·
(
1

n

)1

+

(
n

2

)

· 1n−2 ·
(
1

n

)2

+

(
n

3

)

· 1n−3 ·
(
1

n

)3

+ ...+

(
n

n− 1

)

· 1 ·
(
1

n

)n−1

+

(
n

2

)

· 10 ·
(
1

n

)n

= 1 + 1 +
1

2!

(

1− 1

n

)

+
1

3!

(

1− 1

n

)(

1− 2

n

)

+ ...+
1

n!

(

1− 1

n

)(

1− 2

n

)

...

(

1− n− 1

n

)

.

❊♥tã♦ t❡♠♦s

0 < an < Sn.

✷✾
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❈♦♠♦ (an) ❡ (Sn) sã♦ ❝♦♥✈❡r❣❡♥t❡s s❡❣✉❡ q✉❡

lim
n→∞

an ≤ lim
n→∞

Sn. ✭✷✳✶✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦s n ❡ 0 < k < n t❡♠✲s❡

an ≥ 1 + 1 +
1

2!

(

1− 1

n

)

+ · · ·+ 1

k!

(

1− 1

n

)(

1− 2

n

)

· · ·
(

1− k − 1

n

)

. ✭✷✳✶✶✮

❋✐①❛♥❞♦ k ∈ N ❡ ❢❛③❡♥❞♦ n −→ +∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✶✮ ♦❜t❡♠♦s

lim
n→∞

an ≥ 1 + 1 +
1

2!
+ · · ·+ 1

k!
= Sk. ✭✷✳✶✷✮

❈♦♠♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✷✮ ✈❛❧❡ ♣❛r❛ t♦❞♦ k ∈ N✱ s❡❣✉❡ q✉❡

lim
n→∞

an ≥ lim
k→∞

Sk = exp(1). ✭✷✳✶✸✮

❉❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✶✵✮ ❡ ✭✷✳✶✸✮ ❝♦♥❝❧✉✐♠♦s q✉❡

lim
n→∞

an = lim
n→∞

Sn = exp(1).

❆❣♦r❛ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❝r✉❝✐❛❧ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥ú♠❡r♦ e✳ ◆ã♦ ❡s✲

q✉❡ç❛♠♦s q✉❡✳

ln(e) = 1. ✭✷✳✶✹✮

❚❡♦r❡♠❛ ✷✳✷✳✺ e = lim
n−→∞

(

1 +
1

n

)n

= α✳

❉❡♠♦♥str❛çã♦✿ P♦♥❞♦ x = 1+
1

n
♥❛ ✜❣✉r❛ ✷✱ ✈✐♠♦s q✉❡ ❛ ár❡❛ A

(

1 +
1

n

)

é ♠❡♥♦r

q✉❡ ❛ ár❡❛ ❞❛ r❡❣✐ã♦ r❡t❛♥❣✉❧❛r R1 ❞❡ ❜❛s❡ ❡♥tr❡ x1 = 1 ❡ x = 1 +
1

n
❡ ❛❧t✉r❛ ✐❣✉❛❧ ❛ ✶

✭✈❡❥❛ ❋✐❣✉r❛ ✸✮✳

✸✵
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❋✐❣✉r❛ ✸

❖✉ s❡❥❛✱

A

(

1 +
1

n

)

< A (R1)✱

♦ q✉❡ ❡q✉✐✈❛❧❡ à ❞❡s✐❣✉❛❧❞❛❞❡

ln

(

1 +
1

n

)

<
1

n
. ✭✷✳✶✺✮

❋✐❣✉r❛ ✹

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♦❜s❡r✈❛♥❞♦ ❛s ✜❣✉r❛s ✹✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r q✉❡ A (R2) < A

(

1 +
1

n

)

✱

♦♥❞❡ A (R2) =

(

1 +
1

n
− 1

)

· n

n+ 1
=

1

n+ 1
✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

1

n+ 1
< ln

(

1 +
1

n

)

. ✭✷✳✶✻✮

❏✉♥t❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✶✺✮ ❡ ✭✷✳✶✻✮✱ ✈❡♠♦s q✉❡

1

n+ 1
< ln

(

1 +
1

n

)

<
1

n
. ✭✷✳✶✼✮

✸✶
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▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ♥ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ ✭✷✳✶✼✮ ❡ ✉s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭P✺✮ ❞♦

❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧✱ ♦❜t❡♠♦s

n

n+ 1
< ln

(

1 +
1

n

)n

< 1. ✭✷✳✶✽✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n −→ +∞ ❡♠ ✭✷✳✶✽✮ ♦❜t❡♠♦s

1 ≤ lim
n−→∞

ln

(

1 +
1

n

)n

≤ 1. ✭✷✳✶✾✮

▲♦❣♦✱

lim
n−→∞

ln

(

1 +
1

n

)n

= 1. ✭✷✳✷✵✮

▲❡♠❜r❛♥❞♦ q✉❡ ln(e) = 1 ✭✈❡❥❛ ✷✳✶✹✮ ❡ q✉❡ ❛ ❢✉♥çã♦ ln(x) é ❝♦♥tí♥✉❛ ✭✈❡❥❛ ❛ ♣r♦♣r✐✲

❡❞❛❞❡ ✭P✶✮✮ s❡❣✉❡ q✉❡✳

ln

(

lim
n−→∞

(

1 +
1

n

)n)

= ln(e)✳

❉❛í✱ ❝♦♠♦ ❛ ❢✉♥çã♦ ln(x) t❛♠❜é♠ é ❜✐❥❡t♦r❛✱ s❡❣✉❡ q✉❡✿

lim
n−→∞

(

1 +
1

n

)n

= e✱

❝♦♠♦ q✉❡rí❛♠♦s ♣r♦✈❛r✳

❈♦r♦❧ár✐♦ ✷✳✷✳✻ e = exp(1)✱ ♦✉ s❡❥❛✱

e = 1 + 1 +
1

2!
+

1

3!
+ ...+

1

n!
+ ... =

∞∑

n=0

1

n!
. ✭✷✳✷✶✮

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ❡ss❛ ✐❞❡♥t✐❞❛❞❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ ❡ ❞♦ ❚❡♦✲

r❡♠❛ ✷✳✷✳✺✳

❖ ❈♦r♦❧ár✐♦ ✷✳✷✳✻ ❡①✐❜❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❜❡♠ ♠❛✐s ♦♣❡r❛❝✐♦♥❛❧ q✉❡ ❛q✉❡❧❛ ❞♦

✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✳ ❆❣♦r❛ t❡♠♦s ❡♠ ♠ã♦s três ❞❡✜♥✐çõ❡s ❞❡ e✿ ❛q✉❡❧❛ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✶✱

❛ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✻ ❡

e = lim
n−→∞

(

1 +
1

n

)n

✳

❱❛♠♦s ✜♥❛❧✐③❛r ❡ss❛ s❡çã♦ ♠♦str❛♥❞♦ q✉❡ ❛s ❢✉♥çõ❡s exp(x) ❡ ex ❝♦✐♥❝✐❞❡♠✱ ❡ ❞❛í✱

♣♦ss✉❡♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s✳

❚❡♦r❡♠❛ ✷✳✷✳✼ ❱❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ exp(x) = ex✱ ♣❛r❛ t♦❞♦ x ∈ R✳

✸✷



❈❛♣ít✉❧♦ ✷✳ ❉❡✜♥✐çõ❡s ❡ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❡

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✭P✶✮ ❞❛ ❢✉♥çã♦ exp(x) ❡ ♦ ❝♦r♦❧ár✐♦ ✷✳✷✳✻✱ t❡♠♦s✱

∀n ≥ 2✳

en = e · e · ... · e
︸ ︷︷ ︸

n vezes

= exp(1) · exp(1) · ... · exp(1)
︸ ︷︷ ︸

n vezes

= exp(n). ✭✷✳✷✷✮

P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✭P✸✮✱ ✐❞❡♥t✐❞❛❞❡ ✷✳✺✱ t❡♠♦s✿

e−n =
1

en
=

1

expn
= exp(−n), ∀n ≥ 1. ✭✷✳✷✸✮

❆❣♦r❛✱ ❞❛❞♦ r =
m

n
∈ Q (n > 0)✱ s❡❣✉❡ ❞❡ ✭✷✳✺✮✱ ✭✷✳✷✷✮ ❡ ✭✷✳✷✸✮ q✉❡✿

(exp r)n = exp(r) · ... · exp(r)
︸ ︷︷ ︸

n vezes

= exp(n · r) = en·r✱

❡ ❞❛í✱

exp r = (en·r)

1

n = er✳

P♦rt❛♥t♦✱

exp r = er, ∀r ∈ Q. ✭✷✳✷✹✮

❆❣♦r❛✱ s❡❥❛ α ∈ R✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ (rn)n∈N ❞❡ ♥ú♠❡r♦s

r❛❝✐♦♥❛✐s t❛❧ q✉❡ lim
n−→∞

rn = α ✭✈❡❥❛ ❛ s❡çã♦ ✶✳✺✮✳

❉❛í✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ ex ❡ ❞❛ ❢✉♥çã♦ exp(x)✱ t❡♠♦s✳

eα = lim
n→∞

ern = lim
n→∞

exp(rn) = exp
(

lim
n→∞

rn

)

= exp(α).

▲♦❣♦✱

eα = exp(α), para todo α ∈ R.

❆ss✐♠✱ ❛ ❢✉♥çã♦ ex ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✳

✭✶✮ ❆ ❢✉♥çã♦ ex é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳

✭✷✮ lim
n−→+∞

ex = +∞ ❡ lim
n−→−∞

ex = 0✱ ❉♦♠(ex) = (0,+∞)✳

✭✸✮ ex =
∞∑

n=0

xn

n!
, ∀x ∈ R✳

✸✸



❈❛♣ít✉❧♦ ✷✳ ❉❡✜♥✐çõ❡s ❡ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❡

✭✹✮ ❆ ❢✉♥çã♦ ex é ❝♦♥tí♥✉❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t♦❞♦ x ∈ R✳

✭✺✮ ex+y = ex · ey, ∀x, y ∈ R✳

✸✹



❈❛♣ít✉❧♦ ✸

■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❡ ❈á❧❝✉❧♦ ❞❛s ❈❛s❛s

❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ ❡

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ♠♦str❛r q✉❡ e é ✐rr❛❝✐♦♥❛❧ ❡ ✈❛♠♦s ❡①✐❜✐r ✉♠ ♠ét♦❞♦ ❞❡ ❡♥❝♦♥tr❛r

s✉❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧✳

✸✳✶ ■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❞❡ e

❚❡♦r❡♠❛ ✸✳✶✳✶ e é ✐rr❛❝✐♦♥❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ e é ✐rr❛❝✐♦♥❛❧✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡

e =
k

m
✱ ♦♥❞❡ k,m ∈ N ❡ ♠❞❝(k,m) = 1✳

❱✐♠♦s ♥❛ s❡çã♦ ✷✳✷✱ ❈♦r♦❧ár✐♦ ✷✳✷✳✻✱ q✉❡

e =
∞∑

n=0

1

n!
= 1 + 1 +

1

2!
+

1

3!
+ · · ·+ 1

n!
+ · · · ✭✸✳✶✮

❉❛í s❡❣✉❡ q✉❡
k

m
=

m∑

n=0

1

n!
+

∞∑

n=m+1

1

n!
. ✭✸✳✷✮

✸✺



❈❛♣ít✉❧♦ ✸✳ ■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❡ ❈á❧❝✉❧♦ ❞❛s ❈❛s❛s ❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ ❡

❆❣♦r❛ ♦❜s❡r✈❡♠♦s q✉❡

∑

n=m+1

1

n!
=

1

(m+ 1)!
+

1

(m+ 1)!
+ · · ·

=
1

m!

(
1

m+ 1
+

1

(m+ 1)(m+ 2)
+ · · ·

)

<
1

m!

(
1

m+ 1
+

1

(m+ 1)2
+

1

(m+ 1)2
+ · · ·

)

=
1

m!

∞∑

j=0

1

(m+ 1)j
.

❈♦♠♦
∞∑

j=0

1

(m+ 1)j
é ✉♠❛ sér✐❡ ❣❡♦♠étr✐❝❛ ❞❡ r❛③ã♦

1

m+ 1
❡ 0 <

1

m+ 1
< 1✱ s❡❣✉❡

❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✺ q✉❡

∞∑

j=1

1

(m+ 1)j
=

1

m+ 1

1− 1

m+ 1

=
1

m
. ✭✸✳✸✮

❙✉❜st✐t✉✐♥❞♦ ✸✳✸ ♥❛ ❡st✐♠❛t✐✈❛✱ ♦❜t❡♠♦s

∞∑

n=m+1

1

n!
<

1

m!
· 1

m
. ✭✸✳✹✮

❆❣♦r❛✱s✉❜st✐t✉✐♥❞♦ ✸✳✹ ❡♠ ✸✳✷✱ ♦❜t❡♠♦s

0 <
k

m
−

m∑

n=0

1

n!
<

1

m!
· 1

m
. ✭✸✳✺✮

❊♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✸✳✺ ♣♦r ♠✦✱ ♦❜t❡♠♦s

0 < m! ·
(

k

m
−

m∑

n=0

1

n!

)

<
1

m
≤ 1. ✭✸✳✻✮

❖❜s❡r✈❡♠♦s q✉❡

m!

(

k

m
−

m∑

n=0

1

n!

)

= k · (m− 1)!−
m∑

n=0

m!

n!
:= a ∈ Z✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s

t❡rí❛♠♦s ♣♦r ✸✳✻ q✉❡ 0 < a < 1✳ ▲♦❣♦ e é ✐rr❛❝✐♦♥❛❧✳

❆ ❞❡♠♦♥str❛çã♦ q✉❡ ✜③❡♠♦s ❛❝✐♠❛ ❡♥❝♦♥tr❛✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❉✳ ●✳ ❋✐❣✉❡✐r❡❞♦ ❬✹❪✳

◆ã♦ s❛❜❡♠♦s s❡ ❛ ♠❡s♠❛ é ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡ s✉❛ ❛✉t♦r✐❛✳ ◆❛ r❡❢❡rê♥❝✐❛ ❆✳ ❈❛♠✐♥❤❛ ❬✷❪

❤á ✉♠❛ ❞❡♠♦♥str❛çã♦ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✱ ♠❛s ❞❡ ♥❛t✉r❡③❛ ❛♥á❧♦❣❛ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛

✺✳✷✶ ❡♠ ❬✷❪✮✳

✸✻



❈❛♣ít✉❧♦ ✸✳ ■rr❛❝✐♦♥❛❧✐❞❛❞❡ ❡ ❈á❧❝✉❧♦ ❞❛s ❈❛s❛s ❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ ❡

❖✉tr♦ ♠♦❞♦ ❞❡ s❡ ♣r♦✈❛r q✉❡ e é ✐rr❛❝✐♦♥❛❧ é ♣r♦✈❛♥❞♦ s✉❛ tr❛♥s❝❡♥❞ê♥❝✐❛✱ ♣♦rq✉❡

s❡ ✉♠ ♥ú♠❡r♦ é tr❛♥s❝❡♥❞❡♥t❡✱ ❡♥tã♦ ❡❧❡ é ✐rr❛❝✐♦♥❛❧✳ ▼❛s ♣r♦✈❛r q✉❡ ✉♠ ♥ú♠❡r♦ é tr❛♥s✲

❝❡♥❞❡♥t❡ ❣❡r❛❧♠❡♥t❡ ❡♥✈♦❧✈❡ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ❜❡♠ ♠❛✐s ❛✈❛♥ç❛❞❛s q✉❡ ❛q✉❡❧❛s

❡♠♣r❡❣❛❞❛s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♦ q✉❛❧ é ✈♦❧t❛❞♦ ♣❛r❛ ♣r♦❢❡ss♦r❡s ❡ ❡st✉❞❛♥t❡s ❞♦ ❡♥s✐♥♦

♠é❞✐♦ q✉❡ ❣♦st❛♠ ❞❡ ♠❛t❡♠át✐❝❛✳

◆❛ r❡❢❡rê♥❝✐❛ ❬✹❪ t❡♠ ✉♠ ❝❛♣ít✉❧♦ ❞❡❞✐❝❛❞♦ à ❞❡♠♦♥str❛çã♦ ❞❛ tr❛♥s❝❡♥❞ê♥❝✐❛ ❞❡ e✳

❖ ❛✉t♦r ❝♦♥✈✐❞❛ ♦ ❧❡✐t♦r ❛ ❢❛③ê✲❧❛ ❛tr❛✈és ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡①❡r❝í❝✐♦s✳ P❛r❛ r❡❛❧✐③á✲❧♦s

é ♣r❡❝✐s♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❜ás✐❝♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❞❡r✐✈❛❞❛s ✭✐♥❝❧✉s✐✈❡ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r

▼é❞✐♦✮✳

✸✳✷ ❈á❧❝✉❧♦ ❞❛s ❆♣r♦①✐♠❛çõ❡s ❉❡❝✐♠❛✐s ❞♦ ◆ú♠❡r♦ e

◆♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❛q✉✐ ♥ã♦ é s♦♠❡♥t❡ ❡♥❝♦♥tr❛r ❛♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s ❞❡ e✱ ♠❛s

t❛♠❜é♠ ♠♦str❛r ✉♠ ♠ét♦❞♦ ❞❡ ♣r♦✈❛ ❞❡ q✉❡ ❡ss❛s sã♦ ❞❡ ❢❛t♦ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s

❞❡ e✳ P♦r q✉❡ ✐ss♦❄ P♦rq✉❡ ❡♠ ❛❧❣✉♥s ❧✐✈r♦s ❞❡ ❛♥á❧✐s❡ ✶ ❡ ❞❡ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✱

sã♦ ❡①✐❜✐❞❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s ❞❡ e✱ ♦✉ ♠❡s♠♦ ✉♠ ♠ét♦❞♦ ♣❛r❛ ❡♥❝♦♥trá✲❧❛s✱ ♠❛s

♣♦rq✉❡ ❥á s❛❜❡♠ ❞❡ ❛♥t❡♠ã♦ q✉❡ sã♦ ❛♣r♦①✐♠❛çõ❡s✳ P♦r ❡①❡♠♣❧♦✱ s❡ ✈♦❝ê s✉❜st✐t✉✐r n

♣♦r ✶✵✵✱✶✵✵✵✱✶✵✵✵✵✱ ✶✵✵✵✵✵✵ ❡ ✶✵✵✵✵✵✵✵ ♥♦ t❡r♠♦ ❣❡r❛❧ ❞❛ s❡q✉ê♥❝✐❛

((

1 +
1

n

)n)

n∈N

✱

✈♦❝ê ❡♥❝♦♥tr❛rá✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✱✼✳✳✳✱ ✷✱✼✶✳✳✳✱ ✷✱✼✶✽✳✳✳✱ ✷✱✼✶✽✷✳✳✳✱ ✷✱✼✶✽✷✽✳✳✳✱

✐♥❞✐❝❛♥❞♦ q✉❡ ❛s ♥✲✶ ❝❛s❛s ❞❡❝✐♠❛✐s ❞♦ ♥ú♠❡r♦

(

1 +
1

10n

)10n

✳

sã♦ ❛s n− 1 ♣r✐♠❡✐r❛s ❝❛s❛s ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e✳ ▼❛s ❝♦♥❝❧✉í♠♦s ✐ss♦ ♣♦rq✉❡

s❛❜❡♠♦s ❞❡ ❛♥t❡♠ã♦ q✉❛✐s sã♦ ❡ss❛s ❝❛s❛s ❞❡❝✐♠❛✐s✳

◆❡ss❡ ♠❡s♠♦ s❡♥t✐❞♦ ❆✳ ❈❛♠✐♥❤❛ ❡♠ ❬✷❪ ✐♥❞✐❝❛ ✉♠ ♠ét♦❞♦ ❞❡ ❡♥❝♦♥tr❛r ❛ ❛♣r♦①✐✲

♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e ❝♦♠ ❝✐♥❝♦ ❝❛s❛s ❞❡❝✐♠❛✐s ✭✈❡❥❛ ♦ ♣r♦❜❧❡♠❛ ✷✳✶✱ ♣á❣✐♥❛ ✸✹✽ ❞❡ ❬✷❪✮✳

◆❛ r❡❢❡rê♥❝✐❛ ❬✻❪✱ ♣á❣✐♥❛ ✸✵✱ ❡①❡♠♣❧♦s ✶✷ ❡ ✶✸✱ ❊✳ ▲✐♠❛ ♠♦str❛ q✉❡ 2 < e ≤ 3 ❡

❡①✐❜❡ ❛ ❛♣r♦①✐♠❛çã♦ ✷✱✼✶✽✷ ♣❛r❛ e✱ ♠❛s ♥ã♦ ❡♥s✐♥❛ ❝♦♠♦ ❡♥❝♦♥trá✲❧❛ ❡ ♥❡♠ ✐♥❞✐❝❛ ✉♠

♠ét♦❞♦ ♣❛r❛ ✐ss♦✳

❏á ♥❛ r❡❢❡rê♥❝✐❛ ❬✻❪✱ ♦s ❛✉t♦r❡s ♣r♦✈❛♠ q✉❡ 2 ≤ e ≤ 4 ✭❞❡♣♦✐s✱ ♥✉♠ ❡①❡r❝í❝✐♦ ✐♥❞✐❝❛♠

❝♦♠♦ ♣r♦✈❛r q✉❡ e ≤ 3✮ ❡ ❞❡♣♦✐s ✐♥❢♦r♠❛♠ ❝♦♠♦ ♣r♦✈❛r q✉❡ e ≃ 2, 71828182...✱ ♠❛s ♥ã♦

✸✼
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✐♥❞✐❝❛♠ ✉♠ ♠ét♦❞♦ ❞❡ ❡♥❝♦♥tr❛r ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s ✭✈❡❥❛ ❬✻❪✱ ❚❡♦r❡♠❛ ✶✻✳✻✱ ❛

♣á❣✐♥❛ ✺✷ ❡ ♦ ❡①❡r❝í❝✐♦ ✶✻✳✻✱ ♣á❣✐♥❛ ✺✹✮✳

P♦r ✜♠✱ ❡♠ ❬✹❪✱ ❝❛♣ít✉❧♦ ✻✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ♠ét♦❞♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ✐rr❛✲

❝✐♦♥❛✐s ♣♦r r❛❝✐♦♥❛✐s ❡ s❡✉ ❣r❛✉ ❞❡ ♣r❡❝✐sã♦✱ ♠❛s ♥ã♦ ✐♥❞✐❝❛ ♥❡♥❤✉♠ ♠ét♦❞♦ ❞❡ ♦❜t❡♥çã♦

❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ ✉♠ ♥ú♠❡r♦ ✐rr❛❝✐♦♥❛❧✳

❱❛♠♦s ❛q✉✐ ❡♠♣r❡❣❛r ♦ ❚❡♦r❡♠❛ ✶✳✺✳✷ ❥✉♥t♦ ❝♦♠ ❛s s❡q✉ê♥❝✐❛s

((

1 +
1

n

)n)

n∈N

❡
(

1 +
1

n

)n+1

♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡❝✐♠❛✐s ❞❡ e ♣r♦✈❛♥❞♦ q✉❡ ❡st❛s sã♦ ❞❡

❢❛t♦ ❛s ❛♣r♦①✐♠❛çõ❡s à ❡sq✉❡r❞❛ ❞❡ e✳

▲❡♠❛ ✸✳✷✳✶ ❙❡❥❛♠ a, b ∈ R t❛✐s q✉❡ 0 ≤ a < b✳

❊♥tã♦
bn+1 − an+1

b− a
> (n+ 1) · an, ∀n ≥ 1✳

❉❡♠♦♥str❛çã♦✿

bn+1 − an+1

b− a
= bn+ a · bn−1+ a2 · bn−2+ · · ·+ an−1 · b+ an > an+ a · an−1+ a2 · an−2+

+ · · ·+ an−1 · a+ an = (n+ 1) · an✱ ❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

▲❡♠❛ ✸✳✷✳✷ ❉❛❞♦ n ≥ 1✱ ✈❛❧❡✳
(

1 +
1

n

)n+1

>

(

1 +
1

n+ 1

)n

·
(

1 +
1

n+ 1
+

1

n

)

✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ a = 1+
1

n+ 1
❡ b = 1+

1

n
♥♦ ▲❡♠❛ ❛♥t❡r✐♦r ✸✳✷✳✶✱ ♦❜t❡♠♦s✿

(

1 +
1

n

)n+1

−
(

1 +
1

n+ 1

)n+1

1

n
− 1

n+ 1

> (n+ 1) ·
(

1 +
1

n+ 1

)n

⇔
(

1 +
1

n

)n+1

−
(

1 +
1

n+ 1

)n+1

>
(n+ 1)

n ∗ (n+ 1)
·
(

1 +
1

n+ 1

)n

⇔
(

1 +
1

n

)n+1

>
1

n
·
(

1 +
1

n+ 1

)n

+

(

1 +
1

n+ 1

)n+1

⇔
(

1 +
1

n

)n+1

>

(

1 +
1

n+ 1

)n

·
(

1 +
1

n
+ 1

n+1

)

✳

▲❡♠❛ ✸✳✷✳✸ P❛r❛ t♦❞♦ ♥❛t✉r❛❧ n ≥ 1✱ ✈❛❧❡✳

(

1 +
1

n+ 1

)n

·
(

1 +
1

n+ 1
+

1

n

)

>

(

1 +
1

n+ 1

)n+2

. ✭✸✳✼✮

✸✽
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❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦

❚❡♠♦s q✉❡

n+ 2 +
1

n
> n+ 2

▲♦❣♦
1

n
·
(
n2 + 2n+ 1

)
> n+ 2

❆ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r
1

n
(n+ 1)2 > n+ 2

♦ q✉❡ ❡q✉✐✈❛❧❡ ❛
1

n
>

n+ 2

(n+ 1)2
=

1

n+ 1
+

1

(n+ 1)2
. ✭✸✳✽✮

❙♦♠❛♥❞♦ 1 +
1

n+ 1
❛ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✽✮ ❝♦♥❝❧✉✐♠♦s

1 +
1

n+ 1
+

1

n
> 1 +

2

n+ 1
+

1

(n+ 1)2

♦✉ s❡❥❛

1 +
1

n+ 1
+

1

n
>

(

1 +
1

n+ 1

)2

. ✭✸✳✾✮

⇔ 1 +
1

n+ 1
+

1

n
>

(

1 +
1

n+ 1

)2

. ✭✸✳✶✵✮

❉❛í✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✸✳✶✵ ♣♦r

(

1 +
1

n+ 1

)n

✱ ♦❜t❡♠♦s

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✸✳✼✳

❚❡♦r❡♠❛ ✸✳✷✳✹ ❆ s❡q✉ê♥❝✐❛

((

1 +
1

n

)n+1
)

n∈N

✳

é ❞❡❝r❡s❝❡♥t❡ ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ e✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ n ≥ 1 t❡♠✲s❡✱ ❞♦ ▲❡♠❛ ✸✳✷✳✷ q✉❡

(

1 +
1

n

)n+1

>

(

1 +
1

n+ 1

)n

·
(

1 +
1

n+ 1
+

1

n

)

✳

❏á ♦ ▲❡♠❛ ✸✳✷✳✸ ♥♦s ❞✐③ q✉❡

(

1 +
1

n+ 1

)n

·
(

1 +
1

n+ 1
+

1

n

)

>

(

1 +
1

n+ 1

)n+2

✳

✸✾
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▲♦❣♦✱ ♣♦r tr❛♥s✐t✐✈✐❞❛❞❡✱

(

1 +
1

n

)n+1

>

(

1 +
1

n+ 1

)n+2

, ∀n ≥ 1✳

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛

((

1 +
1

n

)n+1
)

n∈N

é ❞❡❝r❡s❝❡♥t❡✳

❈♦♥s✐❞❡r❡♠♦s ❛s s❡q✉ê♥❝✐❛s

((

1 +
1

n

)n)

n∈N

❡

((

1 +
1

n

))

n∈N

✳ ❙❛❜❡♠♦s q✉❡

lim
n−→∞

(

1 +
1

n

)n

= e ❡ lim
n−→∞

(

1 +
1

n

)

= 1✳

❊♥tã♦ ❛♠❜❛s ❛s s❡q✉ê♥❝✐❛s ❝♦♥✈❡r❣❡♠✳ ▲♦❣♦✱

lim
n−→∞

(

1 +
1

n

)n+1

= lim
n−→∞

(

1 +
1

n

)n

· lim
n−→∞

(

1 +
1

n

)

= e✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥s✲

tr❛r✳

P♦r ✜♠✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡♠♦♥str❛r ♥♦ss♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✸✳✷✳✺ e❂✷✱✼✶✽✷✳✳✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ✉s❛r ♦ ❛❧❣♦r✐t♠♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✳✷ ❥✉♥t♦

❝♦♠ ❛s s❡q✉ê♥❝✐❛s✳
((

1 +
1

n

)n)

n∈N

e

((

1 +
1

n

)n+1
)

n∈N

. ✭✸✳✶✶✮

q✉❡ s❡rã♦ ✉s❛❞❛s ♥❛ ❞❡❧✐♠✐t❛çã♦ ❞❛s ❝❛s❛s ❞❡❝✐♠❛✐s✳

P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✻ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✹ ❞❡❞✉③✐♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡✿

2 < e < 3. ✭✸✳✶✷✮

◆❡st❡ ❝❛s♦✱ [e] = 2 ❡ ♣♦❞❡♠♦s ❡♥tã♦ ❡s❝r❡✈❡r ✭❛q✉✐ [x] é ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ x✮✿

e = 2, a1a2a3...an... ✭✸✳✶✸✮

♦♥❞❡ ❝❛❞❛ an ∈ N, 0 ≤ an ≤ 9 ❡✱

a1 = max

{

k/0 ≤ k ≤ 9 e 2 +
k

10
≤ e

}

✱

a2 = max

{

k/0 ≤ k ≤ 9 e 2 +
a1
10

+
k

102
≤ e

}

✱

a3 = max

{

k/0 ≤ k ≤ 9 e 2 +
a1
10

+
a2
102

+
k

103
≤ e

}

✱

✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳

✹✵
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an = max

{

k/0 ≤ k ≤ 9 e 2 +
n−1∑

j=1

aj
10j

+
k

10n
≤ e

}

✱

❊♥tã♦ a1 = 7✱ ♣♦✐s ❡s❝♦❧❤❡♥❞♦ ♥❂✽✵ ♥❛s s❡q✉ê♥❝✐❛s ❡♠ ✭✸✳✶✶✮ ✈❡♠♦s q✉❡

2 +
k

10
< 2 +

7

10
<

(

1 +
1

80

)80

< e <

(

1 +
1

80

)81

< 2 +
8

10
, k = 0, ..., 6✳

P❛r❛ ❞❡s❝♦❜r✐r a2 t♦♠❛♠♦s n = 1000✳ ❉❡ ❢❛t♦✱

2 +
7

10
+

1

102
< e <

(

1 +
1

1000

)1001

< 2 +
7

10
+

2

102
✳ ❡ ♦❜✈✐❛♠❡♥t❡✱

2, 72 < 2 +
7

10
+

k

102
, ∀k = 3, ..., 9✳

a3 = 8✱ ♣♦✐s ♣❛r❛ ♥❂✺✵✵✵✿

2 +
7

10
+

1

102
+

8

103
<

(

1 +
1

5000

)5000

< e✳

❡

e <

(

1 +
1

5000

)5001

< 2 +
7

10
+

1

102
+

9

103
✳

a4 = 2✱ ♣♦✐s ♣❛r❛ ♥❂✶✵✵✵✵✿

2 +
7

10
+

1

102
+

8

103
+

2

104
<

(

1 +
1

100000

)100000

< e✳

❡

2 +
7

10
+

1

102
+

8

103
+

3

104
>

(

1 +
1

100000

)100001

> e✳

a5 = 8✱ ♣♦✐s ♣❛r❛ n = 1000000 = 106 t❡♠♦s✿

2 +
7

10
+

1

102
+

8

103
+

2

104
+

8

105
<

(

1 +
1

106

)106

< e✳

❡

2 +
7

10
+

1

102
+

8

103
+

2

104
+

9

105
>

(

1 +
1

106

)106+1

> e✳

a6 = 1✱ ♣♦✐s ♣❛r❛ n = 107 t❡♠♦s✿

2 +
7

10
+

1

102
+

8

103
+

2

104
+

8

105
+

1

106
<

(

1 +
1

107

)107

< e✳

✹✶
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❡

2 +
7

10
+

1

102
+

8

103
+

2

104
+

8

105
+

2

106
>

(

1 +
1

107

)107+1

> e✳

❊ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱

e ≈ 2, 718281...✳

❖❜s❡r✈❛çã♦ ✹ ❆❝r❡❞✐t❛♠♦s q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ ✽ ❛ ✶✷ ❝❛s❛s ♣❛r❛ e q✉❡ ❛♣❛r❡❝❡

♥❛s ❝❛❧❝✉❧❛❞♦r❛s ❝✐❡♥tí✜❝❛s q✉❛♥❞♦ ❛❝✐♦♥❛♠♦s ❛ t❡❝❧❛ ✧❡✧❥á ✈❡♠ ❣r❛✈❛❞♦ ♥❛ ♠❡♠ór✐❛

❞♦ ❡q✉✐♣❛♠❡♥t♦✱ ❛ss✐♠ ❝♦♠♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ π✳ ▼❛s ♥♦t❛♠♦s q✉❡ ✉s❛♥❞♦ ✉♠ ✈❛❧♦r

❜❡♠ ❣r❛♥❞❡ ❡♠

(

1 +
1

n

)n

♦❜t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e ❝♦♠ ✉♠ ❜♦♠ ♥ú♠❡r♦

❞❡ ❝❛s❛s✱ ♠❛s ♥ã♦ s❛❜❡♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ n ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❛s❛s ❞❡❝✐♠❛✐s ❡①❛t❛s ♥❛

❛♣r♦①✐♠❛çã♦ ❞❡ e✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ n ♣♦tê♥❝✐❛s ❞❡ ✶✵✱ t❡♠♦s

P❛r❛ n = 106
(

1 +
1

106

)106

≃ 2, 71828
︸ ︷︷ ︸

5 exatas

0469319

P❛r❛ n = 107✱ t❡♠♦s

(

1 +
1

107

)107

≃ 2, 718281
︸ ︷︷ ︸

6 exatas

692544

P❛r❛ n = 108✱ t❡♠♦s

(

1 +
1

108

)108

≃ 2, 7182818
︸ ︷︷ ︸

7 exatas

14867

P❛r❛ n = 109✱ t❡♠♦s

(

1 +
1

109

)109

≃ 2, 71828182
︸ ︷︷ ︸

8 exatas

7099

❖ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ n = 102, 103, 104, 105✳ ■st♦ s✉❣❡r❡ q✉❡ ❝❛❞❛ ♥ú♠❡r♦

(

1 +
1

10n

)10n

, n ≥ 2✱

❢♦r♥❡❝❡ ♥✲✶ ❝❛s❛s ❞❡❝✐♠❛✐s ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡❝✐♠❛❧ ❞❡ e✳ ▼❛s ♥ã♦ s❛❜❡♠♦s ♣r♦✈❛r

❡ss❛ ❛✜r♠❛çã♦ ❡ ♥❡♠ ❛ ❡♥❝♦♥tr❛♠♦s ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ t✐✈❡♠♦s ❛❝❡ss♦ ❛té ♦ ♣r❡s❡♥t❡

♠♦♠❡♥t♦✳ ❋✐❝❛♠♦s ♣♦r ❛q✉✐✳ P❡❧♦ ✈✐st♦ ❛✐♥❞❛ t❡♠♦s ♠✉✐t♦ ♦ q✉❡ ❛♣r❡♥❞❡r s♦❜r❡ ❡ss❡

♠❛❣♥í✜❝♦ ♥ú♠❡r♦✳

✹✷
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