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Ficha de identificação da obra elaborada pelo autor,
 através do Programa de Geração Automática da Biblioteca Universitária da UFSC.

DALZOTTO, DENIS
   Uma introdução à Teoria de Grafos e Problemas de Coloração
/ DENIS DALZOTTO ; orientador, Douglas Soares Gonçalves,
coorientador, Raphael Falcão Da Hora, 2021.
   82 p.

   Dissertação (mestrado profissional) - Universidade
Federal de Santa Catarina, Centro de Ciências Físicas e
Matemáticas, Programa de Pós-Graduação em Matemática,
Florianópolis, 2021.

   Inclui referências. 

   1. Matemática. 2. Teoria de Grafos. 3. Coloração de
Grafos. I. Gonçalves, Douglas Soares. II. Da Hora, Raphael
Falcão. III. Universidade Federal de Santa Catarina.
Programa de Pós-Graduação em Matemática. IV. Título.
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❯❋❙❈

❈❡rt✐✜❝❛♠♦s q✉❡ ❡st❛ é ❛ ✈❡rsã♦ ♦r✐❣✐♥❛❧ ❡ ✜♥❛❧ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❝♦♥❝❧✉sã♦ q✉❡ ❢♦✐
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❆ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❝❛r✐♥❤♦ ♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ❡ ♣❡❧♦ ❛♣♦✐♦ ❛♦ ❝✉rs♦✳ ❚❛♠❜é♠
❛❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♣r✐♠♦ P❛✉❧♦ ❆r✐♦♥ ❋❧♦r❡s ♣❡❧❛ s✉❛ ❛❥✉❞❛ ❡ ♣❡❧♦s ❛❧♠♦ç♦s ❡ ❛ ♠✐♥❤❛ ✐r♠ã
❊❞✐❧❛✐♥❡ ❉❛❧③♦tt♦ ❡ ❛♠✐❣♦s ❏❡✐❝✐❡❧❡ ▼❛②❛r❛ ❘♦❞r✐❣✉❡s ❙tr✉③ ❡ ▲✉❝❛s ❱✐♥✐❝✐♦s ❘♦❞r✐❣✉❡s
♣❡❧❛s s✉❛s ❛❥✉❞❛s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❉♦✉❣❧❛s ❙♦❛r❡s ●♦♥ç❛❧✈❡s ♣❡❧❛
s✉❛ ❛❥✉❞❛✱ ♣❛❝✐ê♥❝✐❛ ❡ ❛♣r❡♥❞✐③❛❣❡♠✳ ◆ã♦ ♣♦ss♦ ❞❡✐①❛r ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s ❡ ❝♦✲
❧❡❣❛s ❞♦ P❘❖❋▼❆❚ ♣❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s q✉❡ ❡❧❡s ♣❛ss❛r❛♠✳ ❊ ❛❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ❯❋❙❈
♣♦r ❞✐s♣♦♥✐❜✐❧✐③❛r ♥♦✈❛♠❡♥t❡ s❡✉ ❡s♣❛ç♦ ❡ ♣❡❧♦s ❛❧♠♦ç♦s ❞♦ r❡st❛✉r❛♥t❡ ✉♥✐✈❡rs✐tár✐♦✳
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❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠❛ ✐♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✱ ❛ss✉♥t♦ q✉❡ é ❝♦♠✉♠❡♥t❡
✈✐st♦ ♥♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✱ ❞❛♥❞♦ ✉♠ s✉♣♦rt❡ ❛ ♣r♦❢❡ss♦r❡s ❞❛s sér✐❡s ✜♥❛✐s ❞♦ ❢✉♥❞❛♠❡♥t❛❧
■■ ❡ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ r❡s♦❧✈❡r ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞♦ ❞✐❛ ❛ ❞✐❛ ❞❡ ❢♦r♠❛
❛❧t❡r♥❛t✐✈❛✳ ❆ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s ❧❡✈❛ ❛ ♦✉tr❛ ✈✐sã♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ❢♦rt❛❧❡❝❡ ♦ r❛❝✐♦❝í♥✐♦
❧ó❣✐❝♦ ❞♦ ❛❧✉♥♦✱ ❡✈✐t❛♥❞♦ ♦ ❝❛♠✐♥❤♦ ❞❛ ❛❧❣❡❜r✐③❛çã♦ ❡ ❜✉s❝❛♥❞♦ ❞❡s♣❡rt❛r ❛✐♥❞❛ ♠❛✐s ♦
s❡✉ ✐♥t❡r❡ss❡ ♥❡st❛ ár❡❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛s ❞❡✜♥✐çõ❡s✱ ❝♦♥❝❡✐t♦s✱ t✐♣♦s ❞❡
❣r❛❢♦s ❡ ♦s t❡♦r❡♠❛s ✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r✱ ❚❡♦r❡♠❛ ❞❡ ❇r♦♦❦s✱ ❚❡♦r❡♠❛
❞❡ ❱✐③✐♥❣✱ ♦ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❝♦r❡s ❡ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❡ss❡
tr❛❜❛❧❤♦✱ ❥✉♥t♦ ❝♦♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡ ❛ ❤✐stór✐❛ ❞❛ ❜✉s❝❛ ♣❡❧❛ ❞❡♠♦♥str❛çã♦
❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✳ ❆♦ ✜♥❛❧✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠ r♦t❡✐r♦ ♣❡❞❛❣ó❣✐❝♦ s✐♠♣❧✐✜❝❛❞♦
❝♦♠ s❡t❡ ❛t✐✈✐❞❛❞❡s r❡s♦❧✈✐❞❛s ❛ s❡r❡♠ ❛♣❧✐❝❛❞❛s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳
P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳ ❈♦❧♦r❛çã♦✳ ❙❡q✉ê♥❝✐❛ ❞✐❞át✐❝❛✳
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❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ●r❛♣❤ ❚❤❡♦r②✱ ❛ s✉❜❥❡❝t t❤❛t ✐s ❝♦♠♠♦♥❧② s❡❡♥ ✐♥
❤✐❣❤❡r ❡❞✉❝❛t✐♦♥✱ ❣✐✈✐♥❣ s✉♣♣♦rt t♦ t❡❛❝❤❡rs ✐♥ t❤❡ ✜♥❛❧ ❣r❛❞❡s ♦❢ ❡❧❡♠❡♥t❛r② s❝❤♦♦❧ ❛♥❞
❤✐❣❤ s❝❤♦♦❧✱ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ s♦❧✈✐♥❣ s♦♠❡ ❞❛✐❧② ❧✐❢❡ ♣r♦❜❧❡♠s ✐♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛②✳ ●r❛♣❤
❚❤❡♦r② ♣r♦✈✐❞❡s ❛♥♦t❤❡r ✈✐❡✇ ♦❢ ♠❛t❤❡♠❛t✐❝s t❤❛t str❡♥❣t❤❡♥s t❤❡ st✉❞❡♥t✬s ❧♦❣✐❝❛❧ r❡❛✲
s♦♥✐♥❣✱ ❛✈♦✐❞✐♥❣ t❤❡ ♣❛t❤ ♦❢ ❛❧❣❡❜r❛✐③❛t✐♦♥ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❤✐s✴❤❡r ✐♥t❡r❡st ✐♥ ♠❛t❤❡♠❛t✐❝s
❡✈❡♥ ♠♦r❡✳ ■♥ t❤✐s s❡♥s❡✱ ❞❡✜♥✐t✐♦♥s✱ ❝♦♥❝❡♣ts✱ t②♣❡s ♦❢ ❣r❛♣❤s ❛♥❞ ✐♠♣♦rt❛♥t t❤❡♦r❡♠s✱
s✉❝❤ ❛s ❊✉❧❡r✬s ❢♦r♠✉❧❛✱ ❇r♦♦❦s✬ t❤❡♦r❡♠✱ ❱✐③✐♥❣✬s t❤❡♦r❡♠✱ t❤❡ ❋✐✈❡✲❝♦❧♦r t❤❡♦r❡♠ ❛♥❞
t❤❡ ❋♦✉r✲❝♦❧♦r t❤❡♦r❡♠ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❛❧♦♥❣ ✇✐t❤ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥ ❡①❛♠♣❧❡s
❛♥❞ t❤❡ ❤✐st♦r② ♦❢ t❤❡ s❡❛r❝❤ ❢♦r t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❋♦✉r✲❝♦❧♦r t❤❡♦r❡♠✳ ❆t t❤❡ ❡♥❞✱ ❛
s✐♠♣❧✐✜❡❞ ♣❡❞❛❣♦❣✐❝❛❧ s❝r✐♣t ✐s ♣r❡s❡♥t❡❞ ✇✐t❤ s❡✈❡♥ s♦❧✈❡❞ ❛❝t✐✈✐t✐❡s t♦ ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡
❝❧❛ssr♦♦♠✳
❑❡②✇♦r❞s✿ ●r❛♣❤ ❚❤❡♦r②✳ ❈♦❧♦r✐♥❣✳ ❚❡❛❝❤✐♥❣ s❡q✉❡♥❝❡✳
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✶ ■◆❚❘❖❉❯➬➹❖

❆♦ ❧♦♥❣♦ ❞❛ ❤✐stór✐❛✱ ♠✉✐t♦s ❢♦r❛♠ ♦s ♣r♦❜❧❡♠❛s q✉❡ ❧❡✈❛r❛♠ ❛ ♥♦✈❛s ✐❞❡✐❛s ❡

♥♦✈❛s ❝r✐❛çõ❡s✳ ■ss♦ ♥ã♦ é ❞✐❢❡r❡♥t❡ ♥♦s ❡st✉❞♦s ❞❛ ♠❛t❡♠át✐❝❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❚❡♦r✐❛

❞❡ ●r❛❢♦s q✉❛s❡ q✉❡ ❝❡rt❛♠❡♥t❡ ❝♦♠❡ç♦✉ q✉❛♥❞♦ ❡♠ ✶✼✸✺✱ ▲❡♦♥❤❛r❞ ❊✉❧❡r✶ r❡s♦❧✈❡✉ ✉♠

♣r♦❜❧❡♠❛ ♣♦♣✉❧❛r ❡♠ ❑ö♥✐❣s❜❡r❣ ✭❆▲❊❳❆◆❉❊❘❙❖◆✱ ✷✵✵✻✮✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ Pr♦❜❧❡♠❛

❞❛s ❙❡t❡ P♦♥t❡s ❞❡ ❑ö♥✐❣s❜❡r❣✳ ◆❛ é♣♦❝❛ ♣❡rt❡♥❝❡♥t❡ à Prúss✐❛ ✭❛t✉❛❧ t❡rr✐tór✐♦ ❞❛

❘úss✐❛ ❝❤❛♠❛❞❛ ❤♦❥❡ ❞❡ ❑❛❧✐♥✐♥❣r❛❞♦✮✱ ✭❙❆▼P❆■❖✱ ✷✵✵✷✮✱ ❡st❛ ❝✐❞❛❞❡ ❡r❛ ❞✐✈✐❞✐❞❛ ❡♠

q✉❛tr♦ r❡❣✐õ❡s A, B, C ❡ D ❡ ❝♦♥❡❝t❛❞❛ ♣♦r s❡t❡ ♣♦♥t❡s✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳

❋✐❣✉r❛ ✶✿ ❆s s❡t❡ ♣♦♥t❡s ❞❡ ❑ö♥✐❣s❜❡r❣✳

❋♦♥t❡✿ ❊①tr❛í❞♦ ❞❡ ✭❊❯▲❊❘✱ ✶✼✹✶✱ ♣✳✶✷✽✮✳

❖ ♣r♦❜❧❡♠❛ s✉r❣✐✉ q✉❛♥❞♦ ♦s ♠♦r❛❞♦r❡s ❞❛ ❝✐❞❛❞❡ ✐♥❞❛❣❛r❛♠ s❡ ❡r❛ ♣♦ssí✈❡❧✱

♣❛rt✐♥❞♦ ❞❡ ✉♠❛ ❞❛s q✉❛tr♦ r❡❣✐õ❡s✱ ♣❛ss❛r ✉♠❛ ú♥✐❝❛ ✈❡③ ♣♦r ❝❛❞❛ ✉♠❛ ❞❛s s❡t❡ ♣♦♥t❡s✱

❡ r❡t♦r♥❛r à r❡❣✐ã♦ ❞❡ ♦r✐❣❡♠✳ ❙❡❣✉♥❞♦ ✭❙❆▼P❆■❖✱ ✷✵✵✷✱ ♣✳✶✮ ✏❊✉❧❡r ♣❡♥s♦✉✿ ❡st❡ é ✉♠

t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ♥♦ q✉❛❧ ❛s ❞✐stâ♥❝✐❛s ❡♥✈♦❧✈✐❞❛s sã♦ ✐rr❡❧❡✈❛♥t❡s✳ ❖ q✉❡ ✐♠♣♦rt❛ é ❝♦♠♦

❛s ✈ár✐❛s ♣♦rçõ❡s ❞❡ t❡rr❛ ❡stã♦ ✐♥t❡r❧✐❣❛❞❛s ❡♥tr❡ s✐✑✳ ❊✉❧❡r r❡♣r❡s❡♥t♦✉ ❡ss❡ ♣r♦❜❧❡♠❛

❣❡♦♠❡tr✐❝❛♠❡♥t❡✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✱ ❡♠ q✉❡ ❛s t❡rr❛s sã♦ ♦s ♣♦♥t♦s✿ A✱ B✱ C ❡ D✱ ❡ ❛s

♣♦♥t❡s sã♦ ❛s ❧✐♥❤❛s✳

❋✐❣✉r❛ ✷✿ ❖ ♠❛♣❛ r❡♣r❡s❡♥t❛❞♦ ♣♦r ❊✉❧❡r✳

❆

❇

❉

❈

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r ❝♦♠ ❜❛s❡ ❡♠ ✭❙❆▼P❆■❖✱ ✷✵✵✷✮✳

❆ ❋✐❣✉r❛ ✷ é ✉♠ ❡①❡♠♣❧♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✉s❛♥❞♦ ❣r❛❢♦s✳ ❙❡♥❞♦

✶▲❡♦♥❤❛r❞ ❊✉❧❡r ✭✶✼✵✼✲✶✼✽✸✮ ❢♦✐ ✉♠ ❣r❛♥❞❡ ♠❛t❡♠át✐❝♦ ❡ ❢ís✐❝♦ s✉íç♦ q✉❡ r❡❛❧✐③♦✉ s✐❣♥✐✜❝❛t✐✈❛s ❞❡s✲
❝♦❜❡rt❛s q✉❡ ♣❡r♣❛ss❛r❛♠ ♠✉✐t♦s ❝❛♠♣♦s ❞❛s ❝✐ê♥❝✐❛s ❡①❛t❛s✳
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❛ss✐♠✱ ❛ ❢♦r♠❛ q✉❡ ❊✉❧❡r ❜✉s❝♦✉ ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r✐♠❡✐r♦ ✉s♦

❞❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s ✭❘❖❖◆❊❨✱ ✷✵✶✷✮✳

❋♦r❛♠ ♠✉✐t♦s ♦s ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s ♣❡❧❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳ ❯♠ ❞❡❧❡s✱ ♦ ❚❡♦r❡♠❛

❞❛s ◗✉❛tr♦ ❝♦r❡s✱ q✉❡ s✉r❣✐✉ ❡♠ ✶✽✺✷ ♣❡❧♦ ♠❛t❡♠át✐❝♦ ❋r❛♥❝✐s ●✉t❤r✐❡✷ q✉❡ tr❛❜❛❧❤❛✈❛

❡♠ ❝♦❧♦r✐r ♠❛♣❛s ❞❛ ■♥❣❧❛t❡rr❛✱ ❞❡ ♠♦❞♦ q✉❡ ❛s r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳

❊❧❡ ♣❡r❝❡❜❡✉ q✉❡ ♥ã♦ ♣r❡❝✐s❛✈❛ ♠❛✐s ❞❡ ✹ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦s ♠❛♣❛s✱ ✭❙❖❯❙❆✱ ✷✵✵✶✮✳

❆ss✐♠ s✉r❣✐✉ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ q✉❡ sã♦ ♥❡❝❡ssár✐❛s ♥♦ ♠á①✐♠♦ ✹ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ✉♠ ♠❛♣❛

❞❡ ♠♦❞♦ q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s✳ ❈♦♥t✉❞♦✱ ♦ ❚❡♦r❡♠❛ ❧❡✈♦✉ ✶✷✹ ❛♥♦s

♣❛r❛ s❡r ♣r♦✈❛❞♦✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛r ✉♠ ♠❛t❡r✐❛❧ ❞❡ ❛♣♦✐♦ ❛♦s ♣r♦❢❡ss♦r❡s ❞❡

♠❛t❡♠át✐❝❛ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❡♠ ❜✉s❝❛ ❞❡ ❛✉①✐❧✐á✲❧♦s ❛ ❡①♣❛♥❞✐r ❛ ❝✉r✐♦s✐❞❛❞❡ ❞❡ s❡✉s

❛❧✉♥♦s ♣❡❧❛ ♠❛tér✐❛ ❡♠ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞♦ s❡✉ ❞✐❛ ❛ ❞✐❛✱ ✉s❛♥❞♦ ❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳

P❛r❛ ✐ss♦✱ ❡st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s ❡ ❝♦♠ ❡①❡♠♣❧♦s q✉❡ ♣♦❞❡♠

s❡r ❛♣❧✐❝❛❞♦s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♥♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛r❡✲

♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❞❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s ❡ t❛♠❜é♠ ❛❧❣✉♥s t✐♣♦s ✐♠♣♦rt❛♥t❡s ❞❡

❣r❛❢♦s✱ ❝♦♠♦ ♦ ❣r❛❢♦ ♣❧❛♥❛r✱ q✉❡ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ❞♦

❈❛♣ít✉❧♦ ✺✳

◆♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝♦❧♦r❛çã♦ ❞❡ ❣r❛❢♦s ❜❡♠ ❝♦♠ s✉❛s ❞❡✜♥✐çõ❡s

❡ ❡①❡♠♣❧♦s ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦❧♦r✐♥❞♦ ✈ért✐❝❡s ❡✴♦✉ ❛r❡st❛s✳ ❊st❡s ♣r♦❜❧❡♠❛s ❞❡

❝♦❧♦r❛çã♦ ❞❡ ❣r❛❢♦s ❝♦♥s✐st❡♠ ❡♠ ❛❝❤❛r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ❝♦❧♦r✐r ♦

❣r❛❢♦✱ q✉❡ às ✈❡③❡s ♥ã♦ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✳ ❆♣r❡s❡♥t❛r❡♠♦s ♥♦s ❝❛♣ít✉❧♦s ❡ ❞❡♠♦♥str❛r❡♠♦s

❞♦✐s ❞♦s ♣r✐♥❝✐♣❛✐s t❡♦r❡♠❛s✿ ♦ ❚❡♦r❡♠❛ ❞❡ ❱✐③✐♥❣ ♣❛r❛ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❡ ♦ ❚❡♦r❡♠❛

❞❡ ❇r♦♦❦s ♣❛r❛ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✱ q✉❡ ❢♦r♥❡❝❡♠ ✉♠ ❧✐♠✐t❛♥t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠❡♥♦r

♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ❝♦❧♦r✐r ♦ ❣r❛❢♦✳

❏á ♥♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❤✐stór✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ♦

s✉r❣✐♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❝♦r❡s✱ s✉❛ ❞❡♠♦♥str❛çã♦✱ ❛❧é♠ ❞❛ ✐❞❡✐❛ ❞❡ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✳ ❊♠ s❡❣✉✐❞❛✱ ♥♦ ❈❛♣ít✉❧♦ ✻ t❡r❡♠♦s

❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✳

✷❋r❛♥❝✐s ●✉t❤r✐❡ ✭✶✽✸✶✲✶✽✾✾✮ ❋♦✐ ✉♠ ❛❞✈♦❣❛❞♦✱ ♠❛t❡♠át✐❝♦ ❡ ❜♦tâ♥✐❝♦✳
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✷ ❈❖◆❈❊■❚❖❙ P❘❊▲■▼■◆❆❘❊❙

◆❡st❡ ❝❛♣ít✉❧♦✱ ❜✉s❝❛♠♦s ❞❡✜♥✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ s❡rã♦ ✐♠♣♦r✲

t❛♥t❡s ♣❛r❛ ♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳ ❆s ❞❡✜♥✐çõ❡s✱ ❝♦♥❝❡✐t♦s ❡ ❝♦♥t❡ú❞♦s ❞❡ss❡ ❝❛♣ít✉❧♦

❡stã♦ ❜❛s❡❛❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮✱ ✭P❘❊❙❚❊❙✱ ✷✵✶✻✮✱ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀

▼❖❙❙■◆●❍❖❋❋✱ ✷✵✵✽✮✱ ✭❘❖❙❊◆✱ ✷✵✵✾✮ ❡ ✭❇❆▲❆❑❘■❙❍◆❆◆❀ ❘❆◆●❆◆❆❚❍❆◆✱ ✷✵✶✷✮✳

✷✳✶ ❉❊❋■◆■➬Õ❊❙

❉❡✜♥✐çã♦ ✶✳ ❯♠ ❣r❛❢♦ é ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ ✈ért✐❝❡s V = {v1, ... , vn}

❡ ✉♠ ❝♦♥❥✉♥t♦ E ❞❡ ♣❛r❡s ❞❡ ✈ért✐❝❡s✱ ❝❤❛♠❛❞♦s ❛r❡st❛s✳ ❉❡♥♦t❛♠♦s ♦ ❣r❛❢♦ ♣♦r G =

(V,E)✳

❙♦❜r❡ ❛s ❛r❡st❛s✱ ❡❧❛s ♣♦❞❡♠ s❡r ♦r❞❡♥❛❞❛s ✭❣r❛❢♦ ❞✐r❡❝✐♦♥❛❞♦✮ ♦✉ ♥ã♦ ♦r❞❡♥❛❞❛s

✭❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦✮✳ ❉✐③❡♠♦s q✉❡ ❛s ❛r❡st❛s sã♦ ♦r❞❡♥❛❞❛s q✉❛♥❞♦ ❡①✐st✐r ✉♠❛ ♦r✐✲

❡♥t❛çã♦ q✉❛♥t♦ ❛♦ s❡♥t✐❞♦ ❞❛ ❛r❡st❛✱ ♦✉ s❡❥❛✱ ✉♠❛ ❛r❡st❛ q✉❡ ❝♦♠❡ç❛ ❡♠ A ❡ t❡r♠✐♥❛ ❡♠

B✱ ❞❡♥♦t❛❞❛ ♣♦r (A,B)✱ é ❞✐❢❡r❡♥t❡ ❞❡ ✉♠❛ ❛r❡st❛ (B,A) q✉❡ ❝♦♠❡ç❛ ❡♠ B ❡ t❡r♠✐♥❛ ❡♠

A✳ ❉❡ss❛ ❢♦r♠❛✱ (A,B) 6= (B,A)✳ ❏á ♥❛s ❛r❡st❛s ♥ã♦ ♦r❞❡♥❛❞❛s ♦ s❡♥t✐❞♦ ♥ã♦ ✐♠♣♦rt❛✳

❉❡ss❛ ❢♦r♠❛✱ ✉♠❛ ❛r❡st❛ q✉❡ ❝♦♠❡ç❛ ❡♠ A ❡ t❡r♠✐♥❛ ❡♠ B é ✐❣✉❛❧ ❛ ✉♠❛ ❛r❡st❛ q✉❡

❝♦♠❡ç❛ ❡♠ B ❡ t❡r♠✐♥❛ ❡♠ A ❡ ❞❡♥♦t❛♠♦s ♣♦r {A,B} ♦✉ {B,A}✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r❛❢♦ ❞✐r❡❝✐♦♥❛❞♦✱ sã♦ ❞♦✐s ♣♦♥t♦s t✉ríst✐❝♦s✱ r❡♣r❡s❡♥t❛❞♦s

♣❡❧♦s ✈ért✐❝❡s A ❡ B✱ ❝♦♥❡❝t❛❞♦s s♦♠❡♥t❡ ♣♦r ✉♠❛ ❡str❛❞❛ ❞❡ ♠ã♦ ú♥✐❝❛✳ ◆❡st❡ ❝❛s♦✱

❛ ❡str❛❞❛ r❡♣r❡s❡♥t❛ ❛ ❛r❡st❛ ❞✐r❡❝✐♦♥❛❞❛ ♣♦r (A,B)✱ s❡ ❢♦r ❞♦ s❡♥t✐❞♦ A ♣❛r❛ B ♦✉

(B,A) s❡ ❢♦r ❞♦ s❡♥t✐❞♦ B ♣❛r❛ A✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ é ❛ ❛♠✐③❛❞❡

❡♥tr❡ ❞✉❛s ♣❡ss♦❛s A ❡ B ❡♠ ✉♠❛ r❡❞❡ s♦❝✐❛❧✳ P♦❞❡♠♦s ❞✐③❡r q✉❡ s❡ A é ❛♠✐❣♦ ❞❡ B

❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ B é ❛♠✐❣♦ ❞❡ A✱ ✐st♦ é✱ {A,B} = {B,A}✳ ❆ ❋✐❣✉r❛ ✸ ♠♦str❛

❛s r❡♣r❡s❡♥t❛çõ❡s ❣rá✜❝❛s ❞❡ ✉♠❛ ❛r❡st❛ ♥✉♠ ❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ ❡ ❞❡ ✉♠ ❞✐r❡❝✐♦♥❛❞♦

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ ❡ ❞✐r❡❝✐♦♥❛❞♦✳
❆ ❇

✭❛✮ ●r❛❢♦ ♥ã♦✲❞✐r❡❝✐♦♥❛❞♦ {A,B}✳

❆ ❇
✭❜✮ ●r❛❢♦ ❞✐r❡❝✐♦♥❛❞♦ (A,B)✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❛❞♦ ✉♠ ❣r❛❢♦ G✱ ❞❡♥♦t❛r❡♠♦s ♣♦r V (G) s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡ E(G) s❡✉ ❝♦♥✲

❥✉♥t♦ ❞❡ ❛r❡st❛s✳ ❙❡♠♣r❡ q✉❡ ❡st✐✈❡r ❝❧❛r♦ ♣❡❧♦ ❝♦♥t❡①t♦✱ ❞❡♥♦t❛r❡♠♦s ♦s ❝♦♥❥✉♥t♦s ❞❡ ✈ér✲

t✐❝❡s ❡ ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ G = (V,E) s✐♠♣❧❡s♠❡♥t❡ ♣♦r V ❡ E✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛ ✹
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r❡♣r❡s❡♥t❛ ♦ ❣r❛❢♦ G ❡♠ q✉❡ a, b, c ❡ d sã♦ s❡✉s ✈ért✐❝❡s ❡ {a, b}, {a, c}, {a, d}, {b, c},

{b, d} ❡ {c, d} sã♦✱ ❞❡st❛ ❢♦r♠❛✱ ❛s ❛r❡st❛s ❞❡ G✳

❋✐❣✉r❛ ✹✿ ●r❛❢♦ G✳

a

b
c

d

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

◆❛ ❋✐❣✉r❛ ✹ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿ V = {a, b, c, d} ❡ E = {{a, b}, {a, c},

{a, d}, {b, c}, {b, d}, {c, d}}✳ ❉❡♥♦t❛r❡♠♦s ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ✈ért✐❝❡s ❡

❛r❡st❛s ♣♦r |V | ❡ |E|✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❛✲s❡ ♥❛ ❋✐❣✉r❛ ✹ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s

é |V | = 4 ❡ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s é |E| = 6✳

◗✉❛♥❞♦ ♦s ❞♦✐s ✈ért✐❝❡s ❞❡ ✉♠❛ ❛r❡st❛ sã♦ ♥❛ ✈❡r❞❛❞❡ ♦ ♠❡s♠♦✱ ❞✐③❡♠♦s q✉❡ t❛❧

❛r❡st❛ é ✉♠ ❧❛ç♦✳ ◆❛ ❋✐❣✉r❛ ✺✱ ♦❝♦rr❡ ✉♠ ❧❛ç♦ ♥♦ ✈ért✐❝❡ a✱ ❞❡♥♦t❛❞♦ ♣❡❧❛ ❛r❡st❛ {a, a}✱

q✉❡ ✈❛✐ ❞♦ ✈ért✐❝❡ a ❛ ❡❧❡ ♠❡s♠♦✳

❋✐❣✉r❛ ✺✿ ▲❛ç♦ ❡♠ a✳

a

b

c

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙❡ ❡♠ ✉♠ ❣r❛❢♦ G ❡①✐st❡ ✉♠❛ ❛r❡st❛ {a, b} ✭♦✉ (a, b)✮ q✉❡ ❛ss♦❝✐❛ ♦s ✈ért✐❝❡s a ❡

b✱ ❞✐③❡♠♦s q✉❡ t❛✐s ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s ♦✉ ✈✐③✐♥❤♦s ❡ q✉❡ ❛ ❛r❡st❛ {a, b} é ✐♥❝✐❞❡♥t❡

s♦❜r❡ ❡st❡s ✈ért✐❝❡s✳ ❙❡ ✉♠ ✈ért✐❝❡ ♥ã♦ ♣♦ss✉✐ ❛r❡st❛s ✐♥❝✐❞❡♥t❡s✱ t❛❧ ✈ért✐❝❡ é ❝❤❛♠❛❞♦ ❞❡

✐s♦❧❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ✈ért✐❝❡ d ♥❛ ❋✐❣✉r❛ ✻ ✭❛✮✳ ❙❡ ✉♠ ✈ért✐❝❡ t✐✈❡r s♦♠❡♥t❡ ✉♠❛ ❛r❡st❛

❞❡ ✐♥❝✐❞ê♥❝✐❛ ❝❤❛♠❛♠♦s ❞❡ ✈ért✐❝❡ ♣❡♥❞❡♥t❡✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻ ✭❜✮✳

❋✐❣✉r❛ ✻✿ ●r❛❢♦s ❝♦♠ ✈ért✐❝❡ ✐s♦❧❛❞♦ ❡ ♣❡♥❞❡♥t❡✳

a

b c

d

✭❛✮ ❱ért✐❝❡ d ✐s♦❧❛❞♦✳

ab

c d
❡

✭❜✮ ❱ért✐❝❡ e ♣❡♥❞❡♥t❡✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

◗✉❛♥❞♦ ❞✉❛s ♦✉ ♠❛✐s ❛r❡st❛s ♣♦ss✉❡♠ ♦s ♠❡s♠♦s ✈ért✐❝❡s t❡r♠✐♥❛✐s✱ ❛s ❝❤❛♠❛r❡✲

♠♦s ❞❡ ♣❛r❛❧❡❧❛s✳ ◆❛ ❋✐❣✉r❛ ✼✱ ♦s ✈ért✐❝❡s a ❡ b t❡♠ três ❛r❡st❛s ❛ss♦❝✐❛❞❛s ❛ ❡❧❡s✿ ❡st❛s



✶✾

❛r❡st❛s sã♦ ♣❛r❛❧❡❧❛s✳ ❚❛♠❜é♠ ♥♦s ✈ért✐❝❡s c ❡ d ❤á ❞✉❛s ❛r❡st❛s ❛ss♦❝✐❛❞❛s ❛ ❡❧❡s q✉❡

t❛♠❜é♠ sã♦ ♣❛r❛❧❡❧❛s✳

❋✐❣✉r❛ ✼✿ ❆r❡st❛s ♣❛r❛❧❡❧❛s
a

b

c
d

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✷✳ ❯♠ ❣r❛❢♦ q✉❡ ♥ã♦ ♣♦ss✉✐r ❛r❡st❛s ♣❛r❛❧❡❧❛s ❡ ♥❡♠ ❧❛ç♦s é ❝❤❛♠❛❞♦ ❞❡ ❣r❛❢♦

s✐♠♣❧❡s✳ ❈❛s♦ ♦ ❣r❛❢♦ ♣♦ss✉❛ ❛r❡st❛s ♣❛r❛❧❡❧❛s ❝❤❛♠❛r❡♠♦s ❞❡ ♠✉❧t✐❣r❛❢♦✳

❆❧❣✉♥s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛♠ ♠✉❧t✐❣r❛❢♦ t❛♠❜é♠ ❝♦♠ ❧❛ç♦s ❡ ♦✉tr♦s ❝❤❛♠❛♠ ❡st❡s

❞❡ ♣s❡✉❞♦❣r❛❢♦ ❝♦♠♦ ✭❘❖❙❊◆✱ ✷✵✵✾✮✱ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀ ▼❖❙❙■◆●❍❖❋❋✱ ✷✵✵✽✮ ❡ ✭P❘❊❙❚❊❙✱

✷✵✶✻✮✱ ❞❡✐①❛♥❞♦ ♦ t❡r♠♦ ♠✉❧t✐❣r❛❢♦ ♣❛r❛ ❝❛s♦s q✉❡ ♥ã♦ t❡♠ ❧❛ç♦s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✽✳

❋✐❣✉r❛ ✽✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s s✐♠♣❧❡s✱ ♠✉❧t✐❣r❛❢♦ ❡ ♣s❡✉❞♦❣r❛❢♦✳

❛

❜

❝

❞

●r❛❢♦ s✐♠♣❧❡s✳

❛
❜

❝

▼✉❧t✐❣r❛❢♦✳

❛
❜

❝

Ps❡✉❞♦❣r❛❢♦✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

◆♦ ❣r❛❢♦ ❡①✐st❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝❛♠✐♥❤♦✱ ♠❛s ❛♥t❡s ❞❡ ❞❡✜♥✐r✱ ✈❡❥❛ ♦ s❡❣✉✐♥t❡ ❡①❡♠✲

♣❧♦✿ ✉♠❛ ♣❡ss♦❛ ❞❡s❡❥❛ ❢❛③❡r ✉♠ ♣❛ss❡✐♦ ♥♦ ♣❛rq✉❡✱ ❝✉❥♦ ♠❛♣❛ ❞♦ ♣❛rq✉❡ é ❞❛❞♦ ♣❡❧❛

❋✐❣✉r❛ ✾ ✭❛✮✱ ❡♠ q✉❡ ♦s ♣♦♥t♦s sã♦ ❛s ✐❧❤❛s ❡ ❛s ❛r❡st❛s ❛s ♣♦♥t❡s✳ ❆ ♣❡ss♦❛ ❞❡s❡❥❛ ♣❛ss❛r

♣❡❧❛s ✐❧❤❛s a, b, d ❡ e ❡ ♣❡❧❛s ♣♦♥t❡s {a, b}, {b, e} ❡ {e, d}✱ ❛ ❋✐❣✉r❛ ✾ ✭❜✮ ♠♦str❛ ♦ tr❛❥❡t♦

❞❛ ♣❡ss♦❛✳ ❊ss❡ tr❛❥❡t♦ é ❝❤❛♠❛❞♦ ❞❡ ♣❛ss❡✐♦✳

❋✐❣✉r❛ ✾✿ ❊①❡♠♣❧♦ ❞❡ ✉♠ ♣❛ss❡✐♦✳
a b

cd
e

✭❛✮ ●r❛❢♦ ❞♦ ♠❛♣❛ ❞♦ ♣❛rq✉❡✳

❛ ❜

❡❞
✭❜✮ ❚r❛❥❡t♦ ❞♦ ♣❛ss❡✐♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✸✳ ❯♠ ♣❛ss❡✐♦ ♥♦ ❣r❛❢♦ G ❝♦♥s✐st❡ ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ✈ért✐❝❡s ❛❞✲

❥❛❝❡♥t❡s✳ ◗✉❛♥❞♦ ♦ ♣❛ss❡✐♦ ❝♦♠❡ç❛ ❡ t❡r♠✐♥❛ ♥✉♠ ♠❡s♠♦ ✈ért✐❝❡ ❝❤❛♠❛✲s❡ ❞❡ ♣❛ss❡✐♦



✷✵

❢❡❝❤❛❞♦✳ ❆❣♦r❛✱ s❡ ✉♠ ♣❛ss❡✐♦ ❝♦♠❡ç❛r ♣♦r ✉♠ ✈ért✐❝❡ ❡ t❡r♠✐♥❛r ❡♠ ✉♠ ♦✉tr♦ ❡ s❡♠ r❡✲

♣❡t✐r ♦s ✈ért✐❝❡s ❡ ❛s ❛r❡st❛s✱ ❝❤❛♠❛♠♦s ❞❡ ❝❛♠✐♥❤♦✳ ❯♠ ❝❛♠✐♥❤♦ q✉❡ ❝♦♠❡ç❛ ❡ t❡r♠✐♥❛

❡♠ ✉♠ ♠❡s♠♦ ✈ért✐❝❡ é ❝❤❛♠❛❞♦ ❞❡ ❝✐❝❧♦✳

❉❡✜♥✐çã♦ ✹✳ ❯♠ ❣r❛❢♦ G é ❊✉❧❡r✐❛♥♦ s❡ ❡①✐st❡ ✉♠ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦ ♣❛ss❛♥❞♦ ✉♠❛ ú♥✐❝❛

✈❡③ ♥❛s ❛r❡st❛s✳

❉❡✜♥✐çã♦ ✺✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦✳ ❉✐③❡♠♦s q✉❡ ❞♦✐s ✈ért✐❝❡s u ❡ v ❞❡ G ❡stã♦ ❝♦♥❡❝t❛❞♦s

s❡ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ ❡❧❡s ❡♠ G✱ ❞❡♥♦t❡♠♦s ❡ss❡ ❝❛♠✐♥❤♦ ♣♦r u− v✳

❉❡✜♥✐çã♦ ✻✳ ❯♠ ❣r❛❢♦ G é ❞✐t♦ ❝♦♥❡①♦✱ s❡ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ q✉❛✐sq✉❡r ♣❛r❡s

❞❡ ✈ért✐❝❡s✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ G é ❞❡s❝♦♥❡①♦✳

❆ ❋✐❣✉r❛ ✶✵ ♠♦str❛ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦ ❣r❛❢♦ ❝♦♥❡①♦ ❡ ♦ ❣r❛❢♦ ❞❡s❝♦♥❡①♦✳

❋✐❣✉r❛ ✶✵✿ ❈♦♥❡①♦ ❡ ❞❡s❝♦♥❡①♦✳

❛

❜

❝

❞
❡

❢
❣

❤

✐

●r❛❢♦ ❝♦♥❡①♦✳

❛

❜

❝

❞
❡

❢
❣

❤

✐

●r❛❢♦ ❞❡s❝♦♥❡①♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✼✳ ❙❡❥❛♠ G ❡ H ❣r❛❢♦s✳ ❉✐③❡♠♦s q✉❡ H é ✉♠ s✉❜❣r❛❢♦ ❞❡ ✉♠ ❣r❛❢♦ G s❡

V (H) ⊆ V (G) ❡ E(H) ⊆ E(G)✳ ◆❡ss❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s ♣♦r H ⊆ G✳

P♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛ ✶✶✱ ♦s ❣r❛❢♦s H ❡ R sã♦ s✉❜❣r❛❢♦s ❞❡ G✱ ♣♦✐s V (H) ⊆ V (G)

❡ E(H) ⊆ E(G) ❡ t❛♠❜é♠ V (R) ⊆ V (G) ❡ E(R) ⊆ E(G)✱ ♠❛s ♦❜s❡r✈❛✲s❡ q✉❡ R ♥ã♦ é

s✉❜❣r❛❢♦ ❞❡ H✱ ♣♦✐s {a, e} ∈ E(R) ♠❛s ♥ã♦ ♣❡rt❡♥❝❡ ❛ E(H)✳

❋✐❣✉r❛ ✶✶✿ H ❡ R s✉❜❣r❛❢♦s ❞❡ G✳

❛

❜
❝

❞❡

✭❛✮ ●r❛❢♦ G✳

❛
❝

❡

❜

❞

✭❜✮ ●r❛❢♦ H✳

❛

❜

❞❡

✭❝✮ ●r❛❢♦ R✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✽✳ ❙❡❥❛♠ Q ⊂ G ❡ S ⊂ V (G)✳ ❉✐③❡♠♦s q✉❡ Q é ✉♠ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ♣♦r

S✱ s❡ V (Q) = S ❡ E(Q) é ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s ❛r❡st❛s ❞❡ G ❝✉❥❛s ❡①tr❡♠✐❞❛❞❡s ❡stã♦

❡♠ S✳ ❉❡♥♦t❛♠♦s ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ♣♦r S✱ ♣♦r G[S]✳



✷✶

❉❡✜♥✐çã♦ ✾✳ ❙❡❥❛♠ P ✉♠ s✉❜❣r❛❢♦ ❞❡ G ❡ A ⊂ E(G)✳ ❉✐③❡♠♦s q✉❡ P é ✉♠ s✉❜✲

❣r❛❢♦ ✐♥❞✉③✐❞♦ ♣♦r A✱ s❡ E(Q) = A ❡ V (Q) é ❢♦r♠❛❞♦ ♣♦r ✈ért✐❝❡s ❞❡ G q✉❡ sã♦ ❛s

❡①tr❡♠✐❞❛❞❡s ❞❛s ❛r❡st❛s ❞❡ A✳ ❉❡♥♦t❛♠♦s ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ♣♦r A✱ ♣♦r G[A]✳

❋✐❣✉r❛ ✶✷✿ ❊①❡♠♣❧♦ ❞❡ ✉♠ ❣r❛❢♦ ✐♥❞✉③✐❞♦✳

❛

❜
❝

❞❡

●r❛❢♦ G✳

❛

❜
❝

❞

❯♠ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ G✳

❛

❜

❞❡

❯♠ s✉❜❣r❛❢♦ ❞❡ G ♠❛s ♥ã♦

✉♠ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ G✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ V (G)✱ ❞❡♥♦t❛♠♦s ♣♦r G− S ❛ r❡♠♦çã♦ ❞♦s ✈ért✐❝❡s S

❞♦ ❣r❛❢♦ G✳ G − S é ✉♠ s✉❜❣r❛❢♦ ❝♦♥t❡♥❞♦ ♦s ✈ért✐❝❡s ❞❡ G q✉❡ ♥ã♦ ❡stã♦ ❡♠ S ❡ ❛s

❛r❡st❛s ❞❡ G q✉❡ ♥ã♦ sã♦ ✐♥❝✐❞❡♥t❡s ❛♦s ✈ért✐❝❡s ❞❡ S ✭P❘❊❙❚❊❙✱ ✷✵✶✻✮✳ ❱❡❥❛ ♦ ❡①❡♠♣❧♦

♥❛ ❋✐❣✉r❛ ✶✸ ♣❛r❛ S = {b, c}✳ ❈❛s♦ ❛ r❡♠♦çã♦ ❞❡ ✉♠ ✈ért✐❝❡✱ ❞✐❣❛♠♦s v✱ ❞❡♥♦t❛♠♦s ♣♦r

G− v✱ ❝♦♠♦ ♠♦str❛ ♥❛ ❋✐❣✉r❛ ✶✹✳

❋✐❣✉r❛ ✶✸✿ ❘❡♠♦çã♦ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡ ♥♦ ❣r❛❢♦ G✳

❛
❜

❝

❞
❡
G

❛

❞
❡

G− S

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✶✹✿ ❘❡♠♦çã♦ ❞❡ ✉♠ ✈ért✐❝❡ ♥♦ ❣r❛❢♦ G✳

❛

❜

v

❞
❡

❢

❣

❤

✐

G

❛

❜

❞
❡

❢

❣

❤

✐

G− v
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙❡ a é ✉♠❛ ❛r❡st❛ ❞❡ ✉♠ ❣r❛❢♦ G✱ ❛ r❡♠♦çã♦ ❞❛ ❛r❡st❛ a ❞♦ ❣r❛❢♦ G é ❞❡♥♦t❛❞♦

♣♦r G − a q✉❡ é ✉♠ s✉❜❣r❛❢♦ ❞❡ G s❡♠ ❛ ❛r❡st❛ a✳ ❆ss✐♠✱ s❡ A é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

E(G)✱ ❡♥tã♦ G− A é ✉♠ s✉❜❣r❛❢♦ s❡♠ ❛s ❛r❡st❛s ❞❡ A✳



✷✷

❉❡✜♥✐çã♦ ✶✵✳ ❉✐③❡♠♦s q✉❡ H é ✉♠ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ G✱ s❡ H é ✉♠ s✉❜❣r❛❢♦

❝♦♥❡①♦ ❞❡ G q✉❡ ♥ã♦ é ✉♠ s✉❜❣r❛❢♦ ♣ró♣r✐♦ ❞❡ ✉♠ ♦✉tr♦ s✉❜❣r❛❢♦ ❝♦♥❡①♦ ❞❡ ●✳

❙❡❥❛ G ✉♠ ❣r❛❢♦ ❡ H ✉♠ s✉❜❣r❛❢♦ ❞❡ G✳ ❆ r❡♠♦çã♦ ❞❡ H ❡♠ G é ✉♠ s✉❜❣r❛❢♦

❝♦♥t❡♥❞♦ ♦s ✈ért✐❝❡s ❞❡ G q✉❡ ♥ã♦ ❡stã♦ ❡♠ H ❡ ❛s ❛r❡st❛s ❞❡ G q✉❡ ♥ã♦ ❡stã♦ ❡♠ H ❡

❛s ❛r❡st❛s ❞❡ G q✉❡ ♥ã♦ sã♦ ✐♥❝✐❞❡♥t❡s ❛♦s ✈ért✐❝❡s ❞❡ H✳ ❉❡♥♦t❛♠♦s ❡ss❡ s✉❜❣r❛❢♦ ♣♦r

G−H✳

❉❡✜♥✐çã♦ ✶✶✳ ❙❡❥❛ G ❝♦♥❡①♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ V ′ ⊆ V (G) é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s

❞❡ ❝♦rt❡ ❞❡ G s❡ G−V ′ é ❞❡s❝♦♥❡①♦✳ ❉✐③❡♠♦s q✉❡ é ✉♠ k✲❝♦rt❡ s❡ | V ′ |= k✳ ❯♠ ✈ért✐❝❡

v ❞❡ G é ✉♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡ s❡ G− v é ❞❡s❝♦♥❡①♦✳

❙♦❜r❡ ♦ ✈ért✐❝❡ ❞❡ ❝♦rt❡✱ ❛ ❋✐❣✉r❛ ✶✺ ♠♦str❛ três ❡①❡♠♣❧♦s ❞❡ ❣r❛❢♦s✱ ❡♠ q✉❡ ❛

❋✐❣✉r❛ ✶✺ ✭❛✮✱ ♥ã♦ t❡♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡✱ ♣♦✐s s❡ t✐r❛r q✉❛❧q✉❡r ✉♠ ❞♦s ✈ért✐❝❡s ❝♦♥t✐♥✉❛

❝♦♥❡①♦✳ ◆♦ ❝❛s♦ ❞❛ ❋✐❣✉r❛ ✶✺ ✭❜✮ t❡♠ ✉♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡ q✉❡ é ♦ ✈ért✐❝❡ a ❡ ❛ ❋✐❣✉r❛ ✶✺ ✭❝✮

t❡♠ q✉❛tr♦ ✈ért✐❝❡s ❞❡ ❝♦rt❡ q✉❡ sã♦ b✱ c✱ d ❡ e✳

❋✐❣✉r❛ ✶✺✿ ❊①❡♠♣❧♦ ❞❡ ✈ért✐❝❡ ❞❡ ❝♦rt❡✳

❛

❜
❝

❞

❡
✭❛✮ V ′ = { }

❛

❜
❝

❞

❡
✭❜✮ V ′ = {a}

❛ ❜
❝

❞❡
❢ ❣

❤ ✐

❥

✭❝✮ V ′ = {b, c, d, e}
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✶✷✳ ❯♠ ❣r❛❢♦ G é s❡♣❛rá✈❡❧ s❡ t❡♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♥ã♦

s❡♣❛rá✈❡❧✳

❉❡✜♥✐çã♦ ✶✸✳ ❯♠ ❜❧♦❝♦ ❞❡ G é ✉♠ s✉❜❣r❛❢♦ ♠❛①✐♠❛❧ ♥ã♦ s❡♣❛rá✈❡❧✳ ❙❡ ♦ ❣r❛❢♦ G ♥ã♦

t❡♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡✱ ❡♥tã♦ ♦ ♣ró♣r✐♦ G é ✉♠ ❜❧♦❝♦✳ ❙❡ ♦ ❜❧♦❝♦ ❝♦♥t❡r ✉♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡

❞❡ G✱ ❝❤❛♠❛♠♦s ❞❡ ❜❧♦❝♦ t❡r♠✐♥❛❧✳

❖ ❣r❛❢♦ G ❞❛ ❋✐❣✉r❛ ✶✻ é ✉♠ ❜❧♦❝♦✱ ♣♦✐s G ♥ã♦ é s❡♣❛rá✈❡❧ ❡ é ♠❛①✐♠❛❧✳ ❏á ❛

❋✐❣✉r❛ ✶✼ (a) ♠♦str❛ ♦ ❣r❛❢♦ H ❡ ❛ ❋✐❣✉r❛ ✶✼ (b) ♠♦str❛ ♦s ❜❧♦❝♦s ❞❡ H✳ ❖s ❜❧♦❝♦s B1, B3

❡ B5 sã♦ ❜❧♦❝♦s t❡r♠✐♥❛✐s✱ ♣♦✐s ❡❧❡s t❡♠ ❛♣❡♥❛s ✉♠ ✈ért✐❝❡ ❞❡ ❝♦rt❡ ❞❡ H q✉❡ sã♦ b✱ d ❡

i r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ s✉❜❣r❛❢♦ ❢♦r♠❛❞♦ ♣❡❧♦s ✈ért✐❝❡s d✱ g ❡ l é ♥ã♦ s❡♣❛rá✈❡❧ ♠❛s ♥ã♦ é

✉♠ ❜❧♦❝♦✱ ♣♦✐s ♥ã♦ é ♠❛①✐♠❛❧ ♥ã♦ s❡♣❛rá✈❡❧✳



✷✸

❋✐❣✉r❛ ✶✻✿ ❊①❡♠♣❧♦ ❞❡ ✉♠ ❣r❛❢♦ G s❡r ♦ ♣ró♣r✐♦ ❜❧♦❝♦✳

❛

❜ ❝

❞

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✶✼✿ ❊①❡♠♣❧♦s ❞❡ ❜❧♦❝♦s ❞❡ ✉♠ ❣r❛❢♦✳

❛
❜

❝

❞
❡❢

❣
❤
✐

❧

❥

❦

(a) ●r❛❢♦ H✳

❛

❜

B1

❜

❝
B2

❞
❞
B3 ❡❢

❞

❣
❤
B4

✐

❧
✐

❥

B5

❦

(b) ❇❧♦❝♦s B1, B2, B3✱ B4 ❡ B5✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✶✹✳ ❈♦♥❡❝t✐✈✐❞❛❞❡ ❞❡ ✈ért✐❝❡ ❞❡ G é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ♠❡♥♦r ❝♦♥❥✉♥t♦

❞❡ ✈ért✐❝❡ ❞❡ ❝♦rt❡ ❞❡ G✳ ❉❡♥♦t❛♠♦s s✐♠❜♦❧✐❝❛♠❡♥t❡ ♣♦r κ(G)✳

P♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛ ✶✽ t❡♠♦s ❞♦✐s ❣r❛❢♦s G ❡ H✱ ♥♦ ❣r❛❢♦ G ♦ ♠❡♥♦r ❝♦♥❥✉♥t♦

❞❡ ✈ért✐❝❡ ❞❡ ❝♦rt❡ t❡♠ ❞♦✐s ❡❧❡♠❡♥t♦s✱ ❧♦❣♦ κ(G) = 2✳ ◆♦ ❣r❛❢♦ H✱ ♦ ♠❡♥♦r ❝♦♥❥✉♥t♦ ❞❡

✈ért✐❝❡ ❞❡ ❝♦rt❡ t❡♠ q✉❛tr♦ ❡❧❡♠❡♥t♦s✱ ❛ss✐♠ κ(H) = 4✳

❋✐❣✉r❛ ✶✽✿ ❈♦♥❡❝t✐✈✐❞❛❞❡ ❞❡ ✈ért✐❝❡✳

❛

❜ ❝ ❞

❡

❢❣
❤

●r❛❢♦ G✱ κ(G) = 2✳

❛

❜

❝

❞

❡

❢

❣

❤ ✐

❥

●r❛❢♦ H✱ κ(H) = 4✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✶✺✳ ❯♠ ❣r❛❢♦ G é k✲❝♦♥❡①♦ q✉❛♥❞♦ κ(G) ≥ k✳ ■st♦ é✱ s❡ r❡t✐r❛r♠♦s k − 1

✈ért✐❝❡s ❞❡ G✱ G ❝♦♥t✐♥✉❛ ❝♦♥❡①♦✳

P❛r❛ ❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ❛ ❉❡✜♥✐çã♦ ✶✺✱ sã♦ ❛♣r❡s❡♥t❛❞♦s três ❡①❡♠♣❧♦s ❞❡ ❣r❛❢♦

♥❛ ❋✐❣✉r❛ ✶✾✳ ❖ ♣r✐♠❡✐r♦ ❣r❛❢♦ (a) é 1✲❝♦♥❡①♦✱ ♣♦✐s s❡ r❡♠♦✈❡r ♦ ✈ért✐❝❡ a t❡♠♦s ✉♠

s✉❜❣r❛❢♦ ❞❡s❝♦♥❡①♦✳ ◆♦ ❣r❛❢♦ (b) é 2✲❝♦♥❡①♦✱ ♣♦✐s s❡ r❡♠♦✈❡r q✉❛❧q✉❡r ✉♠ ❞♦s ✈ért✐❝❡s

❝♦♥t✐♥✉❛rá ❝♦♥❡①♦✱ s❡ r❡♠♦✈❡r ❞♦✐s ✈ért✐❝❡s ♥ã♦ ❛❞❥❛❝❡♥t❡s ❝♦♠♦ b ❡ d ❞❡s❝♦♥❡❝t❛rá ♦

❣r❛❢♦ G✳ ❈❛s♦ (c) é 3✲❝♦♥❡①♦✱ ♣♦✐s s❡ r❡♠♦✈❡r ✉♠ ♦✉ ❞♦✐s ✈ért✐❝❡s q✉❛✐sq✉❡r ❝♦♥t✐♥✉❛rá

❝♦♥❡①♦✱ s❡ r❡♠♦✈❡r três ✈ért✐❝❡s ❛❞❡q✉❛❞♦s✱ ❝♦♠♦ a✱ b ❡ d ♦ s✉❜❣r❛❢♦ s❡rá ❞❡s❝♦♥❡①♦✳



✷✹

❋✐❣✉r❛ ✶✾✿ ●r❛❢♦ k✲❝♦♥❡①♦✳
❛ ❜

❝❞

❡

(a) 1✲❝♦♥❡①♦✳

❛

❜

❝❞

❡

(b) 2✲❝♦♥❡①♦✳

❛
❜

❝❞

❡

(c) 3✲❝♦♥❡①♦✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❡✜♥✐çã♦ ✶✻✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ G✱ ✉♠ ❝❧✐q✉❡ é ✉♠ s✉❜❝♦♥❥✉♥t♦ S ⊆ V ✱ t❛❧ q✉❡ q✉❛✐sq✉❡r

❞♦✐s ✈ért✐❝❡s ❞❡ S sã♦ ❛❞❥❛❝❡♥t❡s✳ ❯♠ ❝❧✐q✉❡ ❞❡ G é ✉♠ ❝❧✐q✉❡ ♠❛①✐♠❛❧ s❡ ♥ã♦ ❡st✐✈❡r

♣r♦♣r✐❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ ✉♠ ♦✉tr♦ ❝❧✐q✉❡ ❞❡ G✳

❆ ❋✐❣✉r❛ ✷✵ ♠♦str❛ ♦s ❡①❡♠♣❧♦s ❞❡ ❝❧✐q✉❡s ♣❛r❛ ♦ ❣r❛❢♦ G ❞❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✵ (a)

❡ ♥❛s ❋✐❣✉r❛ ✷✵ (b) ❡ (c) ♦s ❝❧✐q✉❡s✳ ❊①✐st❡♠ ♦✉tr♦s ❝❧✐q✉❡s ❞❡ G ❛❧é♠ ❞❛ ✜❣✉r❛ (b) ❡ (c)✱

❝♦♠♦ ♦s s✉❜❣r❛❢♦s ❢♦r♠❛❞♦s ♣❡❧♦s ✈ért✐❝❡s {d, e, i}✱ {c, a, b} ❡ {e, f, b}✳ ❆ ❋✐❣✉r❛ ✷✵ (c) é

✉♠ ❝❧✐q✉❡ ♠❛①✐♠❛❧✱ ♣♦✐s ♥ã♦ ❡①✐st❡ ✉♠ ♦✉tr♦ ❝❧✐q✉❡ ❝♦♥t❡♥❞♦ ❡❧❡✳ ❏á ❛ ❋✐❣✉r❛ ✷✵ (b) ♥ã♦

é ♠❛①✐♠❛❧✱ ♣♦✐s ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠ ♦✉tr♦ ❝❧✐q✉❡✱ ♥❡ss❡ ❝❛s♦ ♦ ❝❧✐q✉❡ ❞❛ ❋✐❣✉r❛ ✷✵ (c)✳

❋✐❣✉r❛ ✷✵✿ ❊①❡♠♣❧♦ ❞❡ ❝❧✐q✉❡ ♣❛r❛ ✉♠ ❣r❛❢♦✳

❛

❜

❝❞

❡

❢

❣

❤✐

❥

(a) ●r❛❢♦ G✳

❜

❝❞

❡

(b) é ✉♠ ❝❧✐q✉❡ ❞❡ G✳

❛
❜

❝❞

❡

(c) é ✉♠ ❝❧✐q✉❡ ♠❛①✐♠❛❧ ❞❡ G✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✷✳✷ ●❘❆❯ ❉❖ ❱➱❘❚■❈❊

❉❡✜♥✐çã♦ ✶✼✳ ❖ ❣r❛✉ ❞❡ ✉♠ ✈ért✐❝❡ v é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ♥❡❧❡✳ ❉❡♥♦t❛♠♦s

♣♦r d(v)✳

P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛ ✷✶✱ ♦ ✈ért✐❝❡ f t❡♠ ❣r❛✉ d(f) = 4✳



✷✺

❋✐❣✉r❛ ✷✶✿ ●r❛❢♦ G✳

a

b

e d

f

c

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊♠ ✉♠ ❣r❛❢♦ G q✉❛❧q✉❡r✱ r❡♣r❡s❡♥t❛♠♦s ♦ ♠❛✐♦r ❣r❛✉ ❞❡ ✉♠ ✈ért✐❝❡ ❞❡ G ♣♦r

∆(G) ❡ ♦ ♠❡♥♦r ❣r❛✉ ♣♦r δ(G)✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛ ✷✶✱ ♦ ♠❛✐♦r ❣r❛✉ é ∆(G) = 4 ❡ ♦

♠❡♥♦r δ(G) = 2✳

❱❡r❡♠♦s ❛❣♦r❛ ✉♠ ❧❡♠❛ q✉❡ ❛❥✉❞❛rá ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❛♠❜♦s

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ✭❲■▲❙❖◆✱ ✶✾✼✾✱ ♣✳✸✷✮✳

▲❡♠❛ ✷✳✶✳ ❙❡ G é ✉♠ ❣r❛❢♦ ❝♦♠ d(v) ≥ 2 ♣❛r❛ q✉❛✐sq✉❡r v ∈ V (G)✱ ❡♥tã♦ G ❝♦♥té♠ ✉♠

❝✐❝❧♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ G ♣♦ss✉✐ ❛r❡st❛s ♣❛r❛❧❡❧❛s ♦✉ ❧❛ç♦s✱ ❡♥tã♦ G ♣♦ss✉✐ ✉♠ ❝✐❝❧♦✳ ❆❣♦r❛

s❡ G é ✉♠ ❣r❛❢♦ s✐♠♣❧❡s✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣❛ss❡✐♦ ♣❛rt✐♥❞♦ ❞❡ ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r✱ ❞✐❣❛♠♦s

v✳

❖ ✈ért✐❝❡ v é ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ✈ért✐❝❡✱ ❞✐❣❛♠♦s v1 ❞❡ G✱ ♣♦✐s d(v) ≥ 2✳ ❈♦♠♦

d(v1) ≥ 2✱ ❡ss❡ s❡rá ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ v2 6= v✳ ❈♦♠♦ d(v2) ≥ 2✱ v2 s❡rá

❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ v3✱ ❡♠ q✉❡ v3 ♣♦❞❡ s❡r ♦ ✈ért✐❝❡ v ♦✉ ✉♠ ♥♦✈♦ ✈ért✐❝❡✳ ❙❡

v3 = v t❡♠♦s ✉♠ ❝✐❝❧♦ ❡ s❡ v3 6= v✱ ❡ss❡ s❡rá ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ v4✳ ❖ ✈ért✐❝❡ v4
♣♦❞❡ s❡r ✉♠ ❞♦s ✈ért✐❝❡s ❥á ❡s❝♦❧❤✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ♠❡♥♦s ♦ v2✱ ♣♦✐s é ✉♠ ❣r❛❢♦ s✐♠♣❧❡s✱

♦✉ ♣♦❞❡ s❡r ✉♠ ♥♦✈♦ ✈ért✐❝❡✳ ❙❡ v4 ❢♦r ✉♠ ❞♦s ✈ért✐❝❡s ❥á ❡s❝♦❧❤✐❞♦s t❡r❡♠♦s ✉♠ ❝✐❝❧♦✳ ❙❡

v4 ❢♦r ✉♠ ♥♦✈♦ ✈ért✐❝❡ ❡ss❡ s❡rá ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✳

❈♦♠♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s é ✜♥✐t♦✱ ❡ss❛ s❡q✉ê♥❝✐❛ ✈❛✐ ❛té ✉♠ ✈ért✐❝❡✱ ❞✐❣❛♠♦s

vk ❡ ❡ss❡ ✈ért✐❝❡ t❡♠ d(vk) ≥ 2 ❡ ♣❡❧❛ ❝♦♥str✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ vk é ❛❞❥❛❝❡♥t❡ ❝♦♠ vk−1✱

♠❛s ❝♦♠♦ d(vk) ≥ 2 t❡♠ q✉❡ s❡r ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ❞♦s ✈ért✐❝❡s ❥á ❡s❝♦❧❤✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱

❛ss✐♠✱ ❢♦r♠❛♥❞♦ ✉♠ ❝✐❝❧♦✳ �

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ♦ ❚❡♦r❡♠❛ ❞❡ ❊✉❧❡r q✉❡ ❡♥✈♦❧✈❡ ♦ ❣r❛✉ ❞♦s ✈ért✐❝❡s✱ ❡ ❡ss❡

t❡♦r❡♠❛ s❡rá ✉s❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❛s s❡t❡ ♣♦♥t❡s ❞❡ ❑ö♥✐❣s❜❡r❣✳ P❛r❛ ♠❛✐s

❞❡t❛❧❤❡s✱ ✈❡❥❛ ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮✳

❚❡♦r❡♠❛ ✷✳✷✳ ❯♠ ❣r❛❢♦ G ❝♦♥❡①♦ é ❊✉❧❡r✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ G

t❡♠ ❣r❛✉ ♣❛r✳

❉❡♠♦♥str❛çã♦✿ ❙❡ G é ❊✉❧❡r✐❛♥♦✱ ❡♥tã♦ t❡♠♦s ✉♠ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦ ❡♠ G q✉❡ ♣❛ss❛ ♣♦r

t♦❞❛s ❛s ❛r❡st❛s ✉♠❛ ú♥✐❝❛ ✈❡③ ❡ ♣♦❞❡♥❞♦ r❡♣❡t✐r ♦s ✈ért✐❝❡s✳ ❈♦♠♦ ♦ ♣❛ss❡✐♦ é ❢❡❝❤❛❞♦✱



✷✻

t♦❞❛ ✈❡③ q✉❡ ✉♠ ✈ért✐❝❡ v ❞❡ G é ✈✐s✐t❛❞♦ sã♦ ✉t✐❧✐③❛❞❛s ❞✉❛s ❛r❡st❛s✿ ✉♠❛ ❞❡ ❡♥tr❛❞❛ ❡

♦✉tr❛ ❞❡ s❛í❞❛✳ ❙❡♥❞♦ ❝❛❞❛ ❛r❡st❛ ✈✐s✐t❛❞❛ ✉♠❛ ú♥✐❝❛ ✈❡③✱ t❡♠♦s ❡♥tã♦ q✉❡ ❝❛❞❛ ✈❡③ q✉❡

✉♠ ✈ért✐❝❡ é ✈✐s✐t❛❞♦✱ ✉♠ ♥♦✈♦ ♣❛r ❞❡ ❛r❡st❛s ❞❡ ❡♥tr❛❞❛✴s❛í❞❛ é ✉t✐❧✐③❛❞♦✳ P♦rt❛♥t♦ ♦

❣r❛✉ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ✈✐s✐t❛❞♦ é ♣❛r✳ ❈♦♠♦ ● é ❝♦♥❡①♦✱ t♦❞♦s ♦s ✈ért✐❝❡s sã♦ ✈✐s✐t❛❞♦s✳

❱❛♠♦s ♣r♦✈❛r ❛ ✈♦❧t❛ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❞❡ G✳ ❙✉♣♦♥❤❛ q✉❡

❝❛❞❛ ✈ért✐❝❡ ❞❡ G t❡♠ ❣r❛✉ ♣❛r✳ ❈♦♠♦ G é ❝♦♥❡①♦ ❡ d(v) ≥ 2 ♣❛r❛ t♦❞♦ v ∈ V (G)✱ ♦

▲❡♠❛ ✷✳✶ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝✐❝❧♦ ♥♦ ❣r❛❢♦ G✳

❙❡❥❛ A ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛r❡st❛s ❞♦ ❝✐❝❧♦✳ ❙❡ A = E(G)✱ ❡♥tã♦ G é ❊✉❧❡r✐❛♥♦✳

❙❡ A ⊂ E(G)✱ t♦♠❡ H = G − A ✉♠ s✉❜❣r❛❢♦ ❞❡ G✱ ❡♠ q✉❡ ♦ ❣r❛✉ ❞♦s ✈ért✐❝❡s ❞❡ H

❝♦♥t✐♥✉❛ s❡♥❞♦ ♣❛r ❡ H ♣♦❞❡♥❞♦ s❡r ❞❡s❝♦♥❡①♦✳

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ H t❡♠ ✉♠ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦ ❡ ❝♦♠♦

G é ❝♦♥❡①♦✱ ❡①✐st❡ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ H ♣❡❧♦ ♠❡♥♦s ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❛♦ ❝✐❝❧♦✳

❆ss✐♠✱ r❡✲❝♦♥❡❝t❛♥❞♦ ♦s ✈ért✐❝❡s ❞♦s ♣❛ss❡✐♦s ❢❡❝❤❛❞♦s ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ H q✉❡

♣❡rt❡♥❝❡♠ ❛♦ ❝✐❝❧♦✱ ♦❜t❡♠♦s ✉♠ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦ ❡♠ G✳ �

❖ ♣r♦❜❧❡♠❛ ❞❛s s❡t❡ ♣♦♥t❡s ❞❡ ❑ö♥✐❣s❜❡r❣ q✉❡ ❢♦✐ ❝✐t❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦ ♣♦❞❡ s❡r

r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✷✳ P❛r❛ t❛❧ ♣r♦❜❧❡♠❛✱ s❡❣✉♥❞♦ ✭❘❆❇❯❙❑❊✱ ✶✾✾✷✱ ♣✳✸✮✱ ❊✉❧❡r

♣r♦✈♦✉ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❛ss❛r ♣♦r t♦❞❛s ❛s ♣♦♥t❡s ✉♠❛ ú♥✐❝❛ ✈❡③✱ ♣♦✐s ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡

t❡r✐❛ q✉❡ t❡r ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡ ❛r❡st❛s✱ s❡♥❞♦ q✉❡ ❝❛❞❛ ✈❡③ q✉❡ ♦ ♣❛ss❡✐♦ ❢❡❝❤❛❞♦

❝❤❡❣❛ ❡♠ ✉♠ ✈ért✐❝❡✱ ❡ss❡ t❡rá ❞✉❛s ♥♦✈❛s ❛r❡st❛s✱ ✉♠❛ ❞❡ ❝❤❡❣❛❞❛ ❡ ❛ ♦✉tr❛ ❞❡ s❛í❞❛✳

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷ s❡rá ✐♠♣♦ssí✈❡❧✱ ♣♦✐s t♦❞♦s ♦s ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✷✷ t❡♠

❣r❛✉ í♠♣❛r✱ t❡♥❞♦ q✉❡ ♣❛ss❛r ♣❡❧♦ ♠❡♥♦s ✉♠❛ ♣♦♥t❡ ♠❛✐s ❞❡ ✉♠❛ ✈❡③✳

❋✐❣✉r❛ ✷✷✿ ❆s ♣♦♥t❡s ❞❡ ❑ö♥✐❣s❜❡r❣✳

❆

❇

❉

❈

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r ❝♦♠ ❜❛s❡ ❡♠ ✭❙❆▼P❆■❖✱ ✷✵✵✷✮✳

❊①❡♠♣❧♦ ✷✳✸✳ ❯♠❛ t✉r♠❛ ❞❡ ❡❞✉❝❛çã♦ ❢ís✐❝❛ ♣r❡t❡♥❞❡ ❢❛③❡r ✉♠ ❝❛♠♣❡♦♥❛t♦ ❞❡ ❜❛sq✉❡t❡

3× 3✱ ✉♠❛ ❞❛s ♥♦✈❛s ♠♦❞❛❧✐❞❛❞❡s ♦❧í♠♣✐❝❛s✳ ❊ss❛ t✉r♠❛ ❢♦r♠♦✉ ❝✐♥❝♦ ❡q✉✐♣❡s ♥♦♠❡❛❞❛s

❞❡ a, b, c, d ❡ e ❡ ❝❛❞❛ ❡q✉✐♣❡ ❥♦❣❛rá ✉♠❛ ú♥✐❝❛ ✈❡③ ❝♦♠ ♦✉tr❛ ❡q✉✐♣❡✳ ◗✉❛♥t♦s ❥♦❣♦s ❝❛❞❛

❡q✉✐♣❡ ❥♦❣❛rá ❡ q✉❛♥t♦s ❥♦❣♦s s❡rã♦ r❡❛❧✐③❛❞♦s❄

❯♠❛ r❡s♣♦st❛ ♣♦ssí✈❡❧ ♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛ é ♦ s❡❣✉✐♥t❡✿ ❝♦♥s✐❞❡r❡ ❛s ❡q✉✐♣❡s ❝♦♠♦

✈ért✐❝❡s ❡ ♦s ❥♦❣♦s ❝♦♠♦ ❛r❡st❛s✳ P♦r ❡①❡♠♣❧♦✱ ❛r❡st❛ {a, e} r❡♣r❡s❡♥t❛ ❛ ♣❛rt✐❞❛ r❡❛❧✐③❛❞❛

♣❡❧❛s ❡q✉✐♣❡s a ❡ e✳ ❙❡❣✉❡ ❛❜❛✐①♦ ✉♠ ❞✐❛❣r❛♠❛ q✉❡ ♠♦❞❡❧❛ ♦ ♣r♦❜❧❡♠❛✳



✷✼

❋✐❣✉r❛ ✷✸✿ ●r❛❢♦ G✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ❥♦❣♦s✳

a

b

c

d

e

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ❋✐❣✉r❛ ✷✸ q✉❡ t♦❞♦s ♦s ✈ért✐❝❡s tê♠ ❣r❛✉ q✉❛tr♦✳ ❉✐ss♦✱

❝♦♥❝❧✉í♠♦s q✉❡ ❝❛❞❛ ❡q✉✐♣❡ ❥♦❣❛rá q✉❛tr♦ ♣❛rt✐❞❛s✳ ❊ ♣❛r❛ r❡s♣♦♥❞❡r ❛ ♦✉tr❛ ♣❡r❣✉♥t❛

♣r❡❝✐s❛♠♦s s❛❜❡r q✉❛♥t❛s ❛r❡st❛s ❤á ♥♦ ❣r❛❢♦ G✱ ♣♦✐s ❝❛❞❛ ❛r❡st❛ r❡♣r❡s❡♥t❛ ✉♠ ❥♦❣♦✱

♥❡ss❡ ❝❛s♦✱ |E(G)| = 10 ❥♦❣♦s s❡rã♦ r❡❛❧✐③❛❞♦s✳

◆❡st❡ ❡①❡♠♣❧♦ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ s♦♠❛ ❞♦ ❣r❛✉ ❞♦s ✈ért✐❝❡s é ✐❣✉❛❧ ❛♦ ❞♦❜r♦ ❞❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡st❛s✳ ❊st❛ ♦❜s❡r✈❛çã♦ ♥❛ ✈❡r❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r ❣r❛❢♦ s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛ G = (V,E) ✉♠ ❣r❛❢♦ s✐♠♣❧❡s✳ ❊♥tã♦✿

∑

v∈V (G)

d(v) = 2|E|. ✭✷✳✶✮

❉❡♠♦♥str❛çã♦✿ ❆♦ ❝♦♥t❛r ♦ ❣r❛✉ ❞❡ ✉♠ ✈ért✐❝❡✱ ❡st❛♠♦s ❝♦♥t❛♥❞♦ ❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s

❛ ❡❧❡✳ ❈♦♠♦ ❝❛❞❛ ❛r❡st❛ é ✐♥❝✐❞❡♥t❡ ❛ ❞♦✐s ✈ért✐❝❡s✱ ❡♥tã♦ ❡st❛♠♦s ❝♦♥t❛♥❞♦ ❛s ❛r❡st❛s

❞✉❛s ✈❡③❡s✳ �

✷✳✸ ❚■P❖❙ ❈❖▼❯◆❙ ❉❊ ●❘❆❋❖❙

●r❛❢♦ ❝♦♠♣❧❡t♦✳ ❯♠ ❣r❛❢♦ é ❝♦♠♣❧❡t♦ q✉❛♥❞♦ t♦❞♦ ✈ért✐❝❡ é ❛❞❥❛❝❡♥t❡ ❛ t♦❞♦s

♦s ♦✉tr♦s ✈ért✐❝❡s✳ ❉❡♥♦t❛♠♦s t❛✐s ❣r❛❢♦s ♣♦r Kn ❡♠ q✉❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✳ ❱❡❥❛

♦s ❡①❡♠♣❧♦s ❞❛s ❋✐❣✉r❛s ✷✹ ❡ ✷✺✳

❋✐❣✉r❛ ✷✹✿ ●r❛❢♦ ❝♦♠♣❧❡t♦ K5✳

❛

❜

❝

❞

❡

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✷✺✿ ●r❛❢♦ ❝♦♠♣❧❡t♦ K8✳

❛

❜ ❝
❞

❡

❢
❣

❤

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳



✷✽

●r❛❢♦ ❝♦♠♣❧❡♠❡♥t❛r✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦✳ ❉✐③❡♠♦s q✉❡ G é ❝♦♠♣❧❡♠❡♥t❛r ❞❡ G

s❡ V (G) = V (G) ❡ s❡ E(G) = {vivj | vi e vj ∈ V, i 6= j, vivj /∈ E(G)}✳ ❖❜s❡r✈❛✲s❡ ♥❛s

❋✐❣✉r❛s ✷✻ ❡ ✷✼ q✉❡ ❛ ✉♥✐ã♦ ❞❛s ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ ❡ ❛s ❞❡ s❡✉ ❝♦♠♣❧❡♠❡♥t❛r r❡s✉❧t❛♠

❡♠ ✉♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✽✳

❋✐❣✉r❛ ✷✻✿ ●r❛❢♦ G✳

❛

❜ ❝

❞

❡
❢

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✷✼✿ ●r❛❢♦ G✳

❛

❜ ❝

❞

❡❢

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✷✽✿ ●r❛❢♦ ❢♦r♠❛❞♦ ♣❡❧❛ ✉♥✐ã♦ ❞❛s ❛r❡st❛s ❞❡ E(G) ❡ E(G)✳

❛

❜ ❝

❞

❡❢

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ ♥✉❧♦ ♦✉ ✈❛③✐♦✳ ➱ ♦ ❣r❛❢♦ q✉❡ ♥ã♦ t❡♠ ❛r❡st❛s✱ ✐st♦ é✱ E(G) = ∅✳

❋✐❣✉r❛ ✷✾✿ ●r❛❢♦ ♥✉❧♦ ♦✉ ✈❛③✐♦✳

❛

❜
❝

❞

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ tr✐✈✐❛❧✳ ➱ ✉♠ ❣r❛❢♦ ❝♦♠ ❛♣❡♥❛s ✉♠ ✈ért✐❝❡ ❡ ♥❡♥❤✉♠❛ ❛r❡st❛✳

❋✐❣✉r❛ ✸✵✿ ●r❛❢♦ tr✐✈✐❛❧✳

❛

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳



✷✾

❋✐❣✉r❛ ✸✶✿ ●r❛❢♦ 3−r❡❣✉❧❛r✳

❛❞

❝ ❞

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ r❡❣✉❧❛r✳ ➱ ✉♠ ❣r❛❢♦ ♥♦ q✉❛❧ t♦❞♦s ♦s ✈ért✐❝❡s tê♠ ♦ ♠❡s♠♦ ❣r❛✉✳ ❙❡ t♦❞♦s

♦s ✈ért✐❝❡s t❡♠ ❣r❛✉ k✱ ❝❤❛♠❛♠♦s ❞❡ k−r❡❣✉❧❛r✳ ❆ ❋✐❣✉r❛ ✸✶✱ ♠♦str❛ ✉♠ ❣r❛❢♦ r❡❣✉❧❛r

❝♦♠ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ❣r❛✉ ✸✳

●r❛❢♦ ❝✐❝❧♦✳ ➱ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ r❡❣✉❧❛r ❝♦♠ ✈ért✐❝❡s ❞❡ ❣r❛✉ ❞♦✐s✳ P♦❞❡✲s❡

♣❡♥s❛r q✉❡ é ✉♠ ❝❛♠✐♥❤♦ ♣❛ss❛♥❞♦ ♣♦r t♦❞♦s ♦s ✈ért✐❝❡s ✉♠❛ ú♥✐❝❛ ✈❡③ ❡ ✈♦❧t❛♥❞♦ ♥♦

✈ért✐❝❡ ❞❡ ♦r✐❣❡♠✳ ❉❡♥♦t❛♠♦s ❡ss❡ ❣r❛❢♦ ♣♦r Cn✱ ❡♠ q✉❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✳ ❙❡ n

❢♦r ♣❛r ❝❤❛♠❛♠♦s ❞❡ ❝✐❝❧♦ ♣❛r ❡ s❡ n ❢♦r í♠♣❛r ❝❤❛♠❛♠♦s ❞❡ ❝✐❝❧♦ í♠♣❛r✳ ◆❛ ❋✐❣✉r❛ ✸✷✱

♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✱ ✐ss♦ s❡♠♣r❡

❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❢♦r ✉♠ ❣r❛❢♦ ❝✐❝❧♦✳

❋✐❣✉r❛ ✸✷✿ ●r❛❢♦ ❝✐❝❧♦ C8✳

❛

❜ ❝ ❞

❡
❢

❣
❤

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ r♦❞❛✳ ➱ ✉♠ ❣r❛❢♦ ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝✐❝❧♦ Cn−1 ❥✉♥t♦ ❝♦♠ ✉♠ ✈ért✐❝❡ ❝❡♥tr❛❧

❞❡ ❣r❛✉ n−1✱ ❡ ❡ss❡ ✈ért✐❝❡ é ❛❞❥❛❝❡♥t❡ ❛ t♦❞♦s ♦s ✈ért✐❝❡s ❞♦ ❝✐❝❧♦✳ ❉❡♥♦t❛♠♦s ❡ss❡ ❣r❛❢♦

♣♦r Wn✱ ❡♠ q✉❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✳

❋✐❣✉r❛ ✸✸✿ W9✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✸✹✿ W4✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ ❝❛♠✐♥❤♦✳ ➱ ✉♠ ❣r❛❢♦ ❝♦♠ n + 1 ✈ért✐❝❡s ❡ n ❛r❡st❛s✱ ❡♠ q✉❡ ♦ ❣r❛✉ ❞♦

♣r✐♠❡✐r♦ ❡ ú❧t✐♠♦ ✈ért✐❝❡ é 1 ❡ ❞♦s ❞❡♠❛✐s é 2✳ ❉❡♥♦t❛♠♦s ❡ss❡ ❝❛♠✐♥❤♦ ♣♦r Pn✱ ❡♠ q✉❡

n é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✳



✸✵

❋✐❣✉r❛ ✸✺✿ P3✳
❛ ❜

❝ ❞

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✸✻✿ P4✳

❛

❜

❝

❞

❡

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

➪r✈♦r❡✳ ➱ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ q✉❡ ♥ã♦ ❝♦♥té♠ ❝✐❝❧♦s✳ ❊♠ ✉♠❛ ár✈♦r❡✱ ♦ ♥ú♠❡r♦ ❞❡

❛r❡st❛s é s❡♠♣r❡ ✉♠❛ ✉♥✐❞❛❞❡ ♠❡♥♦r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✱ ✐st♦ é✱ |V | = |E|+ 1✳

❋✐❣✉r❛ ✸✼✿ ➪r✈♦r❡✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ ❜✐♣❛rt✐❞♦✳ ➱ ✉♠ ❣r❛❢♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s V ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠

❞♦✐s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s V1 ❡ V2✱ t❛❧ q✉❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

V1 × V2 ❡ ♥ã♦ ❡①✐st❡♠ ❛r❡st❛s ❡♠ V1 × V1✱ ♥❡♠ ❡♠ V2 × V2 ✳ ❙❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ V1 é

❝♦♥❡❝t❛❞♦ ❛ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ V2✱ ❝❤❛♠❛♠♦s ❞❡ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❝♦♠♣❧❡t♦ ❡ ❞❡♥♦t❛♠♦s

♣♦r Kn,p✱ ♣❛r❛ n = |V1| ❡ p = |V2|✳ ❱❡❥❛ ❛s ❋✐❣✉r❛s ✸✽ ❡ ✸✾✳

❋✐❣✉r❛ ✸✽✿ ❇✐♣❛rt✐❞♦✳

❛ ❜
❝ ❞

❡❢
❣

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✸✾✿ ❇✐♣❛rt✐❞♦ ❈♦♠♣❧❡t♦✳

❛ ❜
❝ ❞

❡❢
❣

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

●r❛❢♦ ♣❧❛♥❛r✳ ➱ ✉♠ ❣r❛❢♦ q✉❡ ♣♦❞❡ s❡r ❞❡s❡♥❤❛❞♦ ♥♦ ♣❧❛♥♦✱ ❞❡ ♠♦❞♦ q✉❡ ❛s

❛r❡st❛s ♥ã♦ s❡ ❝r✉③❛♠✱ ❡①❝❡t♦ ❡♠ ✈ért✐❝❡s q✉❡ sã♦ ✐♥❝✐❞❡♥t❡s✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❝❤❛♠❛♠♦s

❞❡ ❣r❛❢♦ ♥ã♦ ♣❧❛♥❛r✳

❋✐❣✉r❛ ✹✵✿ ●r❛❢♦ ♣❧❛♥❛r ❡ ♥ã♦ ♣❧❛♥❛r✳

✭❛✮ ●r❛❢♦ ♣❧❛♥❛r ✭❜✮ ●r❛❢♦ ♥ã♦ ♣❧❛♥❛r ✭❝✮ ●r❛❢♦ ♣❧❛♥❛r

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆ ❋✐❣✉r❛ ✹✵ (a) ❡ (c) sã♦ ❣r❛❢♦s ♣❧❛♥❛r❡s✱ ♣♦✐s ♥ã♦ t❡♠ ❛r❡st❛s s❡ ❝r✉③❛♥❞♦✱ só s❡

❡♥❝♦♥tr❛♠ ♥♦s ✈ért✐❝❡s✳ ❆ ❋✐❣✉r❛ ✹✵ (b) é ✉♠ ❣r❛❢♦ ♥ã♦ ♣❧❛♥❛r✱ ♣♦✐s tê♠ ❞✉❛s ❛r❡st❛s

q✉❡ s❡ ❝r✉③❛♠ ❢♦r❛ ❞♦s ✈ért✐❝❡s✳
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◆❛ ♣ró①✐♠❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s t❡ór✐❝♦s s♦❜r❡ ❣r❛❢♦s ♣❧❛♥❛r❡s

q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❈❛♣ít✉❧♦ ✺✳

✷✳✹ ●❘❆❋❖❙ P▲❆◆❆❘❊❙

❈♦♠♦ ❛❝❛❜❛♠♦s ❞❡ ❞❡✜♥✐r✱ ✉♠ ❣r❛❢♦ ♣❧❛♥❛r é ✉♠ ❣r❛❢♦ ❝✉❥❛s ❛r❡st❛s só s❡ ❡♥✲

❝♦♥tr❛♠ ♥♦s ✈ért✐❝❡s✳ ❆ ❋✐❣✉r❛ ✹✶ ♠♦str❛ ❞♦✐s ❣r❛❢♦s ♣❧❛♥❛r❡s✳

❋✐❣✉r❛ ✹✶✿ ●r❛❢♦s ♣❧❛♥❛r❡s✳

✭❛✮ (b)

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆s ❋✐❣✉r❛s ✹✶ ✭❛✮ ❡ ✭❜✮ sã♦ ❡①❡♠♣❧♦s ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♣♦❧✐❡❞r♦s✱ ❡♠ q✉❡ ❛

❋✐❣✉r❛ ✹✶ ✭❛✮ é ✉♠❛ ❢♦r♠❛ ❞❡ r❡♣r❡s❡♥t❛r ♦ t❡tr❛❡❞r♦ ❡ ❛ ❋✐❣✉r❛ ✹✶ ✭❜✮ r❡♣r❡s❡♥t❛ ✉♠

❝✉❜♦✳

◗✉❛♥❞♦ ❢❛❧❛♠♦s ❞❡ ♣♦❧✐❡❞r♦s ❝♦♥✈❡①♦s ♥❛ ❣❡♦♠❡tr✐❛✱ ❡st❡s sã♦ ❢♦r♠❛❞♦s ♣♦r ✉♠❛

r❡✉♥✐ã♦ ✜♥✐t❛ ❞❡ ♣♦❧í❣♦♥♦s ❝♦♥❡①♦s✱ ❝❤❛♠❛❞♦s ❞❡ ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦✳ ❉❡♥♦t❛r❡♠♦s ♦ ♥ú✲

♠❡r♦ ❞❡ ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦ ♣♦r f = |F |✳ ❆s ✐♥t❡rs❡❝çõ❡s ❞♦s ❧❛❞♦s ❡ ❞♦s ✈ért✐❝❡s ❞♦s

♣♦❧í❣♦♥♦s sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❛r❡st❛s ❡ ♦s ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r

a = |E| ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛r❡st❛s✱ ❜❡♠ ❝♦♠♦✱ v = |V | ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✈ért✐❝❡s✳

➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❞❛ ❣❡♦♠❡tr✐❛ q✉❡✱ ♣❛r❛ ♣♦❧✐❡❞r♦s ❝♦♥✈❡①♦s✱ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r

é ✈á❧✐❞❛✱ |V | + |F | − |E| = 2 ✭▲■▼❆✱ ✶✾✽✺✮✳ ❆ s❡❣✉✐r ❢❛r❡♠♦s s✉❛ ❞❡❞✉çã♦ ♣❛r❛ ❣r❛❢♦s

♣❧❛♥❛r❡s✳

❆♦ r❡♣r❡s❡♥t❛r ✉♠ ❣r❛❢♦ ♣❧❛♥❛r ♥♦ ♣❧❛♥♦✱ ❛s ❛r❡st❛s ❡ ♦s ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❞✐✈✐❞❡♠

♦ ♣❧❛♥♦ ❡♠ ár❡❛s✳ ❆ ár❡❛ ❞❡ ✉♠ ❣r❛❢♦ ♣❧❛♥❛r é ❛ ♣❛rt❡ ❞♦ ❣r❛❢♦ ❧✐♠✐t❛❞❛ ♣❡❧❛s ❛r❡st❛s✱

❝♦♠♦ ♠♦str❛ ❛ ár❡❛ F ❞❛ ❋✐❣✉r❛ ✹✷✳

❉❡✜♥✐çã♦ ✶✽✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛r❡st❛ e ❧✐♠✐t❛ ❛ ár❡❛ F s❡ e ❡stá ❡♠ ❝♦♥t❛t♦ ❝♦♠ F ❡

❝♦♠ ❛❧❣✉♠❛ ♦✉tr❛ ár❡❛ ✈✐③✐♥❤❛ ❞❡ F ✳

P♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛ ✹✷ ❤á s❡✐s ár❡❛s✱ ❝❤❛♠❛r❡♠♦s ❞❡ F1, F2, F3, F4, F5 ❡ F6✱

❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✹✸✳ ❆s ár❡❛s F1, F2, F3, F4 ❡ F5 sã♦ ár❡❛s ❧✐♠✐t❛❞❛s ❡ F6 é ✉♠❛ ár❡❛

✐❧✐♠✐t❛❞❛✱ q✉❡ é ❝❤❛♠❛❞❛ ❞❡ ár❡❛ ❡①t❡r✐♦r✳ ❊ss❛s ár❡❛s ❝❤❛♠❛♠♦s ❞❡ ❢❛❝❡s ❞♦ ❣r❛❢♦✳

❖ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✹✸ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❝✉❜♦ q✉❡ t❡♠ s❡✐s ❢❛❝❡s✱ ♦✐t♦ ✈ért✐❝❡s

❡ ❞♦③❡ ❛r❡st❛s✱ q✉❡ sã♦ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ❞♦ ❝✉❜♦✳ P♦❞❡♠♦s ❡♥tã♦✱ ❛♣r❡s❡♥t❛r ♦ s❡❣✉✐♥t❡
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❋✐❣✉r❛ ✹✷✿ ❆ ♣❛rt❡ ❝✐♥③❛ ❞♦ ❣r❛❢♦ r❡♣r❡s❡♥t❛ ❛ ár❡❛ F ✳

e

F

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✹✸✿ ❋❛❝❡s ❞❡ ✉♠ ❣r❛❢♦ ♣❧❛♥❛r✳

F1

F2 F3 F4

F5

F6

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

t❡♦r❡♠❛✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ é ❜❛s❡❛❞❛ ❡♠ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀ ▼❖❙❙■◆●❍❖❋❋✱ ✷✵✵✽✱ ♣✳✼✽✮✳

❚❡♦r❡♠❛ ✷✳✺✳ ✭❋ór♠✉❧❛ ❞❡ ❊✉❧❡r✮ ❙❡ G é ✉♠ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♥❡①♦ ❝♦♠ |V | ✈ért✐❝❡s✱ |E|

❛r❡st❛s ❡ |F | ❢❛❝❡s✱ ❡♥tã♦ |V |+ |F | − |E| = 2✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♥❡①♦✳ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦

♥ú♠❡r♦ ❞❡ ❛r❡st❛s |E|✳

❙❡ |E| = 0✱ ❡♥tã♦ ♦ ❣r❛❢♦ é ❝♦♠♣❧❡t♦ ❝♦♠ ✉♠ ✈ért✐❝❡✱ ✐st♦ é✱ K1✳ ■ss♦ ❛❝♦♥t❡❝❡✱ ♣♦✐s

G é ❝♦♥❡①♦✳ ▲♦❣♦✱ ♦ ❣r❛❢♦ G t❡♠ ✉♠❛ ❢❛❝❡ ❡ é ✐❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ t❡♠♦s q✉❡ |E| = 0✱

|V | = 1 ❡ |F | = 1✱ q✉❡ s❛t✐s❢❛③ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r✳

❙✉♣♦♥❤❛ q✉❡ ❛ ❢ór♠✉❧❛ ✈❛❧❡ ♣❛r❛ |E| = k ❛r❡st❛s✳ ❆ss✐♠✱ |V | + |F | − k = 2 é ❛

❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ✈❛❧❡ ♣❛r❛ ✉♠ ❣r❛❢♦ G ❝♦♠ |E| = k + 1 ❛r❡st❛s✳

❚❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ❛✿ ❙✉♣♦♥❤❛ q✉❡ G é ✉♠❛ ár✈♦r❡✳

❊♥tã♦✱ t❡♠♦s q✉❡ |V | = |E|+ 1 ❡ ❝♦♠♦ é ✉♠❛ ár✈♦r❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❝❡s é |F | = 1✳

P♦rt❛♥t♦✱ ❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r é ✈❡r✐✜❝❛❞❛✿

|V |+ |F | − |E| = (|E|+ 1) + 1− |E| = 2.

❈❛s♦ ❜✿ ❙✉♣♦♥❤❛ q✉❡ G ♥ã♦ é ✉♠❛ ❛r✈♦r❡✳

❊♥tã♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ G✱ ❞✐❣❛♠♦s C q✉❡ é ✉♠ ❝✐❝❧♦ ❡♠ G✳ ❙❡❥❛ e

✉♠❛ ❛r❡st❛ ❞❡ C ❡ ❝♦♥s✐❞❡r❡ ♦ s✉❜❣r❛❢♦ G − e ❞❡ G✳ ❖❜s❡r✈❡ q✉❡ ♦ s✉❜❣r❛❢♦ G − e t❡♠

✉♠❛ ❛r❡st❛ ❡ ✉♠❛ ❢❛❝❡ ❛ ♠❡♥♦s ✭❥á q✉❡ C ❞❡✜♥❡ ✉♠❛ ❢❛❝❡ ❧✐♠✐t❛❞❛✮ q✉❡ ♦ ❣r❛❢♦ G ❡ ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s é ❛ ♠❡s♠❛✳ ❈♦♠♦ G− e t❡♠ ✉♠❛ ❛r❡st❛ ❛ ♠❡♥♦s q✉❡ G✱ ♣♦❞❡♠♦s
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✉s❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡♠ G− e✿

|V |+ (|F | − 1)− k = 2

▼❛s ✐st♦ ✐♠♣❧✐❝❛ ❡♠

|V |+ |F | − (k + 1) = 2

q✉❡ ♠♦str❛ ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❢ór♠✉❧❛ ♣❛r❛ G q✉❡ ♣♦ss✉✐ |E| = k + 1 ❛r❡st❛s✳ �

❉❡✜♥✐çã♦ ✶✾✳ ❖ ❣r❛✉ ❞❡ ✉♠❛ ❢❛❝❡ F é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s q✉❡ ❧✐♠✐t❛♠ ❛ ❢❛❝❡ F ✳

❉❡♥♦t❛♠♦s ♣♦r L(F )✳

P♦r ❡①❡♠♣❧♦✱ ♦ ❣r❛✉ ❞❛s ❢❛❝❡s ❞❛ ❋✐❣✉r❛ ✹✹ sã♦ L(F2) = L(F6) = 3✱ L(F3) =

L(F7) = 4✱ L(F1) = L(F4) = 5 ❡ L(F5) = 6✳

❋✐❣✉r❛ ✹✹✿ ●r❛❢♦ ♣❧❛♥❛r G ❝♦♠ s✉❛s ❢❛❝❡s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✉♠ s✉♣♦rt❡ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✼ q✉❡ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀ ▼❖❙❙■◆●❍❖❋❋✱ ✷✵✵✽✱ ♣✳✼✽✮✳

❚❡♦r❡♠❛ ✷✳✻✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❝♦♥❡①♦ ❡ ♣❧❛♥❛r ❝♦♠ |V | ≥ 3✳ ❊♥tã♦ |E| ≤

3|V | − 6✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ♣❧❛♥❛r s✐♠♣❧❡s ❝♦♥❡①♦ ❡ ❝♦♠ três ♦✉ ♠❛✐s ✈ért✐❝❡s✳

❚❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ❛✿ ❊①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❢❛❝❡s ❡♠ G✳

❈♦♥s✐❞❡r❡ ❛ s♦♠❛

S =
∑

F

L(F )

s♦❜r❡ t♦❞❛s ❛s ❢❛❝❡s ❞♦ ❣r❛❢♦ ♣❧❛♥❛r G✳ ❈♦♠♦ G t❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❢❛❝❡s ❡ ❝❛❞❛ ✉♠❛

❞❡❧❛s é ❧✐♠✐t❛❞❛ ♣♦r ♣❡❧♦ ♠❡♥♦s três ❛r❡st❛s✱ t❡♠♦s S ≥ 3|F |✳ ❆❣♦r❛✱ ❝♦♠♦ ❝❛❞❛ ❛r❡st❛

♣♦❞❡ ❡st❛r ♥❛ ❢r♦♥t❡✐r❛ ❞❡ ♥♦ ♠á①✐♠♦ ❞✉❛s ❢❛❝❡s✱ t❡♠♦s q✉❡ S ≤ 2|E|✳ ❖❜t❡♠♦s ❝♦♠ ❛s

❞✉❛s ✐♥❡q✉❛çõ❡s✿ 3|F | ≤ 2|E|✳
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P❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✱ t❡♠♦s

|V |+ |F | − |E| = 2.

■s♦❧❛♥❞♦ |F | ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ 3|F | ≤ 2|E|✱ t❡♠♦s

3(2 + |E| − |V |) ≤ 2|E|

q✉❡ ✐♠♣❧✐❝❛ ❡♠

|E| ≤ 3|V | − 6.

❈❛s♦ ❜✿ ❊①✐st❡ ✉♠❛ ❢❛❝❡ ❡♠ G✳

❈♦♠♦ G t❡♠ ✉♠❛ ❢❛❝❡ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✱ t❡♠♦s

|E| = |V | − 1 ≤ |V |.

P❡❧❛ ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ |V | − 3 ≥ 0✱ ❡♥tã♦

|E| ≤ |V | ≤ |V |+ 2(|V | − 3) ≤ 3|V | − 6.

P♦rt❛♥t♦✱ ❛♠❜♦s ♦s ❝❛s♦s s❛t✐s❢❛③❡♠ ❛ ✐♥❡q✉❛çã♦ |E| ≤ 3|V | − 6✳

�

❖ ❚❡♦r❡♠❛ ❛ s❡❣✉✐r é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❝♦❧♦r❛çã♦ ❞❡ ♠❛♣❛s ✭q✉❡ s❡rá ❞✐s❝✉t✐❞❛ ♥♦

❈❛♣ít✉❧♦ ✺✮ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀ ▼❖❙❙■◆●❍❖❋❋✱

✷✵✵✽✱ ♣✳✼✾✮✳

❚❡♦r❡♠❛ ✷✳✼✳ ❙❡ G é ✉♠ ❣r❛❢♦ ♣❧❛♥❛r s✐♠♣❧❡s ❡ ❝♦♥❡①♦✱ ❡♥tã♦ δ(G) ≤ 5✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ♣❧❛♥❛r s✐♠♣❧❡s ❡ ❝♦♥❡①♦✳ ❙❡ |V | ≤ 6✱ ❡♥tã♦ d(v) ≤

∆(G) ≤ 5 ♣❛r❛ t♦❞♦ v ∈ V (G)✳ ❙❛t✐s❢❛③❡♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡ δ(G) ≤ 5✳

❙❡ |V | > 6✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✱ t❡♠♦s

∑

v∈V (G)

d(v) = 2|E|. ✭✷✳✷✮

❙❡ ❝❛❞❛ ✈ért✐❝❡ ❞❡ G t❡♠ ❣r❛✉ ✻ ♦✉ ♠❛✐s✱ ❡♥tã♦ ❛ ❊q✉❛çã♦ ✭✷✳✷✮ ✜❝❛

6|V | ≤ 2|E|. ✭✷✳✸✮

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✻ ❡♠ ✭✷✳✸✮✱ t❡♠♦s

6|V | ≤ 2|E| ≤ 2(3|V | − 6) ≤ 6|V | − 12
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q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠ ✈ért✐❝❡ ❞❡G ❞❡ ❣r❛✉ ♠❡♥♦r q✉❡ ✻✱ ✐st♦ é✱ δ(G) ≤ 5✳

�

❖s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❡st✉❞❛r s❡rã♦ ❛♣❧✐❝❛❞♦s

♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s✱ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ❡

❝♦❧♦r❛çã♦ ❞❡ ♠❛♣❛s✳



✸✻
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✸ ❈❖▲❖❘❆➬➹❖ ❉❊ ❆❘❊❙❚❆❙

❯♠ ♣r♦❜❧❡♠❛ ❢❛♠♦s♦ ❡st✉❞❛❞♦ ♥❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s é ♦ ♣r♦❜❧❡♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s✳

❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❝♦❧♦r✐r q✉❛❧q✉❡r ♠❛♣❛ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s q✉❛tr♦ ❝♦r❡s✱ ❞❡ ♠♦❞♦

q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s ✭❇❆▲❆❑❘■❙❍◆❆◆❀ ❘❆◆●❆◆❆❚❍❆◆✱ ✷✵✶✷✮✳ P♦✲

❞❡♠♦s ❞✐③❡r q✉❡ ❡ss❡ ♣r♦❜❧❡♠❛ ❞❡✉ ♦r✐❣❡♠ ❛ ❝♦❧♦r❛çã♦ ❞❡ ❣r❛❢♦s✱ ♥♦ q✉❛❧ ♣♦❞❡♠♦s ❛tr✐❜✉✐r

❝♦r❡s✱ ♥ú♠❡r♦s ♦✉ sí♠❜♦❧♦s ❛♦s ✈ért✐❝❡s ♦✉ ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ G✱ s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛s ❝♦♥✲

❞✐çõ❡s✳ ❊ss❡ ♣r♦❝❡ss♦✱ ❞❡♥♦♠✐♥❛❞♦ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❡✴♦✉ ✈ért✐❝❡s✱ s❡rá tr❛t❛❞♦ ♥❡st❡

❡ ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

❆s ❋✐❣✉r❛s ✹✺ ❡ ✹✻✱ ♠♦str❛♠ ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❡ ♦s ✈ért✐❝❡s

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ❝♦r❡s ♦✉ ♥ú♠❡r♦s✳

❋✐❣✉r❛ ✹✺✿ ❈♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s✳

(a) ●r❛❢♦ ❝♦♠ ❛s ❛r❡st❛s ❝♦❧♦r✐❞❛s ♥❛s ❝♦r❡s

♣r❡t♦✱ ✈❡r♠❡❧❤♦✱ ❛③✉❧ ❡ ❛♠❛r❡❧♦✳

1
3

1

3
4

1

2

4

2

3

(b) ●r❛❢♦ ❝♦❧♦r✐❞♦ ❝♦♠ ♥ú♠❡r♦s✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✹✻✿ ❈♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✳

(a) ●r❛❢♦ ❝♦♠ ♦s ✈ért✐❝❡s ❝♦❧♦r✐❞♦s ♥❛s ❝♦r❡s

♣r❡t♦✱ ✈❡r♠❡❧❤♦✱ ❛③✉❧ ❡ ❛♠❛r❡❧♦✳

✶

✸

✷ ✸

✹

✷✶

✹
(b) ●r❛❢♦ ❝♦❧♦r✐❞♦ ❝♦♠ ♥ú♠❡r♦s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦❧♦r❛çã♦ ✈❛♠♦s s❡♠♣r❡ ❝♦♥s✐❞❡r❛r ❣r❛❢♦s s✐♠♣❧❡s✳

❉❡✜♥✐çã♦ ✷✵✳ ❊♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❜✉s❝❛♠♦s ❝♦❧♦r✐r ❛s ❛r❡st❛s ❞❡

✉♠ ❣r❛❢♦ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♣♦ssí✈❡❧✱ ❞❡ ♠♦❞♦ q✉❡ ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❛♦

♠❡s♠♦ ✈ért✐❝❡ ♣♦ss✉❛♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳ ◗✉❛❧q✉❡r ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❝♦♠ ❡st❛ ú❧t✐♠❛

♣r♦♣r✐❡❞❛❞❡ é ❝❤❛♠❛❞❛ ❝♦❧♦r❛çã♦ ✈á❧✐❞❛✳
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❊①❡♠♣❧♦ ✸✳✶✳ ❙✉♣♦♥❤❛ ✉♠ ❣r✉♣♦ ❞❡ ♣❡ss♦❛s ❢♦r♠❛♥❞♦ ❞✉♣❧❛s ❝♦♥❢♦r♠❡ ♦ ◗✉❛❞r♦ ✸✳✶

♣❛r❛ ❝✉♠♣r✐r q✉❛t♦r③❡ t❛r❡❢❛s✶✳ ❈❛❞❛ t❛r❡❢❛ é r❡❛❧✐③❛❞❛ ❡♠ ✉♠❛ ❤♦r❛ ❡ ❝❛❞❛ ♣❡ss♦❛ ♥ã♦

♣♦❞❡ ❡①❡❝✉t❛r ♠❛✐s ❞❡ ✉♠❛ t❛r❡❢❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ❖ ♣r♦❜❧❡♠❛ r❡s✉♠❡✲s❡ ❡♠ ❛❝❤❛r ♦

♠❡♥♦r t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ t♦❞❛s ❛s t❛r❡❢❛s s❡❥❛♠ r❡❛❧✐③❛❞❛s✳

◗✉❛❞r♦ ✸✳✶✿ ❆s ❞✉♣❧❛s✳
❉✉♣❧❛s

❆❇✱ ❆❊✱ ❆❋✱ ❇❈✱ ❇●✱ ❈❉✱ ❈❍
❉❊✱ ❉■✱ ❊❏✱ ❋■✱ ●■✱ ❍❏✱ ❏●

❋♦♥t❡✿ ❉❛❞♦s ❡❧❛❜♦r❛❞♦s ♣❡❧♦ ❛✉t♦r ❞❡st❡ tr❛❜❛❧❤♦✳

❖ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✹✼ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❡♠ q✉❡ ♦s

✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ❛s ♣❡ss♦❛s ❡ ❛s ❛r❡st❛s ❛s t❛r❡❢❛s q✉❡ sã♦ r❡❛❧✐③❛❞❛s ❡♠ ❞✉♣❧❛s✳

❋✐❣✉r❛ ✹✼✿ ●r❛❢♦ ❞❡ P❡t❡rs❡♥ P ❡♠ q✉❡ ❛s ❛r❡st❛s r❡♣r❡s❡♥t❛♠ ❛s ❞✉♣❧❛s✳
❆

❇

❈❉

❊
❋

●

❍■

❏

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

P❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ✈á❧✐❞❛ ❝♦♠

♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♣♦ssí✈❡❧✳ ❈♦♠ ❡ss❛ ❝♦❧♦r❛çã♦✱ ♦ ♣r♦❜❧❡♠❛ q✉❡ ❡r❛ ♣❛r❛ ❞❡s❝♦❜r✐r

♦ ♠❡♥♦r t❡♠♣♦✱ ✜❝❛ ❛❣♦r❛ ❡♠ ❞❡s❝♦❜r✐r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐♦ ♣❛r❛ ❝♦❧♦r✐r

❛s ❛r❡st❛s ❞♦ ❣r❛❢♦✱ ❞❡ ♠♦❞♦ q✉❡ ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❛♦ ♠❡s♠♦ ✈ért✐❝❡ ♣♦ss✉❛♠ ❝♦r❡s

❞✐❢❡r❡♥t❡s✳

❋✐❣✉r❛ ✹✽✿ ●r❛❢♦ ❞❡ P❡t❡rs❡♥ P ❝♦❧♦r✐❞♦✳
❆

❇

❈❉

❊
❋

●

❍■

❏

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✶Pr♦❜❧❡♠❛ ❛❞❛♣t❛❞♦ ❞❡ ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮



✸✾

◆❡ss❡ ❡①❡♠♣❧♦ ❢♦r❛♠ ✉s❛❞❛s q✉❛tr♦ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ❛s ❛r❡st❛s✱ ❝♦♠♦ ♠♦str❛ ❛

❋✐❣✉r❛ ✹✽✳ ❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❛s ❞✉♣❧❛s ❝♦♠ ❝♦r❡s ✐❣✉❛✐s✱ ♣♦❞❡♠ tr❛❜❛❧❤❛r ♥♦ ♠❡s♠♦

❤♦rár✐♦✳ P♦rt❛♥t♦✱ ❛ ❢♦r♠❛ q✉❡ ❢♦✐ ❝♦❧♦r✐❞♦ ♥♦s ♣❡r♠✐t❡ ❞✐③❡r q✉❡ ❢♦r❛♠ ♥❡❝❡ssár✐❛s q✉❛tr♦

❤♦r❛s ♣❛r❛ r❡❛❧✐③❛r ❛s t❛r❡❢❛s✱ ❝♦♠♦ ♠♦str❛ ♦ ◗✉❛❞r♦ ✸✳✷✱ ♠❛s ❛✐♥❞❛ ♥ã♦ s❛❜❡♠♦s s❡ ❡st❡

é ♦ ♠❡♥♦r t❡♠♣♦✳

◗✉❛❞r♦ ✸✳✷✿ ❉❛❞♦ ❝♦❧❡t❛❞♦s ♣❡❧❛ ❛♥❛❧✐s❡ ❞❛ ❝♦❧♦r❛çã♦ ❞❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❡ P❡t❡rs❡♥✳
❍♦rár✐♦ ❈♦r ❉✉♣❧❛s

✶ ❱❡r♠❡❧❤♦ ❆❋✱ ❈❉✱ ❊❏✱ ❇●
✷ Pr❡t♦ ❉■✱ ❇❈✱ ❋❍✱ ❏●
✸ ❆③✉❧ ❆❇✱ ❈❍✱ ❉❊✱ ■●
✹ ❆♠❛r❡❧♦ ❆❊✱ ❍❏✱ ■❋

❋♦♥t❡✿ ❉❛❞♦s ❡❧❛❜♦r❛❞♦s ♣❡❧♦ ❛✉t♦r ❞❡st❡ tr❛❜❛❧❤♦✳

P❛r❛ s❛❜❡r s❡ ❡ss❡ é r❡❛❧♠❡♥t❡ ♦ ♠❡♥♦r t❡♠♣♦ ♥❡❝❡ssár✐♦✱ ♣r❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r

q✉❛❧ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♣❛r❛ ✉♠❛ ❝♦❧♦r❛çã♦ ✈á❧✐❞❛ ❞♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦✳

❉❡✜♥✐çã♦ ✷✶✳ ❈❤❛♠❛♠♦s ❞❡ í♥❞✐❝❡ ❝r♦♠át✐❝♦ χ′(G) ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐♦

♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s✳

❊♥❝♦♥tr❛r ♦ í♥❞✐❝❡ ❝r♦♠át✐❝♦✱ ♥ã♦ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✳ ◆❛ ♣ró①✐♠❛ s❡çã♦✱ ❛♣r❡s❡♥✲

t❛r❡♠♦s ✉♠ t❡♦r❡♠❛ q✉❡ ❢♦r♥❡❝❡ ❧✐♠✐t❛♥t❡s ♣❛r❛ χ′(G)✳

✸✳✶ ❚❊❖❘❊▼❆ ❉❊ ❱■❩■◆●

❖ ❚❡♦r❡♠❛ ❞❡ ❱✐③✐♥❣ ✭❱■❩■◆●✱ ✶✾✻✹✮ ❢♦r♥❡❝❡ ♦s ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r ♣❛r❛

♦ í♥❞✐❝❡ ❝r♦♠át✐❝♦✳ ❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ t❡♦r❡♠❛✱ ♣r❡❝✐s❛♠♦s ❞❡ ❧❡♠❛s q✉❡ ❛✉①✐❧✐❛rã♦

❡♠ s✉❛ ❞❡♠♦♥str❛çã♦✱ ❛ q✉❛❧ é ❜❛s❡❛❞❛ ❡♠ ✭❙■▲❱❆✱ ✷✵✶✽✮✳

▲❡♠❛ ✸✳✷✳ ❯♠ ❣r❛❢♦ s✐♠♣❧❡s é 2−r❡❣✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡✉s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①♦s

sã♦ ❝✐❝❧♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❡♠ q✉❡ t♦❞♦s ♦s ❝♦♠♣♦♥❡♥t❡s sã♦ ❝✐❝❧♦s✳

❊♥tã♦✱ ♦s ❝♦♠♣♦♥❡♥t❡s sã♦ ❝♦♥❡①♦s ❡ r❡❣✉❧❛r❡s ❝♦♠ ✈ért✐❝❡s ❞❡ ❣r❛✉ ✷✳ P♦rt❛♥t♦✱ ♦ ❣r❛❢♦

G é 2−r❡❣✉❧❛r✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛G ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❡ 2−r❡❣✉❧❛r✳ ❈♦♥s✐❞❡r❡ ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r

❞❡ G✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r v1 ❡♠ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ G✱ ❝♦♠ k ✈ért✐❝❡s✱ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r Ck✳ ❊ss❡ ✈ért✐❝❡ t❡♠ ❣r❛✉ ✷✱ ❧♦❣♦ ♣♦ss✉✐ ❛♣❡♥❛s ❞♦✐s ✈✐③✐♥❤♦s✿ v2 ❡

v3✳ ❖s ✈ért✐❝❡s v2 ❡ v3✱ ♣♦r s✉❛ ✈❡③✱ t❛♠❜é♠ tê♠ ❣r❛✉ ✷ ❡✱ ♣♦rt❛♥t♦✱ ❛❧é♠ ❞❡ v1✱ sã♦

❛❞❥❛❝❡♥t❡s ❛ v4 ❡ v5✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ G é ✜♥✐t♦✱ ♦❜t❡♠♦s ✉♠ ❝❛♠✐♥❤♦ ❞❡ ✈ért✐❝❡s

❛té ♦s ✈ért✐❝❡s vk−1 ❡ vk✱ ❝♦♠ k ∈ N✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✹✾✳



✹✵

❋✐❣✉r❛ ✹✾✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❝❛♠✐♥❤♦ ❞♦s ✈ért✐❝❡s

v1

v2
v4

v5
v3

vk−3vk−1

vk−2
vk

...

...

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙♦❜r❡ ♦s ✈ért✐❝❡s vk−1 ❡ vk✱ ♣♦❞❡♠ ♦❝♦rr❡r ❞♦✐s ❝❛s♦s✿ s❡r❡♠ ❛❞❥❛❝❡♥t❡s ❡♥tr❡ ❡❧❡s

♦✉ ♥ã♦✳ ❙❡ ♦s ❞♦✐s ❢♦r❡♠ ❛❞❥❛❝❡♥t❡s✱ t❡r❡♠♦s ✉♠ ❝✐❝❧♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ vk s❡rá ❛❞❥❛❝❡♥t❡

❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ vi✱ ♣❛r❛ i = 2, 3, 4, ...k− 3 ❡ vk−1 s❡rá ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ vj✱

♣❛r❛ i = 2, 3, 4, ...k − 4, k − 2✳ ❆ss✐♠✱ ♦s ✈ért✐❝❡s vi ❡ vj t❡r✐❛♠ ❣r❛✉ ✸✱ ♦ q✉❡ ❝♦♥tr❛❞✐r✐❛

♦ ❢❛t♦ ❞❡ G s❡r 2−r❡❣✉❧❛r✳ P♦rt❛♥t♦✱ Ck é ✉♠ ❝✐❝❧♦ ❞❡ G✳

❙❡ G − Ck ❢♦r ✈❛③✐♦✱ ❡♥tã♦ G s❡rá ♦ ♣ró♣r✐♦ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦✳ ❈❛s♦ ❝♦♥trár✐♦✱

G − Ck s❡rá ✉♠ s✉❜❣r❛❢♦ 2−r❡❣✉❧❛r ❡ ✉s❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s ✉♠ ♦✉tr♦

❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ q✉❡ é ✉♠ ❝✐❝❧♦ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ♦s ❝♦♠♣♦♥❡♥t❡s

❝♦♥❡①♦s ❞❡ G sã♦ ❝✐❝❧♦s✳ �

P❛r❛ ♦s ♣ró①✐♠♦s ❧❡♠❛s✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r G ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❝♦♠ ✉♠❛ ❝♦❧♦r❛çã♦

✈á❧✐❞❛ q✉❡ ✉t✐❧✐③❛ ❛s ❝♦r❡s c0 ❛té ck✱ ♣❛r❛ k ∈ N✳ ❉❡✜♥✐♠♦s q✉❡ ❛ ❝♦r ci ❡stá ❞✐s♣♦♥í✈❡❧

❡♠ ✉♠ ✈ért✐❝❡ v ❞❡ G✱ s❡ ❡ss❛ ❝♦r ♥ã♦ ❢♦✐ ✉s❛❞❛ ♣❛r❛ ❝♦❧♦r✐r ❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❛ v✳

❉❡♥♦t❛r❡♠♦s ♣♦r Di ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝♦r❡s ❞✐s♣♦♥í✈❡✐s ♥♦ ✈ért✐❝❡ vi ❡ Ei ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞❛s ❛s ❛r❡st❛s ❞❡ G ❝♦❧♦r✐❞❛s ❝♦♠ ❛ ❝♦r ci✱ ❝♦♠ i = 1, 2, 3, ..., k✳

▲❡♠❛ ✸✳✸✳ ❙❡❥❛ H = G[Ei∪Ej]✳ ❊♥tã♦✱ ♦s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①♦s ❞❡ H ♦✉ sã♦ ❝❛♠✐♥❤♦s✱

♦✉ ❡♥tã♦ ❝✐❝❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣❛r✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ ∆(H) ≤ 2✱ ♣♦✐s ❞♦ ❝♦♥trár✐♦ ❤❛✈❡r✐❛ ♠❛✐s ❞❡ ✷ ❛r❡st❛s ✐♥❝✐✲

❞❡♥t❡s ❡♠ ✉♠ ♠❡s♠♦ ✈ért✐❝❡✱ r❡❝❡❜❡♥❞♦ ✉♠❛ ♠❡s♠❛ ❝♦r ✭♣♦r ❤❛✈❡r ❛♣❡♥❛s ❞✉❛s ❝♦r❡s✮✱

❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❛ ❝♦❧♦r❛çã♦ ✐♥✐❝✐❛❧ ❞❡ G s❡r ✈á❧✐❞❛✳

❈♦♠♦ ∆(H) ≤ 2✱ s✉♣♦♥❤❛ q✉❡ ❡♠ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ H t♦❞♦s ♦s ✈ért✐❝❡s

t❡♠ ❣r❛✉ ❞♦✐s✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷ ♦ ❝♦♠♣♦♥❡♥t❡ é ✉♠ ❝✐❝❧♦✱ ♣♦❞❡♥❞♦ s❡r ❞❡ ❝♦♠♣r✐✲

♠❡♥t♦ í♠♣❛r ♦✉ ♣❛r✳ ❙❡ ❢♦ss❡ í♠♣❛r ✭✈❡r ❋✐❣✉r❛ ✺✵✮✱ t❡r✐❛ ✉♠ ✈ért✐❝❡ ❝♦♠ ❞✉❛s ❛r❡st❛s

✐♥❝✐❞❡♥t❡s ❞❛ ♠❡s♠❛ ❝♦r✳ ▲♦❣♦✱ é ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣❛r✳

❋✐❣✉r❛ ✺✵✿ ❈✐❝❧♦ í♠♣❛r
ci ci

cj

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳



✹✶

❙❡ ❡♠ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ H t♦❞♦s ♦s ✈ért✐❝❡s t❡♠ ❣r❛✉ ✉♠✱ ♦ ❝♦♠♣♦♥❡♥t❡

é ❛♣❡♥❛s ✉♠❛ ❛r❡st❛ ❧✐❣❛♥❞♦ ❞♦✐s ✈ért✐❝❡s✱ ❞✐❣❛♠♦s v1 ❡ v2✳ ▲♦❣♦✱ ♦ ❝♦♠♣♦♥❡♥t❡ é ✉♠

❝❛♠✐♥❤♦ ❝♦♠ ✉♠❛ ❛r❡st❛✳

❙❡ ❡♠ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❤á ✈ért✐❝❡s ❞❡ ❣r❛✉ ✉♠ ❡ ❞♦✐s✱ s✉♣♦♥❤❛♠♦s v1 ♦

✈ért✐❝❡ ❞❡ ❣r❛✉ ✉♠✱ q✉❡ é ❛❞❥❛❝❡♥t❡ ❛♦ ♦✉tr♦ ✈ért✐❝❡ v2 ❞❡ ❣r❛✉ ❞♦✐s✱ ❡ss❡ é ❛❞❥❛❝❡♥t❡ ❛

✉♠ ♦✉tr♦ ✈ért✐❝❡✱ ❞✐❣❛♠♦s v3✳ ❙❡ v3 t❡♠ ❣r❛✉ ✉♠✱ t❡♠♦s ✉♠ ❝❛♠✐♥❤♦ ❝♦♠ ♦s ❡①tr❡♠♦s

v1 ❡ v3✳ ❙❡ d(v3) = 2✱ v3 é ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ v4✱ ♣♦❞❡♥❞♦ ❡ss❡ s❡r ❞❡ ❣r❛✉

✉♠ ♦✉ ❞♦✐s✳ P❡♥s❛♥❞♦ ♥❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦ ✈ért✐❝❡ v3✱ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛

❞❡ ✈ért✐❝❡s✱ ❛té ♦ ✈ért✐❝❡ vk✳ P♦r s✉❛ ✈❡③✱ ♦ ✈ért✐❝❡ vk ♣♦❞❡ t❡r ❣r❛✉ ✉♠ ♦✉ ❞♦✐s✳ ❙❡

d(vk) = 2✱ vk é ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ♦✉tr♦ ✈ért✐❝❡ vi✱ ♣❛r❛ i = 2, ..k− 2✱ ❛ss✐♠ vi ♣❛ss❛r✐❛ ❛ t❡r

❣r❛✉ ✸✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❙❡❣✉❡ q✉❡ ♦ ❣r❛✉ ❞❡ vk é ✉♠✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s ✉♠ ❝❛♠✐♥❤♦

❡♠ q✉❡ ♦s ✈ért✐❝❡s ❞♦s ❡①tr❡♠♦s sã♦ v1 ❡ vk ❞❡ ❣r❛✉ ✉♠ ❡ ♦s ❞❡♠❛✐s ❣r❛✉ ✷✱ ❝♦♠♦ ♠♦str❛

❛ ❋✐❣✉r❛ ✺✶✳ �

❋✐❣✉r❛ ✺✶✿ ❈♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ H✳

v1 v2

v3

v4
v5

v6
v7

cj
ci

cj
... ci

cj

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

▲❡♠❛ ✸✳✹✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ❝♦❧♦r❛çã♦ ✈á❧✐❞❛ ♣❛r❛ G ❝♦♠ ❝♦r❡s

c0, . . . , ck✳ ❙❡❥❛♠ ♦s ✈ért✐❝❡s v0✱ vi ❡ vk ❞❡ H = G[E0 ∪Ek]✱ t❛✐s q✉❡✱ vi ❡ vk sã♦ ✈✐③✐♥❤♦s

❞❡ v0✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ✈ért✐❝❡ vk t❡♠ ❞✐s♣♦♥í✈❡❧ ❛ ❝♦r ck ❡ ♦s ✈ért✐❝❡s vi ❡ vk ♥ã♦ t❡♠ ❛

❝♦r c0 ❞✐s♣♦♥í✈❡❧✳ ❊♥tã♦✱ ♦s ✈ért✐❝❡s ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ H✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ♦s ✈ért✐❝❡s v0✱ vi ❡ vk ❡stã♦ ♥♦ ♠❡s♠♦ ❝♦♠♣♦♥❡♥t❡✳ P♦r

❤✐♣ót❡s❡ c0 ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦s ✈ért✐❝❡s vk ❡ vi✱ ❡ t❛♠❜é♠ ❛ ❝♦r ck ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠

vk ❡ vi✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✺✷✳

❋✐❣✉r❛ ✺✷✿ ❈♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ ❞❡ H✳

v0

vi

vk ck ∈ Dk

ck ∈ Di

c0

c0

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

P❡❧♦ ▲❡♠❛ ✸✳✸ ♦ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ só ♣♦❞❡ s❡r ✉♠ ❝❛♠✐♥❤♦✱ ♦✉ ✉♠ ❝✐❝❧♦ ❞❡

❝♦♠♣r✐♠❡♥t♦ ♣❛r✳ ❆♠❜♦s ♦s ❝❛s♦s t❡♠ ✉♠ ❝❛♠✐♥❤♦ q✉❡ ♣❛ss❛ ♣❡❧♦s ✈ért✐❝❡ v0✱ vi ❡ vk✱
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❡♠ q✉❡ ❛s ❝♦r❡s ❞❛s ❛r❡st❛s ✜❝❛♠ ❛❧t❡r♥❛♥❞♦ ❡♥tr❡ c0 ❡ ck ✭♣♦✐s ❛ss✉♠✐♠♦s ✉♠❛ ❝♦❧♦r❛çã♦

✈á❧✐❞❛ ♣❛r❛ G✮✳ ❖ ✈ért✐❝❡ vk t❡♠ ❛ ❝♦r ck ❞✐s♣♦♥í✈❡❧✱ ❧♦❣♦ ❛ ❛r❡st❛ {vk, v0} t❡♠ q✉❡ s❡r

❝♦❧♦r✐❞❛ ♣❡❧❛ ❝♦r ck ✭✈❡r ❛ ❋✐❣✉r❛ ✺✷✮✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ ❛ ❛r❡st❛ {vi, v0} ❞❡✈❡ s❡r c0✱ ♠❛s

✐ss♦ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s c0 ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ ✈ért✐❝❡ vi✳ ■ss♦ ❝♦♥tr❛❞✐③ ❛ ❝♦❧♦r❛çã♦

✈á❧✐❞❛ ♣❛r❛ G✳ P♦rt❛♥t♦✱ ♦s ✈ért✐❝❡s v0✱ vi ❡ vk ♥ã♦ ❡stã♦ ♥♦ ♠❡s♠♦ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦

❞❡ H✳ �

❚❡♦r❡♠❛ ✸✳✺✳ ✭❱✐③✐♥❣✮ P❛r❛ q✉❛❧q✉❡r ❣r❛❢♦ G s✐♠♣❧❡s✱ t❡♠✲s❡ q✉❡

∆(G) ≤ χ′(G) ≤ ∆(G) + 1.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r ❛ ✈❛❧✐❞❛❞❡ ❞❡ ∆(G) ≤ χ′(G)✱ ❜❛st❛ ♥♦t❛r q✉❡ ❡①✐st❡ ✉♠

✈ért✐❝❡ v ∈ V (G)✱ t❛❧ q✉❡ d(v) = ∆(G)✳ ❊♥tã♦ ❡ss❡ ✈ért✐❝❡ ♣r❡❝✐s❛ ❞❡ ∆(G) ❝♦r❡s ♣❛r❛

❝♦❧♦r✐r ❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s ❛ ❡❧❡✳ ▲♦❣♦✱ G ♥ã♦ ❛❞♠✐t❡ ✉♠❛ ❝♦❧♦r❛çã♦ ✈á❧✐❞❛ ❝♦♠ ♠❡♥♦s

q✉❡ ∆(G) ❝♦r❡s✳

❆❣♦r❛✱ ♣❛r❛ ♣r♦✈❛r χ′(G) ≤ ∆(G) + 1 ✈❛♠♦s s✉♣♦r ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ G✱

t❛❧ q✉❡ χ′(G) > ∆(G) + 1✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛ G ♠✐♥✐♠❛❧✱ ✐st♦ é✱ ❛♦

r❡♠♦✈❡r ✉♠❛ ❛r❡st❛ e = {v0, v1} ❞❡ G t❡♠♦s q✉❡ χ′(G− e) ≤ ∆(G− e) + 1✳ ❆♥❛❧✐s❛♥❞♦

❡ss❛ ✐♥❡q✉❛çã♦✱ t❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ❛✿ ❙❡ χ′(G− e) < ∆(G− e) + 1✳

◆❡ss❡ ❝❛s♦✱ ♦❜s❡r✈❡ q✉❡ ❛♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r t❡♠♦s∆(G−e) ≤ χ′(G−e) ≤

∆(G− e)✳ ▲♦❣♦✱ χ′(G− e) = ∆(G− e)✳ ❆ss✐♠✱ s❡ r❡t♦r♥❛r♠♦s ❛ ❛r❡st❛ e ❝♦♠ ✉♠❛ ♥♦✈❛

❝♦r✱ t❡♠♦s✿

χ′(G) = χ′(G− e) + 1 = ∆(G− e) + 1 ≤ ∆(G) + 1,

❡♠ q✉❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ ❞❡ G s❡r ♠✐♥✐♠❛❧✳

■ss♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ G s❡r ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ♠✐♥✐♠❛❧✳

❈❛s♦ ❜✿ ❙❡ χ′(G− e) = ∆(G− e) + 1✳

❚❡♠♦s ❛q✉✐ ❞♦✐s s✉❜❝❛s♦s✳

b1✳ ∆(G− e) = ∆(G)− 1✳

❈♦♠♦✱ χ′(G − e) = ∆(G − e) + 1 =b1 ∆(G) − 1 + 1 = ∆(G)✱ s♦❜r❛ ✉♠❛ ♥♦✈❛ ❝♦r

♣❛r❛ ❝♦❧♦r✐r ❛ ❛r❡st❛ e✱ ❡ r❡t♦r♥❛♥❞♦ ❡❧❛ ❝♦♠ ✉♠❛ ♥♦✈❛ ❝♦r✱ t❡♠♦s✿

χ′(G) = χ′(G− e) + 1 = ∆(G) + 1

❈♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❡ χ′(G) > ∆(G) + 1✳

b2✳ ∆(G− e) = ∆(G)

◆❡st❡ ❝❛s♦✱ χ′(G − e) = ∆(G − e) + 1 = ∆(G) + 1✳ ❉❡ss❛s ✐❣✉❛❧❞❛❞❡s t❡♠♦s q✉❡
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t♦❞♦ ✈ért✐❝❡ ❞❡ G− e t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❝♦r ❞✐s♣♦♥í✈❡❧✳

❙❡❥❛ G′ ♦ s✉❜❣r❛❢♦ ❞❡ G ❢♦r♠❛❞♦ ♣♦r v0 ❡ s❡✉s k ✈✐③✐♥❤♦s✱ ❝♦♠ ci ❛ ❝♦r ❞✐s♣♦♥í✈❡❧ ❛♦

✈ért✐❝❡ vi✱ ♣❛r❛ i = 0, 1, 2, ..., k ❡♠ q✉❡ k ∈ N✱ k ≤ dG(v0)✱ ci ❛ ❝♦r ❞❛s ❛r❡st❛s {v0, vi+1}✱

♣❛r❛ i = 1, 2, ..., k − 1 ❡ ❝♦♥s✐❞❡r❡ t❛♠❜é♠ Di ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦r❡s ❞✐s♣♦♥í✈❡✐s ♥♦ ✈ért✐❝❡

vi✳

❋✐❣✉r❛ ✺✸✿ ❙✉❜❣r❛❢♦ G′✳

v0
v1

v2

v3

vi

vk

c2
c1

c0 ∈ D0

c1 ∈ D1

c2 ∈ D2

c3 ∈ D3

ci ∈ Di

ck ∈ Dk

ci−1
......

ck−1

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊ss❛ ❝♦♥str✉çã♦ ❞❡ G′✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✺✸✱ t❡r♠✐♥❛ q✉❛♥❞♦✿

b2.1 : ck = c0 ✭❝♦r ❞✐s♣♦♥í✈❡❧ ♣❛r❛ v0✮✳

b2.2 : ci ∈ Dk ♣❛r❛ ❛❧❣✉♠ i = 1, 2, ..., k − 2✳

b2.2.1 : c0 ∈ Dk✳

b2.2.2 : c0 ∈ Di✳

b2.2.3 : c0 /∈ Dk❀ c0 /∈ Di✳

❈❛s♦ b2.1 : ❝♦♠ ck ∈ D0 ❡ ck ∈ Dk✱ ♣♦❞❡♠♦s r❡♦r❣❛♥✐③❛r ❛s ❝♦r❡s ❞❛s ❛r❡st❛s ❞♦

s✉❜❣r❛❢♦ G′ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✭✈❡r ❋✐❣✉r❛ ✺✹✮✱ ❛ ❛r❡st❛ {vk, v0} ❝♦♠ ❛ ❝♦r ck ❡ ❛s ❞❡♠❛✐s

❛r❡st❛s {vi, v0} ❝♦♠ ❛ ❝♦r ci✱ ♣❛r❛ i = 1, 2, ..., k − 1✳ ❈♦♠ ❡ss❛ ❝♦♥str✉çã♦ ❡♥❝♦♥tr❛♠♦s

∆(G) + 1 ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r G q✉❡ ❝♦♥tr❛r✐❛ ❛ ❤✐♣ót❡s❡ ❞❡ χ′(G) > ∆(G) + 1✳

❋✐❣✉r❛ ✺✹✿ ❙✉❜❣r❛❢♦ G′ ❝♦♠ ❛ ❝♦r ck ♥❛ ❛r❡st❛ {vk, v0}✳

v0
v1

v2

v3
v4

vk

c3
c2

c1

c4
...

ck

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳
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◆♦ ❝❛s♦ b2.2.1 : ❝♦♠ c0 ∈ Dk ❡ c0 ∈ D0✱ ♣♦❞❡♠♦s r❡♦r❣❛♥✐③❛r ❛s ❝♦r❡s ❞❛s ❛r❡st❛s

❞♦ s✉❜❣r❛❢♦ G′ ❡♠ q✉❡ ❛ ❛r❡st❛ {vk, v0} ♣♦❞❡ s❡r ❝♦❧♦r✐❞❛ ❝♦♠ ❛ ❝♦r c0 ✭✈❡r ❋✐❣✉r❛ ✺✺✮✱ ❡

❛s ❞❡♠❛✐s ❛r❡st❛s {vi, v0} ❝♦♠ ❛ ❝♦r ci✱ ♣❛r❛ i = 1, 2, ..., k − 1✳ ◆♦✈❛♠❡♥t❡ ❝♦♥tr❛❞✐③❡♥❞♦

❛ ❤✐♣ót❡s❡ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✺✺✿ ❙✉❜❣r❛❢♦ G′ ❝♦♠ ❛ ❝♦r c0 ♥❛ ❛r❡st❛ {vk, v0}✳

v0
v1

v2

v3
v4

vk

c3
c2

c1

c4
...

c0

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

◆♦ ❝❛s♦ b2.2.2 : s❡ c0 ∈ Di✱ ♣♦❞❡♠♦s r❡❝♦❧♦r✐r ♦ s✉❜❣r❛❢♦ G′ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱ ❛

❛r❡st❛ {vi, v0} ❝♦♠ ❛ ❝♦r c0 ❡ ❛s ❛r❡st❛s {vj, v0} ❝♦♠ ❛ ❝♦r cj✱ ♣❛r❛ j = 1, 2, ..., i− 1 ❡ ❛s

❞❡♠❛✐s ❛r❡st❛s ♠❛♥té♠ ❛s ❝♦r❡s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✺✻✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s t❛♠❜é♠

∆(G) + 1 ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r G✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✺✻✿ ❙✉❜❣r❛❢♦ G′ ❝♦♠ ✉♠❛ ♥♦✈❛ ♦r❞❡♠ ❞❡ ❝♦❧♦r❛çã♦✳

v0
v1

v2

v3

vi
vj

vk

c3
c2

c1

...
cj
...

c0
...

ck−1

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

◆♦ ❝❛s♦ b2.2.3 : s❡ ci ∈ Dk✱ c0 /∈ Dk ❡ c0 /∈ Di ❝♦♥s✐❞❡r❡ ✉♠ s✉❜❣r❛❢♦H = G[E0∪Ek]

✐♥❞✉③✐❞♦ ♣♦r t♦❞❛s ❛r❡st❛s ❞❡ G − e q✉❡ ❡stã♦ ❝♦♠ ❛s ❝♦r❡s c0 ❡ ck✳ P❡❧♦ ▲❡♠❛ ✸✳✸✱

❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①♦s ❞❡ H sã♦ ❝❛♠✐♥❤♦s ♦✉ ❝✐❝❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣❛r ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✹

♦s ✈ért✐❝❡s v0✱ vi ❡ vk ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦✳ ❆ss✐♠✱ ❞❡✈❡♠♦s

r❡❝♦❧♦r✐r ♦ s✉❜❣r❛❢♦ H✱ ❡s❝♦❧❤❡♥❞♦ ✉♠ ❞♦s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①♦s ❞❡ H q✉❡ t❡♠ ✉♠ ❞♦s

✈ért✐❝❡s v0✱ vi ❡ vk ❡ tr♦❝❛♥❞♦ ❛s ❝♦r❡s ❞❛s ❛r❡st❛s ❡♥tr❡ c0 ❡ ck ❞♦ ❝♦♠♣♦♥❡♥t❡ ❡s❝♦❧❤✐❞♦✱

✐st♦ é✱ ❛ ❛r❡st❛ ❝♦♠ ❛ ❝♦r c0 ♣❛ss❛ ❛ s❡r ck ❡ ✈✐❝❡✲✈❡rs❛✳

❙✉♣♦♥❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ♦ ❝❛♠✐♥❤♦ ❡s❝♦❧❤✐❞♦ ♣❛ss❛ ♣❡❧♦ ✈ért✐❝❡

v0 ❡ ❡♠ s❡❣✉✐❞❛ tr♦❝❛♥❞♦ ❛s ❝♦r❡s✱ ❛ ❝♦r c0 ♣❛ss❛rá ❛ ❡st❛r ❞✐s♣♦♥í✈❡❧ ♥♦ ✈ért✐❝❡ v0 ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ ❝♦r ck ✜❝❛ ❞✐s♣♦♥í✈❡❧ ♥♦ ✈ért✐❝❡ vk✳ ▲♦❣♦✱ ❛ ❛r❡st❛ {vi, v0} ♣♦❞❡ s❡r

❝♦❧♦r✐❞❛ ♣❡❧❛ ❝♦r ci✱ ♣❛r❛ i = 1, 2, 3, ..., k✱ ♦❜t❡♥❞♦ ✉♠❛ (∆(G) + 1)✲❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s
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❞❡ G✱ ❝♦♥tr❛r✐❛♥❞♦ ❛ ❤✐♣ót❡s❡✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ♣❛r❛ ♦s ❝❛s♦s q✉❡ ♦ ❝❛♠✐♥❤♦ ❡s❝♦❧❤✐❞♦

♣❛ss❡ ♣♦r vi ♦✉ ♣♦r vk✳ �

❖ ❚❡♦r❡♠❛ ❞❡ ❱✐③✐♥❣ ♠♦str❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ❣r❛❢♦ s✐♠♣❧❡s ♦✉ χ′(G) = ∆(G)

♦✉ χ′(G) = ∆(G) + 1✳ ❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r✱ ❡①❡♠♣❧♦s ❞❡st❡s ❞♦✐s ❝❛s♦s✳

❙❡ G ❢♦r ✉♠ ❝❛♠✐♥❤♦✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✺✼✱ ❡♠ q✉❡ ∆(G) = 2 ❡ χ′(G) = 2✳

▲❡♠❜r❛♥❞♦ q✉❡ ♦s ♥ú♠❡r♦s r❡♣r❡s❡♥t❛♠ ❛s ❝♦r❡s✳

❋✐❣✉r❛ ✺✼✿ ●r❛❢♦ G✱ ∆(G) = χ′(G)✳

❛

❜
❝

✈

❞

❡
1 2 1 2 1

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❱♦❧t❛♥❞♦ ❛♦ ❊①❡♠♣❧♦ ✸✳✶ ❞♦ ❣r❛❢♦ ❞❡ P❡t❡rs❡♥✱ ❢♦r❛♠ ✉s❛❞❛s ✹ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r

♦ ❣r❛❢♦ P ❡ ❝♦♥❝❧✉í♠♦s q✉❡ s❡r✐❛♠ ♥❡❝❡ssár✐❛s q✉❛tr♦ ❤♦r❛s ♣❛r❛ ❝✉♠♣r✐r ❛s t❛r❡❢❛s✳

P❡❧❛ ❉❡✜♥✐çã♦ ✷✶ ♦ t❡♠♣♦ ♠í♥✐♠♦ é ❞❛❞♦ ♣♦r χ′(P ) ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺ t❡♠♦s q✉❡

3 ≤ χ′(P ) ≤ 4✳

❙✉♣♦♥❤❛ q✉❡ ♦ t❡♠♣♦ ♠í♥✐♠♦ é ✸✱ ✐st♦ é✱ ♦ ❣r❛❢♦ P ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ✸ ❝♦r❡s✳

❖❜s❡r✈❡ q✉❡ ♦ ❣r❛❢♦ P t❡♠ ❞♦✐s ❝✐❝❧♦s C5 ❡①t❡r♥♦ ❡ ✐♥t❡r♥♦✳ ❙❡❥❛ {u, v} ✉♠❛ ❛r❡st❛ ❞♦

❝✐❝❧♦ ❡①t❡r♥♦✱ ❝♦♠ ❛ ❝♦r ci ♣❛r❛ i ∈ {1, 2, 3}✳ ❙❡❥❛♠ q ❡ p ♦s ✈ért✐❝❡s ❞♦ ❝✐❝❧♦ ✐♥t❡r♥♦

❛❞❥❛❝❡♥t❡s ❛♦s ✈ért✐❝❡s u ❡ v r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭ ✈❡❥❛ ❋✐❣✉r❛ ✺✽✮✳ ❆s ❛r❡st❛s {u, q} ❡ {v, p}

♥ã♦ ♣♦❞❡♠ s❡r ❝♦❧♦r✐❞❛s ❝♦♠ ❛ ❝♦r ci✳ ❆ss✐♠✱ ❛ ❝♦r ci ✈❛✐ ♣❡rt❡♥❝❡r ❛s ❛r❡st❛s ✐♥❝✐❞❡♥t❡s

❛♦s ✈ért✐❝❡s q ❡ p ❞♦ ❝✐❝❧♦ ✐♥t❡r♥♦ ❞♦ ❣r❛❢♦ P ✳

❋✐❣✉r❛ ✺✽✿ ●r❛❢♦ P ❝♦♠ ♦s ✈ért✐❝❡ u, v, q ❡ p✳

v

u

p

q

c3c1 c2

c3 c1 c2

c1

c3
c4
c2

c3

c1

c2

c4

c1

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈♦♠♦ {q, p} ♥ã♦ é ✉♠❛ ❛r❡st❛ ❞♦ ❣r❛❢♦ P ✱ ❡♥tã♦ ♦ ❝✐❝❧♦ ✐♥t❡r♥♦ t❡♠ ❞✉❛s ❛r❡st❛s

❞✐st✐♥t❛s ❝♦♠ ❛ ❝♦r ci❀ ✉♠❛ ❡♠ r❡❧❛çã♦ ❛♦ ✈ért✐❝❡ q ❡ ❛ ♦✉tr❛ ♥♦ ✈ért✐❝❡ p✳ P♦ré♠✱ ♦

❝✐❝❧♦ ❡①t❡r♥♦ t❡♠ três ❝♦r❡s✱ ♣♦✐s é ✉♠ ❝✐❝❧♦ ❞❡ ♦r❞❡♠ í♠♣❛r✳ ❉✐ss♦ t❡♠♦s q✉❡ ❝❛❞❛ ✉♠❛
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❞❡ss❛s três ❝♦r❡s sã♦ ✉s❛❞❛s ❞✉❛s ✈❡③❡s ♥♦ ❝✐❝❧♦ ✐♥t❡r♥♦✱ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ♦

❝✐❝❧♦ ✐♥t❡r♥♦ t❡♠ ✺ ❛r❡st❛s ✭◆❆❙❊❘❆❙❘❀ ➆❑❘❊❑❖❱❙❑■✱ ✷✵✵✸✮✳ ▲♦❣♦ ♦ χ′(P ) = 4✱ ♣♦✐s ♥ã♦

❝♦♥s❡❣✉✐♠♦s ❝♦❧♦r✐r ♦ ❣r❛❢♦ P ❝♦♠ ❛♣❡♥❛s ✸ ❝♦r❡s✳

✸✳✷ ❊❳❊▼P▲❖❙ ❊◆❱❖▲❱❊◆❉❖ ❈❖▲❖❘❆➬➹❖ ❉❊ ❆❘❊❙❚❆❙

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❞♦✐s ♣r♦❜❧❡♠❛s q✉❡ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ♣❡❧♦s ❝♦♥✲

❝❡✐t♦s ❞❡ ❝♦❧♦r❛çã♦ ❛r❡st❛s✳

❊①❡♠♣❧♦ ✸✳✻✳ ❙✉♣♦♥❤❛ q✉❡ ✹ ♣r♦❢❡ss♦r❡s P1, P2, P3, P4 ✐rã♦ ❡♥tr❡✈✐st❛r ✺ ❡st✉❞❛♥t❡s

A1, A2, A3, A4, A5 ❞❡ ♠♦❞♦ ❛ ❝❛❞❛ ♣r♦❢❡ss♦r ❡♥tr❡✈✐st❛r ✉♠ ❛❧✉♥♦ ❡ q✉❡ ❝❛❞❛ ❛❧✉♥♦

♥ã♦ ♣♦❞❡ s❡r ❡♥tr❡✈✐st❛❞♦ ♣♦r ❞♦✐s ♦✉ ♠❛✐s ♣r♦❢❡ss♦r❡s ❛♦ ♠❡s♠♦ t❡♠♣♦✷✳ ❖ ◗✉❛❞r♦ ✸✳✸

♠♦str❛ q✉❛✐s sã♦ ♦s ❛❧✉♥♦s q✉❡ ♦s ♣r♦❢❡ss♦r❡s ✐rã♦ ❡♥tr❡✈✐st❛r✳

❙✉♣♦♥❞♦ q✉❡ ❝❛❞❛ ❡♥tr❡✈✐st❛ ❧❡✈❛ ✉♠❛ ❤♦r❛✱ q✉❛❧ ♦ ♠❡♥♦r t❡♠♣♦ q✉❡ ♦s ♣r♦❢❡ss♦r❡s

❧❡✈❛♠ ♣❛r❛ ❢❛③❡r t♦❞❛s ❛s ❡♥tr❡✈✐st❛s❄

◗✉❛❞r♦ ✸✳✸✿ ❆♣r❡s❡♥t❛ ♦s ❛❧✉♥♦s ✭❆✮ q✉❡ s❡rã♦ ❡♥tr❡✈✐st❛❞♦s ♣❡❧♦s ♣r♦❢❡ss♦r❡s ✭P✮✳
Pr♦❢❡ss♦r❡s ❆❧✉♥♦s

P1 A1✱ A3✱ A4

P2 A1✱ A2✱ A4

P3 A2✱ A3✱ A5

P4 A4✱ A5

❋♦♥t❡✿ ❉❛❞♦s ❡❧❛❜♦r❛❞♦s ♣❡❧♦ ❛✉t♦r ❞❡st❡ tr❛❜❛❧❤♦✳

P❛r❛ r❡s♣♦♥❞❡r ❛ ♣❡r❣✉♥t❛ ✈❛♠♦s r❡❡s❝r❡✈❡r ♦ ◗✉❛❞r♦ ✸✳✸ ♥❛ ❢♦r♠❛ ❞❡ ✉♠ ❣r❛❢♦

❜✐♣❛rt✐❞♦ ❝♦♠ ❛s ❛r❡st❛s ❝♦❧♦r✐❞❛s ❡ ❝❛❞❛ ❝♦r ❝♦rr❡s♣♦♥❞❡rá ❛ ✉♠ ❤♦rár✐♦✳ P♦rt❛♥t♦✱ ♣❛r❛

❡♥❝♦♥tr❛r ♦ ♠❡♥♦r t❡♠♣♦ ♣❛r❛ ❛s ❡♥tr❡✈✐st❛s✱ ❜❛st❛ ❡♥❝♦♥tr❛r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s

♣❛r❛ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✺✾✱ ✐st♦ é✱ χ′✳

❋✐❣✉r❛ ✺✾✿ ●r❛❢♦ G ❞♦s ❞❛❞♦s ❞♦ ◗✉❛❞r♦ ✸✳✸

P1

P2

P3

P4

A1

A2

A3

A4

A5

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✷Pr♦❜❧❡♠❛ ❛❞❛♣t❛❞❛❞♦ ❞❡ ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮✳



✹✼

❆ ❋✐❣✉r❛ ✺✾ ♠♦str❛ ♦ ❣r❛❢♦ G ♠♦♥t❛❞♦ ❝♦♠ ♦s ❞❛❞♦s ❞❛s ❡♥tr❡✈✐st❛s ❝♦♥❢♦r♠❡

♦ ◗✉❛❞r♦ ✸✳✸✱ ✉s❛♥❞♦ ✸ ❝♦r❡s✳ ◆❡st❡ ❝❛s♦✱ ❝♦♠♦ ❛s ❝♦r❡s r❡♣r❡s❡♥t❛♠ ❛s ❤♦r❛s✱ ❡♥tã♦

s❡rá ♥❡❝❡ssár✐♦ ♣❡❧♦ ♠❡♥♦s três ❤♦r❛s ♣❛r❛ ❢❛③❡r ❛s ❡♥tr❡✈✐st❛s✳ ❖ ♠❡♥♦r t❡♠♣♦ ♣❛r❛

❡♥tr❡✈✐st❛r t♦❞♦s é χ′(G)✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✱ t❡♠♦s 3 ≤ χ′(G) ≤ 4✳ ❈♦♠♦ ♦ ❣r❛❢♦ G ❢♦✐

❝♦❧♦r✐❞♦ ❝♦♠ três ❝♦r❡s✱ s❡❣✉❡ q✉❡ χ′(G) = 3✳

❊①❡♠♣❧♦ ✸✳✼✳ ❯♠ ❣r✉♣♦ ❞❡ q✉❛tr♦ ❡s❝♦t❡✐r♦s ❢❛③ ✉♠ tr❛❜❛❧❤♦ ❝♦♠✉♥✐tár✐♦ ❡♠ ✈✐s✐t❛r

❢❛♠í❧✐❛s ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❜❛✐rr♦ ❡♠ ❞✉♣❧❛s✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❝❛❞❛ ❞✐❛ ❢♦r♠❛♠✲s❡ ♥♦✈❛s

❞✉♣❧❛s✳ ◗✉❛♥t♦s ❞✐❛s s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ q✉❡ ❝❛❞❛ ❡s❝♦t❡✐r♦ t❡♥❤❛ ❢♦r♠❛❞♦ ❞✉♣❧❛ ❝♦♠

t♦❞♦s ♦s ♦✉tr♦s❄

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♥❡ss❡ ❡①❡♠♣❧♦ ✉♠ ❣r❛❢♦ G ❡♠ q✉❡ ♦s ✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ♦s

❡s❝♦t❡✐r♦s A,B,C ❡ D ❡ ❛s ❛r❡st❛s ❛s ❞✉♣❧❛s✳ ❈♦♠♦ ❝❛❞❛ ❡s❝♦t❡✐r♦ ❢❛rá ❞✉♣❧❛ ❝♦♠ t♦❞♦s✱

t❡r❡♠♦s ✉♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✻✵✳

❋✐❣✉r❛ ✻✵✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛s ❞✉♣❧❛s ♥♦ ❣r❛❢♦ G✳

A

B C

D

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

P❛r❛ r❡s♣♦♥❞❡r ❡ss❡ ❡①❡♠♣❧♦✱ ✈❛♠♦s ❝♦❧♦r✐r ❛s ❛r❡st❛s✱ ❝♦♠♦ ❛ ❋✐❣✉r❛ ✻✶✱ ❡♠ q✉❡

❛s ❝♦r❡s 1, 2 ❡ 3 r❡♣r❡s❡♥t❛r❛♠ ♦s ❞✐❛s✳ ◆❡st❡ ❝❛s♦✱ ♦❜s❡r✈❡ q✉❡ ♥ã♦ ♣♦❞❡ ❡①✐st✐r ✉♠ ✈ért✐❝❡

❝♦♠ ❛r❡st❛s ❞❡ ♠❡s♠❛ ❝♦r✱ ♣♦✐s✱ ♥ã♦ t❡♠ ❝♦♠♦ ✉♠ ❡s❝♦t❡✐r♦ ❢❛③❡r ✉♠❛ ❞✉♣❧❛ ❛♦ ♠❡s♠♦

t❡♠♣♦ ❝♦♠ q✉❛❧q✉❡r ✉♠ ❞♦s ♦✉tr♦s ❡s❝♦t❡✐r♦s✳

❋✐❣✉r❛ ✻✶✿ ❈♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❞♦ ❣r❛❢♦ G✳

A

B C

D

1 1

2

2

3

3

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆ ❋✐❣✉r❛ ✻✶ ♠♦str❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ G ✉t✐❧✐③❛♥❞♦ três

❝♦r❡s✳ ❈♦♠♦ ∆(G) = 3 ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✱ t❡♠♦s q✉❡ 3 ≤ χ′(G) ≤ 4✳ P♦rt❛♥t♦✱ s❡rã♦

♥❡❝❡ssár✐♦s três ❞✐❛s✱ ❡♠ q✉❡ ♥♦ ♣r✐♠❡✐r♦ ❞✐❛ ❛s ❞✉♣❧❛s s❡rã♦ AB ❡ CD✱ s❡❣✉♥❞♦ ❞✐❛ AD

❡ BC ❡ t❡r❝❡✐r♦ ❞✐❛ AC ❡ BD✳



✹✽



✹✾

✹ ❈❖▲❖❘❆➬➹❖ ❉❊ ❱➱❘❚■❈❊❙

❖ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ❡♠ ✉♠ ❣r❛❢♦ s✐♠♣❧❡s ❝♦♥s✐st❡ ❡♠ ❝♦❧♦r✐r ♦s

✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s✱ ❞❡ ♠♦❞♦ q✉❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s t❡♥❤❛♠

❝♦r❡s ❞✐st✐♥t❛s✳ ❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♣❛r❛ ❛ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✱

❜❛s❡❛❞♦ ❡♠ ✭❲❊❙❚ ❡t ❛❧✳✱ ✶✾✾✻✮✳

✹✳✶ ❉❊❋■◆■➬Õ❊❙ ❊ ❘❊❙❯▲❚❆❉❖❙ P❘❊▲■▼■◆❆❘❊❙

❉❡✜♥✐çã♦ ✷✷✳ ❯♠❛ k✲❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ❞❡ G é ✉♠❛ ❢✉♥çã♦ f : V (G) → {1, 2, ..., k}✳

❊ss❛ ❝♦❧♦r❛çã♦ é ♣ró♣r✐❛ s❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s x, y ❞❡ G t❡♠♦s q✉❡

f(x) 6= f(y)✳

❉❡✜♥✐çã♦ ✷✸✳ ❯♠ ❣r❛❢♦ G é k✲❝♦❧♦rí✈❡❧ s❡ G ❛❞♠✐t❡ ✉♠❛ k✲❝♦❧♦r❛çã♦ ♣ró♣r✐❛✳

❉❡✜♥✐çã♦ ✷✹✳ ❖ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ χ(G) ❞❡ ✉♠ ❣rá✜❝♦ G é ♦ ♠❡♥♦r ✈❛❧♦r k✱ t❛❧ q✉❡ G

é k✲❝♦❧♦rí✈❡❧✳ ❙❡ χ(G) = k✱ ❡♥tã♦ G é k✲❝r♦♠át✐❝♦✳

❈♦♥s✐❞❡r❛♥❞♦ ♦s ❡①❡♠♣❧♦s ✭❛✮✱ ✭❜✮ ❡ ✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✷✱ ❡❧❡s tê♠ ♦ ♠❡s♠♦ ❢♦r♠❛t♦✱

♣♦ré♠ ❛s ❢♦r♠❛s ❞❡ ❝♦❧♦r✐r sã♦ ❞✐❢❡r❡♥t❡s✳ ◆♦ ❡①❡♠♣❧♦ ✭❜✮✱ t❡♠♦s ✉♠❛ ✹✲❝♦❧♦r❛çã♦ ❞❡

✈ért✐❝❡s ❡ ❛❧é♠ ❞✐ss♦✱ ❝❛❞❛ ✈ért✐❝❡ t❡♠ ✉♠❛ ❝♦r ❞✐❢❡r❡♥t❡ ❞❛s ♦✉tr❛s✱ ❡♥tã♦ ♣♦❞❡♠♦s ❞✐③❡r

q✉❡ ❡❧❡ é ✹✲❝♦❧♦rí✈❡❧✳ ❏á ♥♦ ❡①❡♠♣❧♦ ✭❛✮ t❡♠♦s ✉♠❛ ✸✲❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s q✉❡ ♥ã♦ é

♣ró♣r✐❛✱ ♣♦✐s tê♠ ❞♦✐s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❝♦♠ ❛ ♠❡s♠❛ ❝♦r✳

❋✐❣✉r❛ ✻✷✿ ❊①❡♠♣❧♦s ❞❡ k✲❝♦❧♦r❛çã♦

✶ ✷

✶✸
✭❛✮ ●r❛❢♦ ❝♦♠ ✉♠❛ 3✲❝♦❧♦r❛çã♦✳

✶ ✷

✸✹
✭❜✮ ●r❛❢♦ ❝♦♠ ✉♠❛ 4✲❝♦❧♦r❛çã♦ ♣ró♣r✐❛ ♦✉

4✲❝♦❧♦rí✈❡❧

✶
✶
✶
✶
✶

✷
✸
✹
✺

✭❝✮ ●r❛❢♦ ❜✐♣❛rt✐❞♦ 5✲❝♦❧♦rí✈❡❧✱ ♠❛s

2✲❝r♦♠át✐❝♦✳

✶ ✷

✸✷
✭❞✮ ●r❛❢♦ 3✲❝r♦♠át✐❝♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳



✺✵

◆♦ ❡①❡♠♣❧♦ ✭❞✮ ❞❛ ❋✐❣✉r❛ ✻✷ ♦ ❣r❛❢♦ é ✸✲❝r♦♠át✐❝♦✱ ♣♦✐s é ✸✲❝♦❧♦rí✈❡❧ ❡ sã♦ ♥❡❝❡ssá✲

r✐♦s ♥♦ ♠í♥✐♠♦ três ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦ t❛❧ ❣r❛❢♦✳ ◆♦ ❡①❡♠♣❧♦ ✭❝✮ ❞❛ ❋✐❣✉r❛ ✻✷✱ t❡♠♦s ✉♠

❣r❛❢♦ ❜✐♣❛rt✐❞♦ ❡ ✷✲❝♦❧♦rí✈❡❧✱ ♣♦✐s ♣♦ss✉✐ ❞✉❛s ♣❛rt✐çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❝♦❧♦r✐❞❛s✱ ❝❛❞❛ ✉♠❛

❝♦♠ ✉♠❛ ❝♦r✳ P♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ♥♦ ♠í♥✐♠♦ ❞✉❛s ❝♦r❡s✱ ❧♦❣♦✱ ♦ ❣r❛❢♦ é ✷✲❝r♦♠át✐❝♦✳

❱❛♠♦s ❡st✉❞❛r ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ ❛❧❣✉♥s t✐♣♦s ❡s♣❡❝✐❛✐s ❞❡ ❣r❛❢♦✳ P❛r❛ ✉♠

❣r❛❢♦ ❝✐❝❧♦ Cn✱ s❡✉ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ♣♦❞❡ s❡r 2 ♦✉ 3✳ ❙❡ χ(Cn) = 2✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡

✈ért✐❝❡s n é ♣❛r✳ P♦✐s✱ s❡ ♦r❞❡♥❛r ♦s ✈ért✐❝❡s ❡♠ v1✱ v2✱ ✳✳✳✱ vn✱ ❝♦♠ n ♣❛r ❡ ❝♦❧♦r✐♥❞♦ ♦s

✈ért✐❝❡s ❡♥tr❡ ❛s ❝♦r❡s 1 ❡ 2✱ ❞❡ ♠♦❞♦ q✉❡ ♦s ✈ért✐❝❡s ❞❡ ♦r❞❡♠ í♠♣❛r ✜q✉❡♠ ❝♦♠ ❛ ❝♦r 1

❡ ♦s ❞❡ ♦r❞❡♠ ♣❛r ❝♦♠ ❛ ❝♦r 2✳ ■ss♦ é ♣♦ssí✈❡❧✱ ♦ ú♥✐❝♦ ❧✉❣❛r q✉❡ ♣♦❞❡r✐❛ ❞❛r ♣r♦❜❧❡♠❛

s❡r✐❛ ♥♦s ✈ért✐❝❡s v1 ❡ vn ♦♥❞❡ ♦ ❝✐❝❧♦ ❢❡❝❤❛ ❡ ❝♦♠♦ vn ❡stá ❝♦♠ ❛ ❝♦r 2 ❡ v1 ❝♦♠ ❛ ❝♦r 1

♦ ❝✐❝❧♦ ❢❡❝❤❛ ❝♦♠ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❞❡ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳ ▲♦❣♦✱ χ(Cn) = 2✳ ❆ ❋✐❣✉r❛ ✻✸

♠♦str❛ ✉♠ ❝❛s♦ ❡♠ q✉❡ n = 8 ❡ χ(C8) = 2✳

❋✐❣✉r❛ ✻✸✿ ●r❛❢♦ C8 ❝♦♠ ❛s ❝♦❧♦r❡s 1 ❡ 2 ✐♥t❡r❝❛❧❛❞❛s ♥♦s ✈ért✐❝❡s✳

✶

✷ ✶
✷

✶
✷

✶
✷

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙❡ χ(Cn) = 3✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s n é í♠♣❛r✳ P♦✐s✱ ❢❛③❡♥❞♦ ♦ ♠❡s♠♦ ♥♦

❝❛s♦ ❛♥t❡r✐♦r ♦ ❝✐❝❧♦ ❢❡❝❤❛ ♥♦s ✈ért✐❝❡s v1 ❡ vn✱ ♠❛s n é í♠♣❛r✱ ❧♦❣♦ v1 ❡ vn ✜❝❛r✐❛♠ ❝♦♠

❛ ♠❡s♠❛ ❝♦r q✉❡ ♥ã♦ é ♣♦ssí✈❡❧✱ ♣♦✐s sã♦ ❛❞❥❛❝❡♥t❡s✳ ❆ss✐♠✱ vn t❡♠ q✉❡ s❡r r❡❝♦❧♦r✐❞♦✱

♠❛s ♥ã♦ ♣♦❞❡ s❡r ❝♦♠ ❛ ❝♦r 2✱ ♣♦✐s ♦ ♦✉tr♦ ✈ért✐❝❡ ❛❞❥❛❝❡♥t❡ ❝♦♠ vn é vn−1 q✉❡ ❡stá ❝♦♠

❛ ❝♦r 2✱ ♣♦✐s n − 1 é ♣❛r✳ ▲♦❣♦✱ vn t❡♠ q✉❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ✉♠❛ ♥♦✈❛ ❝♦r✱ ♣r❡❝✐s❛♥❞♦

❛ss✐♠ ❞❡ ♥♦ ♠í♥✐♠♦ ✸ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r Cn✳ P♦r ❡①❡♠♣❧♦ ❛ ❋✐❣✉r❛ ✻✹✱ ❡♠ q✉❡ n = 5 ❡

χ(C5) = 3✳

❋✐❣✉r❛ ✻✹✿ ●r❛❢♦ C5 ❝♦♠ ❛s ❝♦❧♦r❡s 1, 2 ❡ 3✳

✶

✷

✶

✷

✸

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❯♠ ♦✉tr♦ ❝❛s♦✱ s❡ G ❢♦r ✉♠ ❣r❛❢♦ r♦❞❛ s❡✉ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ♣♦❞❡ s❡r 3 ♦✉ 4✳ ❙❡

n ❢♦r í♠♣❛r✱ t❡♠♦s q✉❡ χ(Wn) = 3✱ ♣♦✐s s❡ t✐r❛r ♦ ✈ért✐❝❡ ❝❡♥tr❛❧ ♦ ❣r❛❢♦ ✈✐r❛ ✉♠ ❝✐❝❧♦
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Cn−1✱ ❝✉❥♦ χ(Cn−1) = 2✱ ❡ ❝♦♠♦ ♦ ✈ért✐❝❡ ❝❡♥tr❛❧ é ❛❞❥❛❝❡♥t❡ ❛ t♦❞♦s ♦s ✈ért✐❝❡s✱ ✐♥❝❧✉s✐✈❡

❛ ❞♦✐s ✈ért✐❝❡s q✉❡ sã♦ ❛❞❥❛❝❡♥t❡s ❡♥tr❡ s✐✱ t❡♠♦s q✉❡ ❝♦❧♦r✐r ♦ ✈ért✐❝❡ ❝❡♥tr❛❧ ❝♦♠ ✉♠❛

♥♦✈❛ ❝♦r✳ ❆❣♦r❛✱ s❡ n ❢♦r ♣❛r✱ t❡♠♦s q✉❡ χ(Wn) = 4✱ ♣♦✐s ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦

❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ χ(Cn−1) = 3✱ ❛ss✐♠ ♦ ✈ért✐❝❡ ❝❡♥tr❛❧ t❡rá q✉❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ✉♠❛

♥♦✈❛ ✭q✉❛rt❛✮ ❝♦r✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻✺ (b)✳

❋✐❣✉r❛ ✻✺✿ ◆ú♠❡r♦ ❝r♦♠át✐❝♦ ♣❛r❛ ❣r❛❢♦ r♦❞❛✳

✶

✷ ✶
✷

✶
✷

✶
✷

✸

(a) ●r❛❢♦ r♦❞❛ ❝♦♠ n = 9 ❡ ♦s ✈ért✐❝❡s

❝♦❧♦r✐❞♦s ❝♦♠ ❛s ❝♦r❡s 1, 2 ❡ 3✳

✹

✶

✸✷
(b) ●r❛❢♦ r♦❞❛ ❝♦♠ n = 4 ❡ ♦s ✈ért✐❝❡s ❝♦❧♦r✐❞♦s

❝♦♠ ❛s ❝♦r❡s 1, 2, 3 ❡ 4✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊①✐st❡♠ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ✭❈❖❘▼❊◆ ❡t

❛❧✳✱ ✷✵✵✷✱ ♣✳✷✾✻✮✳ ❉❡♥tr❡ ❡❧❡s✱ t❛❧✈❡③ ♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦ s❡❥❛ ♦ ❛❧❣♦r✐t♠♦ ❣❛♥❛♥❝✐♦s♦ ✭❲❊❙❚

❡t ❛❧✳✱ ✶✾✾✻✱ ♣✳✶✾✹✮✳ ❊st❡ ❛❧❣♦r✐t♠♦ r❡❛❧✐③❛ ❛ ❝♦❧♦r❛çã♦ ❞♦s ✈ért✐❝❡s ♥❛ ♦r❞❡♠ v1, v2, ..., vn

❞❡ V (G) ❡ ❛s ❝♦r❡s s❡♥❞♦ ♦s ♥ú♠❡r♦s ♥❛ ♦r❞❡♠ {1, 2, 3, ..., p} ❞❡ ♠♦❞♦ q✉❡ ♦ ✈ért✐❝❡ vi

r❡❝❡❜❡ ❛ ♣r✐♠❡✐r❛ ❝♦r ❞✐s♣♦♥í✈❡❧ ❞❡ {1, 2, 3, ..., p} q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦✐ ✉s❛❞❛ ♥♦s ✈ért✐❝❡s

❛❞❥❛❝❡♥t❡s ❥á ❝♦❧♦r✐❞♦s✳

P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛ ✻✻ ✭❛✮ ♠♦str❛ ♦s ✈ért✐❝❡s ♦r❞❡♥❛❞♦s ❡♠ v1, v2, ..., v7✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ q✉❡ t❡♠♦s ✹ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r✱ ❞✐❣❛♠♦s azul = 1✱ amarelo = 2✱ verde = 3 ❡

vermelho = 4✳ ❆ ♣❛rt✐r ❞✐ss♦✱ t❡♠♦s ❞♦✐s ❝♦♥❥✉♥t♦s ♦r❞❡♥❛❞♦s✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈ért✐❝❡s

{v1, v2, ..., v7} ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝♦r❡s {1, 2, 3, 4}✳

❋✐❣✉r❛ ✻✻✿ ❆❧❣♦r✐t♠♦ ❣❛♥❛♥❝✐♦s♦

v1

v2

v3

v4

v5

v6

v7

✭❛✮ ❱ért✐❝❡s ♦r❞❡♥❛❞♦s✳

✶v1

✷v2

✶

v3

✶v4

✷v5

✸ v6

✶
v7

✭❜✮ ❱ért✐❝❡s ❝♦❧♦r✐❞♦s✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❖ ♠ét♦❞♦ ❣❛♥❛♥❝✐♦s♦ ❝♦♠❡ç❛ ❛ ❝♦❧♦r✐r ♦ ✈ért✐❝❡ v1 ❛tr✐❜✉✐♥❞♦ ❛ ♣r✐♠❡✐r❛ ❝♦r ❞✐s✲

♣♦♥í✈❡❧ ❡♠ {1, 2, 3, 4} q✉❡ ♥❡ss❡ ❝❛s♦ é ❛ ❝♦r 1✳ ◆♦ ♣ró①✐♠♦ ♣❛ss♦✱ ♦ ♠ét♦❞♦ ✈❛✐ ♣❛r❛ ♦
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✈ért✐❝❡ v2 ❡s❝♦❧❤❡♥❞♦ ❛ ♣r✐♠❡✐r❛ ❝♦r ❞✐s♣♦♥í✈❡❧ ❞❡ {1, 2, 3, 4} q✉❡ ♥ã♦ ❢♦✐ ✉s❛❞❛ ♥♦s ✈ért✐❝❡s

❛❞❥❛❝❡♥t❡s ❥á ❝♦❧♦r✐❞♦s✱ ♥❡ss❡ ❝❛s♦ ❛ ❝♦r 2✳ ❋❛③❡♥❞♦ ✐ss♦ s✉❝❡ss✐✈❛♠❡♥t❡✱ t❡♠♦s v3 ❝♦♠ ❛

❝♦r 1✱ v4 ❝♦♠ ❛ ❝♦r 1✱ v5 ❝♦♠ ❛ ❝♦r 2✱ v6 ❝♦♠ ❛ ❝♦r 3✱ ♣♦✐s ❛ ❝♦r 1 ❡ 2 ♥ã♦ ❡stã♦ ❞✐s♣♦♥í✈❡✐s

❡ v7 ❝♦♠ ❛ ❝♦r 1✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻✻ ✭❜✮✳

◆✉♠ ❣r❛❢♦ s✐♠♣❧❡s ♦ ❛❧❣♦r✐t♠♦ ❣❛♥❛♥❝✐♦s♦ s❡♠♣r❡ ❢✉♥❝✐♦♥❛✱ ❡ ♣r❡❝✐s❛ ❞❡ ♥♦ ♠á①✐♠♦

∆(G)+1 ❝♦r❡s✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❚❡♦r❡♠❛ ✹✳✶✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♠ét♦❞♦ ♥❡♠ s❡♠♣r❡ ❡♥❝♦♥tr❛

♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ ♦r❣❛♥✐③❛r♠♦s ♦s ✽ ✈ért✐❝❡s ♥❛ ♦r❞❡♠ v1, v2, ..., v8 ❞❡

❞✉❛s ❢♦r♠❛s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻✼✱ ❡ ✉t✐❧✐③❛r♠♦s ❛ ❝♦❧♦r❛çã♦ ❣❛♥❛♥❝✐♦s❛✱ ♣♦❞❡♠♦s

♦❜t❡r ❢♦r♠❛s ❞✐❢❡r❡♥t❡s ❞❡ ❝♦❧♦r✐r✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻✽✳

❖❜s❡r✈❛♠♦s q✉❡ ♥❛ ❋✐❣✉r❛ ✻✽ (a) ❢♦r❛♠ ✉s❛❞❛s ✸ ❝♦r❡s ❡ ♥❛ ❋✐❣✉r❛ ✻✽ (b) ❢♦r❛♠

✉s❛❞❛s ✹ ❝♦r❡s✳ ❆ss✐♠✱ ❝♦♥❢♦r♠❡ ❛ ♦r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s✱ ♦ ❛❧❣♦r✐t♠♦ ❣❛♥❛♥❝✐♦s♦ ♣♦❞❡rá

r❡s✉❧t❛r ❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦r❡s ❞✐❢❡r❡♥t❡s✱ ✈❛r✐❛♥❞♦ ❡♥tr❡ χ(G) ❡ ∆(G) + 1✳

❋✐❣✉r❛ ✻✼✿ ❱ért✐❝❡s ♦r❞❡♥❛❞♦s ❞♦s ❣r❛❢♦s G ❡ H ❞❡ ♦r❞❡♠ ❞✐❢❡r❡♥t❡✳

v1

v2 v8

v3

v7

v4
v5

v6

✭❛✮ ●r❛❢♦ G✳

v2

v6 v8

v7

v1

v3

v5

v4

✭❜✮ ●r❛❢♦ H✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✻✽✿ ❱ért✐❝❡s ❝♦❧♦r✐❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❣❛♥❛♥❝✐♦s♦✳

✶v1

✷v2 ✸ v8

✸v3

✶v7

✶ v4

✷

v5

✸ v6

✭❛✮ ●r❛❢♦ G ❝♦❧♦r✐❞♦✳

✶

v2

✷v6 ✸ v8

✹v7

✶v1

✶ v3

✸ v5

✷ v4

✭❜✮ ●r❛❢♦ H ❝♦❧♦r✐❞♦✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊♥❝♦♥tr❛r ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ ❝♦r❡s ❛ s❡r ✉s❛❞♦ ❡♠ ✉♠ ❣r❛❢♦ G✱ ♥ã♦ é ✉♠❛ t❛✲

r❡❢❛ ❢á❝✐❧✳ ❆té ❤♦❥❡ ♥ã♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ✐ss♦ ✭❋❊❖❋■▲❖❋❋❀

❑❖❍❆❨❆❑❆❲❆❀ ❲❆❑❆❇❆❨❆❙❍■✱ ✷✵✶✶✮✳ ❖s ❛❧❣♦r✐t♠♦s ❡①✐st❡♥t❡s ❝♦♥s♦♠❡♠ ♠✉✐t♦ t❡♠♣♦✱

❞❡ss❛ ❢♦r♠❛✱ sã♦ ✐♥s❛t✐s❢❛tór✐♦s ♥❛ ♣rát✐❝❛ ❛ ♠❡❞✐❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❛✉♠❡♥t❛✳

❆♦ ♠❡♥♦s✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ❧✐♠✐t❛♥t❡ ❝♦♠♦ ♠♦str❛ ♦ ❚❡♦r❡♠❛ ✹✳✶ ✭❇❆▲❆✲

❑❘■❙❍◆❆◆❀ ❘❆◆●❆◆❆❚❍❆◆✱ ✷✵✶✷✱ ♣✳✶✹✽✮✳
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❚❡♦r❡♠❛ ✹✳✶✳ ❙❡ G ✉♠ ❣r❛❢♦ q✉❛❧q✉❡r s✐♠♣❧❡s✱ ❡♥tã♦ χ(G) ≤ ∆(G) + 1✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s n✳ ❙❡❥❛ G ✉♠

❣r❛❢♦ ❝♦♠ n ✈ért✐❝❡s✳ ❆♥❛❧✐s❛♥❞♦ ♦ ❝❛s♦ ❜❛s❡ ♣❛r❛ n = 1✱ t❡♠♦s ✉♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦ K1

❝♦♠ ✉♠ ✈ért✐❝❡ ❡ ∆(G) = 0✳ P❛r❛ ❝♦❧♦r✐r ❡ss❡ ❣r❛❢♦ ❜❛st❛ ❛♣❡♥❛s ✉♠❛ ❝♦r✱ ♣♦✐s só t❡♠

✉♠ ✈ért✐❝❡✳ ▲♦❣♦✱ χ(G) = 1 = 0 + 1 = ∆(G) + 1✳

❆❣♦r❛ s✉♣♦♥❤❛♠♦s q✉❡ ✈❛❧❡ ♣❛r❛ n − 1 ✈ért✐❝❡s✱ ❡♠ q✉❡ n ≥ 2✱ ❡ ✈❛♠♦s ♠♦str❛r

q✉❡ ✈❛❧❡ ♣❛r❛ n ✈ért✐❝❡s✳ ❙❡❥❛ v ∈ V (G) ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r ❞❡ G✳ ❘❡♠♦✈❡♥❞♦ ❡ss❡

✈ért✐❝❡ ❞❡ G t❡♠♦s ✉♠ ♥♦✈♦ ❣r❛❢♦ G−v ❝♦♠ n−1 ✈ért✐❝❡s✳ ❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦

♥❡st❡ ❣r❛❢♦ ♠❡♥♦r✱ t❡♠♦s q✉❡ χ(G− v) ≤ ∆(G− v) + 1✳ ❆ss✐♠✱ G− v ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦

❝♦♠ ♥♦ ♠á①✐♠♦ ∆(G− v) + 1 ❝♦r❡s✳

◆♦t❡ q✉❡ d(v) ≤ ∆(G)✱ ✐st♦ é✱ ♦s ✈✐③✐♥❤♦s ❞❡ v ♣♦❞❡♠ ✉s❛r ♥♦ ♠á①✐♠♦ ∆(G) ❝♦r❡s✳

❆♥❛❧✐s❡♠♦s ❞♦✐s ❝❛s♦s ♣♦ssí✈❡✐s ♣❛r❛ ∆(G)✿

❈❛s♦ ✶✿ ∆(G) = ∆(G− v)✳

❊♥tã♦✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❝♦r ❞❡ ∆(G− v)+ 1 = ∆(G)+ 1 ♥ã♦ ✉t✐❧✐③❛❞❛ ♣❡❧♦s

✈✐③✐♥❤♦s ❞❡ v✱ ❛ss✐♠ v ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ♣♦r ❡ss❛ ❝♦r✳ ■ss♦ ♥♦s ❞á ✉♠❛ (∆(G)+1)✲❝♦❧♦r❛çã♦

❞❡ G✱ ❞❡ ♠♦❞♦ q✉❡ χ(G) ≤ ∆(G) + 1✳

❈❛s♦ ✷✿ ∆(G) 6= ∆(G− v)✳

◆❡ss❡ ❝❛s♦ só ♣♦❞❡ ♦❝♦rr❡r ∆(G) > ∆(G − v)✳ P♦rt❛♥t♦✱ ❝♦♠♦ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦ χ(G− v) ≤ ∆(G− v) + 1✱ ✐st♦ é✱ χ(G− v) < ∆(G) + 1✱ ♣♦❞❡♠♦s ✉s❛r ✉♠❛ ♥♦✈❛

❝♦r ♣❛r❛ v✱ ✐♠♣❧✐❝❛♥❞♦ ❡♠ ∆(G−v)+2 ≤ ∆(G)+1✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ χ(G) ≤ ∆(G)+1✳

◆♦s ❞♦✐s ❝❛s♦s t❡♠♦s q✉❡ χ(G) ≤ ∆(G) + 1✱ ♣❛r❛ n ✈ért✐❝❡s✳ ❈♦♠ ✐ss♦✱ ♣r♦✈❛♠♦s

q✉❡ t♦❞♦ ❣r❛❢♦ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ♥♦ ♠á①✐♠♦ ∆+ 1 ❝♦r❡s✳

�

✹✳✷ ❚❊❖❘❊▼❆ ❉❊ ❇❘❖❖❑❙

◆♦ ❚❡♦r❡♠❛ ✹✳✶ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ ❝❛s♦s ❡♠ q✉❡ ♦ ❣r❛❢♦ é ❝♦♠♣❧❡t♦ (Kn) ♦✉

✉♠ ❝✐❝❧♦ í♠♣❛r (C2n+1)✳ ❈❛s♦ ❝♦♥trár✐♦✱ t❡♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ t❡♦r❡♠❛ q✉❡ é ♦ ❚❡♦r❡♠❛

❞❡ ❇r♦♦❦s ✭❇❘❖❖❑❙✱ ✶✾✹✶✮✱ ❡❧❡ r❡❞✉③ ✉♠ ♣♦✉❝♦ ♦ ❧✐♠✐t❛♥t❡ ❞♦ χ(G)✳

❚❡♦r❡♠❛ ✹✳✷✳ ✭❇r♦♦❦s✮ ❙❡ G é ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❝♦♠ ❣r❛✉ ♠á①✐♠♦ ∆ (∆ ≥ 3) ❡ G ♥ã♦

❝♦♥té♠ ✉♠ K∆(G)+1✱ ❡♥tã♦ G é ∆✲❝♦❧♦rí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✭▲❖❱➪❙❩✱ ✶✾✼✺✮✳ ❊❧❛ é

❞✐✈✐❞✐❞❛ ❡♠ ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✶✿ G é 3✲❝♦♥❡①♦✳

❊♥tã♦✱ ❡①✐st❡♠ ❞♦✐s ✈ért✐❝❡s a ❡ b ❞❡ G ❞❡ ❞✐stâ♥❝✐❛ ✷✱ ❞❡ ♠♦❞♦ q✉❡ G − a − b é



✺✹

❝♦♥❡①♦✳ ❊ss❡s ✈ért✐❝❡s ❡①✐st❡♠✱ ♣♦✐s ♣♦r ❤✐♣ót❡s❡ ∆(G) ≥ 3 ❡ G ♥ã♦ é ✉♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦✱

❧♦❣♦ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ✹ ✈ért✐❝❡s ♥♦ ❣r❛❢♦ ❡ ❛❧❣✉♥s ❞❡❧❡s ♥ã♦ ❛❞❥❛❝❡♥t❡s✳ ❙❡❥❛ v ♦ ✈ért✐❝❡

❛❞❥❛❝❡♥t❡ ❛ a ❡ b✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✻✾✳

❋✐❣✉r❛ ✻✾✿ ●r❛❢♦ G t✐r❛♥❞♦ ♦s ✈ért✐❝❡s a ❡ b✳

v

a

b

1

1

G

v

G− a− b
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈♦♠♦ G−a− b é ❝♦♥❡①♦✱ ♣♦❞❡♠♦s ♦r❣❛♥✐③❛r ♦s ✈ért✐❝❡s ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ x1 = v✱

x2✱ x3✱ ✳✳✳✱ xm−2✱ t❛❧ q✉❡ xi✱ i ≥ 2 é ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ✈ért✐❝❡ ❛♥t❡r✐♦r ♥❛ s❡q✉ê♥❝✐❛✳

❱❛♠♦s ❞❡✜♥✐r ✉♠❛ ∆✲❝♦❧♦r❛çã♦ ❞❡ G ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♦s ✈ért✐❝❡s ♥ã♦ ❛❞❥❛❝❡♥✲

t❡s a ❡ b ❝♦♠ ❛ ♠❡s♠❛ ❝♦r✱ ❞✐❣❛♠♦s ❛ ❝♦r ✶✱ ❡ ♦s ❞❡♠❛✐s ✈ért✐❝❡s ❝♦❧♦r✐♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡✱

❝♦♠❡ç❛♥❞♦ ❞♦ ♠❛✐s ❞✐st❛♥t❡ ❞❡ v ♣❛r❛ ♦ ♠❛✐s ♣ró①✐♠♦✱ xm−2✱ xm−3✱ ✳✳✳✱ x2 ❝♦♠ ✉♠❛ ❞❛s

❝♦r❡s 1, ...,∆✳ ■ss♦ é ♣♦ssí✈❡❧✱ ♣♦✐s ❝❛❞❛ ✉♠ t❡♠ ♠❡♥♦s ❞❡ ∆ ✈✐③✐♥❤♦s ❛♥t❡r✐♦r♠❡♥t❡ ❝♦❧♦r✐✲

❞♦s✳ ❊♠❜♦r❛ ✐ss♦ ♣♦ss❛ ♥ã♦ s❡r ✈❡r❞❛❞❡ ♣❛r❛ x1 = v✱ ❝♦♠♦ v t❡♠ ❞♦✐s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s

a ❡ b ❞❛ ♠❡s♠❛ ❝♦r✱ ♣♦❞❡♠♦s ❝♦❧♦r✐r v ❝♦♠ ✉♠❛ ❞❛s ❝♦r❡s ❞✐❢❡r❡♥t❡s ❞❡ s❡✉s ✈✐③✐♥❤♦s✳

❊♥tã♦ G é ∆✲❝♦❧♦rí✈❡❧✳

❈❛s♦ ✷✿ G é 2✲❝♦♥❡①♦✳

❙❡❥❛ x ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r q✉❡ ♥ã♦ é ❛❞❥❛❝❡♥t❡ ❛ t♦❞♦s ♦s ♦✉tr♦s ✈ért✐❝❡s✱ ♠❛s q✉❡

♣♦ss✉✐ ❣r❛✉ ❞❡ ♣❡❧♦ ♠❡♥♦s ✸✳ ❊ss❡ ✈ért✐❝❡ ❡①✐st❡ ♣❡❧♦ ❢❛t♦ ❞❡ G t❡r ❣r❛✉ ♠á①✐♠♦ ♠❛✐♦r

♦✉ ✐❣✉❛❧ ❛ ✸ ❡ ♣♦r ♥ã♦ s❡r ❝♦♠♣❧❡t♦✳ ❆♦ r❡♠♦✈❡r x ❞♦ ❣r❛❢♦✱ t❡♠♦s ❞♦✐s s✉❜❝❛s♦s ♣❛r❛

G− x✿

❈❛s♦ ✷❛✿ G− x é 2✲❝♦♥❡①♦✳

❈♦♥s✐❞❡r❡ ❞♦✐s ✈ért✐❝❡s a ❡ b✱ t❛✐s q✉❡✱ x = a ❡ b ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r ❞❡ ❞✐stâ♥❝✐❛

✷ ❞❡ x✳ ❈♦♠ ❡ss❛ ❡s❝♦❧❤❛ ♣♦❞❡♠♦s r❡♣❡t✐r ❛ ❝♦♥str✉çã♦ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛s♦ ✶✳

❈❛s♦ ✷❜✿ G− x ♥ã♦ é 2✲❝♦♥❡①♦✳

❊♥tã♦✱ G− x é s❡♣❛rá✈❡❧✳ ❈♦♥s✐❞❡r❡ ❞♦✐s ❜❧♦❝♦s t❡r♠✐♥❛✐s✶ B1 ❡ B2✱ ❝♦♠ ✈ért✐❝❡s

❞❡ ❝♦rt❡ z1 ❡ z2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭✈❡❥❛ ❋✐❣✉r❛ ✼✵✮✳ ◆♦t❡ q✉❡✱ ♣❛r❛ i = 1, 2✱ q✉❛❧q✉❡r ♦✉tr❛

❝♦♠♣♦♥❡♥t❡ ✷✲❝♦♥❡①❛ B✱ ♦✉ é ❞✐s❥✉♥t❛ ❞❡ Bi✱ ♦✉ ♦ ú♥✐❝♦ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ é zi✳ ❈♦♠♦

G é 2✲❝♦♥❡①♦✱ ❡①✐st❡♠ ✈ért✐❝❡s a ∈ B1 − z1 ❡ b ∈ B2 − z2 ❛❞❥❛❝❡♥t❡s ❛ x✳ ❆❣♦r❛ a, b

s❛t✐s❢❛③❡♠ ♦s r❡q✉✐s✐t♦s ❞♦ ❝❛s♦ ✶✳

✶❇❧♦❝♦s t❡r♠✐♥❛✐s ❢♦r❛♠ ❞❡✜♥✐❞♦s ❡♠ ✭▲❖❱➪❙❩✱ ✶✾✼✺✮✳



✺✺

❋✐❣✉r❛ ✼✵✿ ●r❛❢♦ G ❝♦♠ s❡✉s ❜❧♦❝♦s t❡r♠✐♥❛✐s B1 ❡ B2✳

x

a

b

z1

z2

B1

B2

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

�

❋✐♥❛❧✐③❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦ ❞✐❞át✐❝♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞❛ ❝♦❧♦r❛çã♦ ❞❡

✈ért✐❝❡s✳

❊①❡♠♣❧♦ ✹✳✸✳ ❖ ♣r♦❜❧❡♠❛ ❞♦s ❡①❛♠❡s ✜♥❛✐s ❞♦s ❛❧✉♥♦s✷✳ ❙❛❜❡♥❞♦ q✉❡ ✉♠ ❛❧✉♥♦ ♥ã♦

♣♦❞❡ ❢❛③❡r ♠❛✐s ❞❡ ✉♠ ❡①❛♠❡ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ q✉❛❧ s❡r✐❛ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛

r❡❛❧✐③❛çã♦ ❞♦s ❡①❛♠❡s ❞♦s ❛❧✉♥♦s✱ ❡♠ q✉❡ ♦ ◗✉❛❞r♦ ✹✳✶ ♠♦str❛ q✉❛✐s ❢♦r❛♠ ♦s ❛❧✉♥♦s q✉❡

✜❝❛r❛♠ ❡♠ ❡①❛♠❡ ❡♠ ❞❡t❡r♠✐♥❛❞❛s ❞✐s❝✐♣❧✐♥❛s✳

◗✉❛❞r♦ ✹✳✶✿ ❘❡♣r❡s❡♥t❛ ♦s ❛❧✉♥♦s ❝♦♠ ❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ❡①❛♠❡✳
❆❧✉♥♦s ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵

▼❛t❡♠át✐❝❛ ① ① ①

❇✐♦❧♦❣✐❛ ① ① ① ①

P♦rt✉❣✉ês ① ①

◗✉í♠✐❝❛ ① ①

●❡♦❣r❛✜❛ ① ① ①

❍✐stór✐❛ ① ①

❋ís✐❝❛ ① ① ① ①

❋♦♥t❡✿ ❉❛❞♦s ❛❞❛♣t❛❞❛❞♦ ❞❡ ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮✳

P❛r❛ r❡s♣♦♥❞❡r ❛ ♣❡r❣✉♥t❛ ✈❛♠♦s r❡♣r❡s❡♥t❛r ♦s ❞❛❞♦s ❞♦ q✉❛❞r♦ ♥❛ ❢♦r♠❛ ❞❡ ✉♠

❣r❛❢♦ G s❡♥❞♦ ♦s ✈ért✐❝❡s ❛s ❞✐s❝✐♣❧✐♥❛s ✭✈❡❥❛ ❋✐❣✉r❛ ✼✶ (a)✮✱ ❡♠ q✉❡ ❞♦✐s ✈ért✐❝❡s ❡st❛rã♦

❧✐❣❛❞♦s s❡ t✐✈❡r❡♠ ✉♠ ❛❧✉♥♦ ❡♠ ❝♦♠✉♠✳

❋✐❣✉r❛ ✼✶✿ ●r❛❢♦ ❞♦ ◗✉❛❞r♦ ✹✳✶✳

▼

❇

P

◗●

❍

❋

(a) ●r❛❢♦ G✱ r❡♣r❡s❡♥t❛çã♦ ❞♦ ◗✉❛❞r♦ ✹✳✶✳

▼

❇

P

◗●

❍

❋

(b) ●r❛❢♦ G ❝♦♠ ♦s ✈ért✐❝❡s ❝♦❧♦r✐❞♦s
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✷Pr♦❜❧❡♠❛ ❛❞❛♣t❛❞❛❞♦ ❞❡ ✭❏❯❘❑■❊❲■❈❩✱ ✷✵✵✾✮✳



✺✻

❈♦❧♦r✐♥❞♦ ♦s ✈ért✐❝❡s ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✼✶ (b) t❡♠♦s χ(G) = 2✱ ❡♥tã♦ ♦s ❡①❛♠❡s

♣♦❞❡♠ s❡r r❡❛❧✐③❛❞♦s ❡♠ ❞✉❛s ❤♦r❛s✱ ♦ ♣r✐♠❡✐r♦ ❤♦rár✐♦ ♣❛r❛ {M, P, H, G} ❡ ♦✉tr♦ ♣❛r❛

{F, Q, B} ♦✉ ✈✐❝❡✲✈❡rs❛✳

❊①✐st❡♠ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ ❝♦❧♦r❛çã♦

❞❡ ♠❛♣❛s✱ q✉❡ ✈❡r❡♠♦s ❡♠ ❞❡t❛❧❤❡s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳



✺✼

✺ ❚❊❖❘❊▼❆❙ ❉❊ ❈❖▲❖❘❆➬➹❖ ❉❊ ▼❆P❆❙

◆❡ss❡ ❝❛♣ít✉❧♦ ✈❛♠♦s tr❛t❛r s♦❜r❡ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ❜❛s❡❛❞♦ ❡♠

✭❙❖❯❙❆✱ ✷✵✵✶✮ ❡ ✭▲■▼❆✱ ✷✵✶✻✮✳ ❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❛ss✉♠✐r❡♠♦s q✉❡ G é s✐♠♣❧❡s

❡ ❝♦♥❡①♦✳

❖ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ❝♦♠❡ç♦✉ ❝♦♠♦ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ♣♦r ❋r❛♥❝✐s ●✉t❤r✐❡

❛♦ ♣✐♥t❛r ♠❛♣❛s✱ ♣❡r❝❡❜❡♥❞♦ q✉❡ ♥ã♦ ✉t✐❧✐③❛✈❛ ♠❛✐s ❞❡ q✉❛tr♦ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦ ♠❛♣❛ ❞❡

♠♦❞♦ q✉❡ ❛s r❡❣✐õ❡s ✈✐③✐♥❤❛s t✐✈❡ss❡♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳ ❉✉r❛♥t❡ ❛ ❜✉s❝❛ ❞❛ ❞❡♠♦♥str❛çã♦

❞❛ ❝♦♥❥❡❝t✉r❛✱ s✉r❣✐✉ ♦ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❈♦r❡s✱ q✉❡ s❡rá ❛❜♦r❞❛❞♦ ❡ ❞❡♠♦♥str❛❞♦

♥❡ss❡ ❝❛♣ít✉❧♦✳ ▼❛✐s ❞❡ ✉♠ sé❝✉❧♦ ❞❡♣♦✐s✱ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s s❡

❝♦♥❝r❡t✐③❛✱ ♣♦ré♠ ❝♦♠ ❛✉①í❧✐♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❈♦♠❡♥t❛r❡♠♦s s✉♣❡r✜❝✐❛❧♠❡♥t❡ s♦❜r❡ s✉❛

❞❡♠♦♥str❛çã♦ ❡ ❡♠ s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s✳

✺✳✶ ▼❖❚■❱❆➬➹❖ ❍■❙❚Ó❘■❈❆ ❉❖ ❚❊❖❘❊▼❆ ❉❆❙ ◗❯❆❚❘❖ ❈❖❘❊❙

❖ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ♦r✐❣✐♥♦✉✲s❡ ❡♠ ✶✽✺✷ ❝♦♠♦ ✉♠❛ ❝♦♥❥❡❝t✉r❛✱ ❢♦r♠✉❧❛❞❛

♣❡❧♦ ♠❛t❡♠át✐❝♦ ❋r❛♥❝✐s ●✉t❤r✐❡ q✉❡ t❡♥t❛✈❛ ❝♦❧♦r✐r ❛s r❡❣✐õ❡s ❞♦ ♠❛♣❛ ❞❛ ■♥❣❧❛t❡rr❛ ❞❡

♠♦❞♦ q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s t✐✈❡ss❡♠ ❝♦r❡s ❞✐st✐♥t❛s✳

P♦r ❡①❡♠♣❧♦✱ ❛ ❋✐❣✉r❛ ✼✷ ♠♦str❛ três ♠❛♣❛s ♣❛r❛ ❝♦❧♦r✐r ❞❡ ♠♦❞♦ q✉❡ r❡❣✐õ❡s

✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s✳ ➱ ❢á❝✐❧ ❞❡ ♣❡r❝❡❜❡r q✉❡ ♥♦ ♠❛♣❛ ❞❛ ❋✐❣✉r❛ ✼✷ ✭❛✮ sã♦

♥❡❝❡ssár✐❛s s♦♠❡♥t❡ ❞✉❛s ❝♦r❡s✱ ❡ ♥♦ ♠❛♣❛ ❞❛ ❋✐❣✉r❛ ✼✷ ✭❜✮ t❛♠❜é♠ sã♦ ♥❡❝❡ssár✐❛s ♥♦

♠í♥✐♠♦ ❞✉❛s ❝♦r❡s✳ ❏á ♥♦ ♠❛♣❛ ❞❛ ❋✐❣✉r❛ ✼✷ ✭❝✮ ❛❝❤❛r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐❛s

s❡ t♦r♥❛ ♠❛✐s ❝♦♠♣❧❡①♦✳ ◆ã♦ é ❢á❝✐❧ ♣❡r❝❡❜❡r q✉❡ ♥♦ ♠❛♣❛ ✭❝✮✱ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ✉♠❛

q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ q✉❛tr♦ ❝♦r❡s ♣❛r❛ ♣✐♥t❛r ♦ ♠❛♣❛✱ s❡♠ q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠

❛ ♠❡s♠❛ ❝♦r✱ ❛♦ ✐♥✈és ❞❡ ✉t✐❧✐③❛r ✉♠❛ ❝♦r ♣❛r❛ ❝❛❞❛ r❡❣✐ã♦✳

❋✐❣✉r❛ ✼✷✿ ▼❛♣❛s ♣❛r❛ ❝♦❧♦r✐r✳

✭❛✮ ✭❜✮ ✭❝✮
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❊♠ ✉♠ ♠❛♣❛ q✉❛❧q✉❡r✱ ❞❡✜♥✐♠♦s q✉❡ r❡❣✐õ❡s sã♦ ✈✐③✐♥❤❛s s♦♠❡♥t❡ ❡♠ ❝❛s♦s q✉❡

❛♣r❡s❡♥t❛r❡♠ ❢r♦♥t❡✐r❛s ❡♠ ❢♦r♠❛ ❞❡ ❧✐♥❤❛ ✭◆❆◆❏❲❊◆●❊✱ ✷✵✶✽✮✳ P♦r ❡①❡♠♣❧♦✱ ❛ r❡❣✐ã♦

D ❞❛ ❋✐❣✉r❛ ✼✸ é ✈✐③✐♥❤❛ ❝♦♠ A,B,E ❡ F ✱ ♠❛s ♥ã♦ é ❝♦♠ ❛ r❡❣✐ã♦ G✱ ♣♦✐s só ❤á ✉♠

♣♦♥t♦ ❡♠ ❝♦♠✉♠✳ ❊ ❛ r❡❣✐ã♦ E t❡♠ ❝♦♠♦ ✈✐③✐♥❤❛s B,C,D,G ❡ H✱ ♠❛s F ♥ã♦ é ✈✐③✐♥❤❛✳



✺✽

❋✐❣✉r❛ ✼✸✿ ❊①❡♠♣❧♦ ❞❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦ ❡ s✉❝❡ss✐✈❛s t❡♥t❛t✐✈❛s✱ ❋r❛♥❝✐s ●✉t❤r✐❡ ♣❡r❝❡❜❡✉ q✉❡ ♥ã♦

✉t✐❧✐③❛✈❛ ♠❛✐s ❞♦ q✉❡ q✉❛tr♦ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦s ♠❛♣❛s✱ ❛ss✐♠✱ s✉r❣✐✉ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡

q✉❡ é ♣♦ssí✈❡❧ ♣✐♥t❛r q✉❛❧q✉❡r ♠❛♣❛ ❝♦♠ ❛♣❡♥❛s q✉❛tr♦ ❝♦r❡s✳ ❆ ♣r✐♥❝í♣✐♦✱ ❋r❛♥❝✐s ♥ã♦

❝♦♥s❡❣✉✐✉ ♣r♦✈❛r ❡✱ ✐♥tr✐❣❛❞♦✱ ❛♣r❡s❡♥t♦✉ ♣❛r❛ s❡✉ ✐r♠ã♦ ❋r❡❞❡r✐❝❦ ●✉t❤r✐❡✶✱ q✉❡ t❛♠❜é♠

♥ã♦ ♦❜t❡✈❡ s✉❝❡ss♦✳ ❈♦♠♦ ♦s ❞♦✐s ♥ã♦ ❝♦♥s❡❣✉✐r❛♠ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛✱ ❋r❡❞❡r✐❝❦ ❛♣r❡✲

s❡♥t♦✉ ❛ t❛❧ ❝♦♥❥❡❝t✉r❛ ♣❛r❛ s❡✉ ♣r♦❢❡ss♦r ❆✉❣✉st✉s ❉❡ ▼♦r❣❛♥✷✱ q✉❡ ✜❝♦✉ ✐♥t❡r❡ss❛❞♦

♣❡❧♦ ♣r♦❜❧❡♠❛✳ ❊♥t✉s✐❛s♠❛❞♦✱ ❡ ♥ã♦ ❝♦♥s❡❣✉✐♥❞♦ ♣r♦✈❛r ❛ ❝♦♥❥❡❝t✉r❛ ❉❡ ▼♦r❣❛♥ ❛♣r❡✲

s❡♥t♦✉ ❛ ♦✉tr♦s ♠❛t❡♠át✐❝♦s ❣❡r❛♥❞♦ ✉♠❛ ❝❡rt❛ ♣✉❜❧✐❝✐❞❛❞❡ ❛❝❛❞ê♠✐❝❛ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛

✭❙❖❯❙❆✱ ✷✵✵✶✮✳

❙♦♠❡♥t❡ ❡♠ ✶✽✼✾ s✉r❣✐✉ ❛ ♣r✐♠❡✐r❛ ♣r♦✈❛ ❞❛ ❝♦♥❥❡❝t✉r❛ ❞❛s q✉❛tr♦ ❝♦r❡s✱ q✉❡ ❢♦✐

♣✉❜❧✐❝❛❞❛ ♥❛ r❡✈✐st❛ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ♣♦r ❆❧❢r❡❞ ❇r❛② ❑❡♠♣❡✸ ✭❑❊▼P❊✱

✶✽✼✾✮✳ ▼❛s✱ ❡♠ ✶✽✾✵✱ P❡r❝② ❏♦❤♥ ❍❡❛✇♦♦❞✹ ❡♥❝♦♥tr♦✉ ✉♠ ❡rr♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡

❑❡♠♣❡✳ ❍❡❛✇♦♦❞ ♥ã♦ ❝♦♥s❡❣✉✐ ❞❡♠♦♥str❛r ❛ ❝♦♥❥❡❝t✉r❛ ❞❛s q✉❛tr♦ ❝♦r❡s✱ ♠❛s ❝♦♥s❡❣✉✐✉

❞❡♠♦♥str❛r q✉❡ ❝♦♠ ❛té ❝✐♥❝♦ ❝♦r❡s ✉♠ ♠❛♣❛ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦✱ ❞❡ ♠♦❞♦ q✉❡ r❡❣✐õ❡s

✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s✳ ❊ss❡ r❡s✉❧t❛❞♦ ♣❛ss♦✉ ❛ s❡r ❝❤❛♠❛❞♦ ❞❡ ❚❡♦r❡♠❛ ❞❛s

❝✐♥❝♦ ❝♦r❡s ✭P■▼❊◆❚❆✱ ✷✵✶✵✮✳

◗✉❛s❡ ❝❡♠ ❛♥♦s ❞❡♣♦✐s✱ ❡♠ ✶✾✼✻✱ ❑❡♥♥❡t❤ ❆♣♣❡❧ ❡ ❲♦❧❢❣❛♥❣ ❍❛❦❡♥ s♦❧✉❝✐♦♥❛r❛♠

♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❛✉①í❧✐♦ ❞❡ ❝♦♠♣✉t❛❞♦r✱ ❝♦♥❢♦r♠❡ ♣✉❜❧✐❝❛❞♦ ❡♠ ✭❆PP❊▲❀ ❍❆❑❊◆✱ ✶✾✼✼✮✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ ❆♣♣❡❧ ❡ ❍❛❦❡♥ s❡ t♦r♥♦✉ ❛ ♣r✐♠❡✐r❛ ♣r♦✈❛ ♠❛t❡♠át✐❝❛ ❝♦♠ ❛✉①í❧✐♦ ❞❡

❝♦♠♣✉t❛❞♦r✳ P♦ré♠✱ ♠✉✐t♦s ♠❛t❡♠át✐❝♦s ♥ã♦ ✜❝❛r❛♠ s❛t✐s❢❡✐t♦s ❝♦♠ ♣❛rt❡s ❞❛ ❞❡♠♦♥s✲

tr❛çã♦ q✉❡ ♣r♦✈❛✈❛♠ ❝❡rt❛s ❛✜r♠❛çõ❡s r❡❞✉③✐♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❛ ❞✐✈❡rs♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s

❡ ✈❡r✐✜❝❛♥❞♦✲♦s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❡ ❝♦♠♣✉t❛❞♦r ✭◆❆◆❏❲❊◆●❊✱ ✷✵✶✽✮✳

❈♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✱ s✉r❣✐✉ ✉♠❛ ♥♦✈❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✱ t❛♠❜é♠ ❝♦♠ ♦ ❛✉①í❧✐♦

❞❡ ❝♦♠♣✉t❛❞♦r só q✉❡ ♠❛✐s s✐♠♣❧✐✜❝❛❞❛ ❡ ❝♦♠ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♠✉✐t♦ ♠❡♥♦r✳ ❋♦✐

♣r♦✈❛❞♦ ♣♦r q✉❛tr♦ ♠❛t❡♠át✐❝♦s◆❡✐❧ ❘♦❜❡rts♦♥✱ ❉❛♥✐❡❧ P✳ ❙❛♥❞❡rs✱ P❛✉❧ ❙❡②♠♦✉r ❡ ❘♦❜✐♥

❚❤♦♠❛s ❝♦♥❢♦r♠❡ ♣✉❜❧✐❝❛❞♦ ❡♠ ✭❘❖❇❊❘❚❙❖◆ ❡t ❛❧✳✱ ✶✾✾✻✮✳ ❆t✉❛❧♠❡♥t❡ só ❡①✐st❡♠ ♣r♦✈❛s

❞♦ ❚❡♦r❡♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s ❛tr❛✈és ❞❡ r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ✭❙❖❯❙❆✱ ✷✵✵✶✮✱ ♣♦✐s✱

✶❋r❡❞❡r✐❝❦ ●✉t❤r✐❡ ✭✶✽✸✸ ✲ ✶✽✽✻✮ ❢♦✐ ✉♠ ❢ís✐❝♦ ❡ q✉í♠✐❝♦✱ ♥❛ é♣♦❝❛ ❡r❛ ❛❧✉♥♦ ❞❡ ❆✉❣✉st✉s ❉❡ ▼♦r❣❛♥✳
✷❆✉❣✉st✉s ❉❡ ▼♦r❣❛♥ ✭✶✽✵✻✲✶✽✼✶✮ ❢♦✐ ✉♠ ♠❛t❡♠át✐❝♦ q✉❡ ❢♦r♠✉❧♦✉ ❛s ▲❡✐s ❞❡ ❉❡ ▼♦r❣❛♥ ♥❛ ❧ó❣✐❝❛✳
✸❆❧❢r❡❞ ❇r❛② ❑❡♠♣❡ ✭✶✽✹✾✲✶✾✷✷✮ ❢♦✐ ✉♠ ♠❛t❡♠át✐❝♦ ❜r✐tâ♥✐❝♦✳
✹P❡r❝② ❏♦❤♥ ❍❡❛✇♦♦❞ ✭✶✽✻✶✲✶✾✺✺✮ ❢♦✐ ✉♠ ♠❛t❡♠át✐❝♦ ❜r✐tâ♥✐❝♦✳



✺✾

❛ ❞❡♠♦♥str❛çã♦ é s✉❜❞✐✈✐❞✐❞❛ ❡♠ ♣❡q✉❡♥♦s ❝❛s♦s ❡♠ q✉❡ ✉♠ ❝♦♠♣✉t❛❞♦r ♣♦❞❡ r❡s♦❧✈❡r

❞❡ ❢♦r♠❛ ♠✉✐t♦ ♠❛✐s rá♣✐❞❛✱ ❛❧❣♦ q✉❡ ❧❡✈❛r✐❛ ✉♠ t❡♠♣♦ ♠✉✐t♦ ❣r❛♥❞❡ ♠❛♥✉❛❧♠❡♥t❡✱ s❡

t♦r♥❛♥❞♦ ✐♠♣r❛t✐❝á✈❡❧✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ❢♦r♠❛❧♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ♣r✐♠❡✐r❛♠❡♥t❡

❞✐s❝✉t✐r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❈♦r❡s ❡ s✉❛ ❞❡♠♦♥str❛çã♦✳

✺✳✷ ❚❊❖❘❊▼❆ ❉❆❙ ❈■◆❈❖ ❈❖❘❊❙

❖ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❈♦r❡s é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✱ q✉❡

s✉r❣✐✉ ❛tr❛✈és ❞❛s t❡♥t❛t✐✈❛s ❞❡ ❞❡♠♦♥str❛r à ❝♦♥❥❡❝t✉r❛ ❞❛s q✉❛tr♦ ❝♦r❡s✳ ❋♦r♠✉❧❛❞♦

♣♦r ❍❡❛✇♦♦❞✱ ❢♦r♥❡❝❡♥❞♦ ✉♠ ❧✐♠✐t❡ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐❛s ❛♦ ❝♦❧♦r✐r ✉♠

♠❛♣❛✱ ❡ss❛ ❛✜r♠❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ✭❍❊❆❲❖❖❉✱ ✶✽✾✵✮✳ ❖ t❡♦r❡♠❛ ❞❡❝❧❛r❛ q✉❡

❝♦♠ ❛té ❝✐♥❝♦ ❝♦r❡s é ♣♦ssí✈❡❧ ❝♦❧♦r✐r q✉❛❧q✉❡r ♠❛♣❛ t❛❧ q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s ♥ã♦ t❡♥❤❛♠

❛ ♠❡s♠❛ ❝♦r✳

❆♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❈♦r❡s ✉s❛♥❞♦ ♦ ♠ét♦❞♦

✐♥❞✉t✐✈♦ ❡ ♦ ❚❡♦r❡♠❛ ✷✳✼✱ ❜❛s❡❛❞❛ ❡♠ ✭❍❆❘❘■❙❀ ❍■❘❙❚❀ ▼❖❙❙■◆●❍❖❋❋✱ ✷✵✵✽✱ ♣✳✾✺✮✳

❚❡♦r❡♠❛ ✺✳✶✳ ✭❚❡♦r❡♠❛ ❞❛s ❈✐♥❝♦ ❈♦r❡s✮ ❙❡ G é ✉♠ ❣r❛❢♦ ♣❧❛♥❛r✱ ❡♥tã♦ χ(G) ≤ 5✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ G✳ ❙❡❥❛

G ✉♠ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♠ |V | = n✳

❙❡ n ≤ 5 é ❢á❝✐❧ ❞❡ ✈❡r q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦✱ ♣♦✐s ❝♦♠♦ t❡♠ ♥♦ ♠á①✐♠♦ 5

✈ért✐❝❡s✱ ❜❛st❛ ❡s❝♦❧❤❡r ✉♠❛ ❞❛s ❝✐♥❝♦ ❝♦r❡s ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡s ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ✉♠

t❡♥❤❛ ❝♦r❡s ❞✐❢❡r❡♥t❡s ❞❛s ♦✉tr❛s✳

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ s✉♣♦♥❤❛ n ≥ 6 ❡ q✉❡ q✉❛❧q✉❡r ❣r❛❢♦ ♣❧❛♥❛r✱ ❝♦♠ n − 1

✈ért✐❝❡s✱ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ 5 ❝♦r❡s✳

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ q✉❛❧q✉❡r ❣r❛❢♦ ♣❧❛♥❛r ❝♦♠ n ✈ért✐❝❡s ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠

5 ❝♦r❡s✳

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✼✱ t❡♠♦s δ(G) ≤ 5✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ✈ért✐❝❡ ❞❡ G✱ ❞✐❣❛♠♦s v✱ ❝♦♠

d(v) ≤ 5✳

❈♦♥s✐❞❡r❡ H = G−v✱ ✉♠ ❣r❛❢♦ ♣❧❛♥❛r ❝♦♠ n−1 ✈ért✐❝❡s✳ ❈♦♠♦ H t❡♠ n−1 ✈ért✐✲

❝❡s✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡♠H✳ P❡❧❛ ❤✐♣ót❡s❡H é 5✲❝♦❧♦rí✈❡❧✱ ❝♦♠ ❛s ❝♦r❡s

{1, 2, 3, 4, 5}✳ ❈♦♠♦ d(v) ≤ 5✱ v t❡♠ ♥♦ ♠á①✐♠♦ 5 ✈✐③✐♥❤♦s✱ ❞✐❣❛♠♦s {v1, v2, v3, v4, v5}✱

q✉❡ sã♦ ✈ért✐❝❡s ❞❡ H ❥á ❝♦❧♦r✐❞♦s✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ s❡r❡♠ ❝♦♥s✐❞❡r❛❞♦s ♥❛ ❝♦❧♦r❛çã♦

❞♦s ✈ért✐❝❡s {v1, v2, v3, v4, v5}✳

❈❛s♦ ✶✿ ❙ã♦ ✉s❛❞❛s ♠❡♥♦s ❞❡ 5 ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦s ✈ért✐❝❡s vi✱ ❝♦♠ i ∈ {1, 2, 3, 4, 5}✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❝♦❧♦r❛çã♦✱ ♣❛r❛ ♦ ✈ért✐❝❡ v1 ❝♦♠ ❛ ❝♦r ✶ ❡ ♦s ❞❡♠❛✐s ✈ért✐❝❡s

vi ❝♦♠ ❛ ❝♦r i− 1✱ ♣❛r❛ i ∈ {2, 3, 4, 5}✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✼✹✳ ◆❡ss❛ ❝♦❧♦r❛çã♦ s♦❜r❛



✻✵

❛ ❝♦r 5✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦❧♦r✐r ♦ ✈ért✐❝❡ v ❝♦♠ ❛ ❝♦r q✉❡ s♦❜r♦✉✱ ♥❡st❡ ❝❛s♦ ❛ ❝♦r ✺✳

P♦rt❛♥t♦✱ ♦ ❣r❛❢♦ G é 5✲❝♦❧♦rí✈❡❧✳

❋✐❣✉r❛ ✼✹✿ ❙✉❜❣r❛❢♦ ❝♦♠ ♦s ✈✐③✐♥❤♦s ❞❡ v ❝♦❧♦r✐❞♦s✳

v5
v

v3

v1

v4 v2

4 1

13 2

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈❛s♦ ✷✿ ❙ã♦ ✉s❛❞❛s ❛s 5 ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦s ✈ért✐❝❡s vi✱ ❝♦♠ i ∈ {1, 2, 3, 4, 5}✳

◆❡st❡ ❝❛s♦ t♦❞♦s ♦s ✈✐③✐♥❤♦s ❞❡ v ❡stã♦ ❝♦❧♦r✐❞♦s ❝♦♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳ ❙✉♣♦♥❤❛

s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ ❝❛❞❛ vi ❡stá ❝♦♠ ❛ ❝♦r i✱ ♣❛r❛ i ∈ {1, 2, 3, 4, 5}✳ ❈♦♠♦

♠♦str❛ ❛ ❋✐❣✉r❛ ✼✺✳

❋✐❣✉r❛ ✼✺✿ ❙✉❜❣r❛❢♦ ❝♦♠ ♦s ✈✐③✐♥❤♦s ❞❡ v ❝♦❧♦r✐❞♦s ❝♦♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s✳

v5
v

v3

v1

v4 v2

5 1

24 3

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❱❛♠♦s ♠♦str❛r q✉❡ é ♣♦ssí✈❡❧ r❡♦r❣❛♥✐③❛r ❛s ❝♦r❡s ❞♦s ✈ért✐❝❡s ❞❡ H ❞❡ ♠♦❞♦ q✉❡

♥♦ ♠á①✐♠♦ 4 ❝♦r❡s s❡❥❛♠ ✉s❛❞❛s✱ ♣❛r❛ ❝♦❧♦r✐r ♦s ✈ért✐❝❡s v1, v2, v3, v4 ❡ v5✳ P❛r❛ ✐ss♦✱

❝♦♥s✐❞❡r❡ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ H ❝♦♠ ❛s ❝♦r❡s 2 ♦✉ 4✳ ❆ss✐♠✱ t❡♠♦s ❞♦✐s ❝❛s♦s ❛ s❡r❡♠

❡st✉❞❛❞♦s✳

❈❛s♦ ✷❛✿ ◆ã♦ ❡①✐st❡ ♥♦ ❣r❛❢♦ H ✉♠ ❝❛♠✐♥❤♦ ❞❡ v2 ❛ v4 ❡♠ q✉❡ t♦❞♦s ♦s ✈ért✐❝❡s

❞♦ ❝❛♠✐♥❤♦ sã♦ ❞❡ ❝♦r 2 ♦✉ 4✳

❙❡❥❛ H ′ ✉♠ s✉❜❣r❛❢♦ ❞❡ H✱ ❢♦r♠❛❞♦ ♣❡❧❛ ✉♥✐ã♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s q✉❡ ♣❛rt❡♠

❞♦ ✈ért✐❝❡ v2 ❡ ♣❛ss❛♠ ❛♣❡♥❛s ♣❡❧♦s ✈ért✐❝❡s ❝♦♠ ❛s ❝♦r❡s 2 ❡ 4✳ ❈♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✼✻✳

❋✐❣✉r❛ ✼✻✿ ●r❛❢♦ G✳

v5
v

v3

v1

v4 v2

✹ ✷
✹

✹ ✷ ✹ ✷
5 1

24
3

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳



✻✶

◆♦t❡ q✉❡ v4 /∈ H ′ ❡ ♥❡♠ s❡✉s ✈✐③✐♥❤♦s✱ ♣♦✐s s❡ ✉♠ ❞♦s ✈✐③✐♥❤♦s ♣❡rt❡♥❝❡r ❛♦ ❣r❛❢♦

H ′✱ ❡♥tã♦ v4 ❡st❛r✐❛ ❡♠ H ′✳ ❆ss✐♠✱ ♣♦❞❡♠♦s tr♦❝❛r ❛s ❝♦r❡s ❞♦s ✈ért✐❝❡s ❞❡ H ′✱ ♠✉❞❛♥❞♦

❛ ❝♦r 2 ♣❛r❛ ❛ ❝♦r 4 ❡ ✈✐❝❡✲✈❡rs❛✳

❈♦♠ ❛ r❡♦r❣❛♥✐③❛çã♦ ❞❛s ❝♦r❡s ♦ v2 ♣❛ss❛ ❛ ❡st❛r ❝♦♠ ❛ ❝♦r 4 ❡ ❛ss✐♠ ❛ ❝♦r 2 ✜❝❛

❞✐s♣♦♥í✈❡❧ ♣❛r❛ ♦ ✈ért✐❝❡ v✳ P♦rt❛♥t♦✱ G é 5✲❝♦❧♦rí✈❡❧✳

❈❛s♦ ✷❜✿ ❊①✐st❡ ♥♦ ❣r❛❢♦ H ✉♠ ❝❛♠✐♥❤♦ ❞❡ v2 ❛ v4 ❡♠ q✉❡ t♦❞♦s ♦s ✈ért✐❝❡s ❞♦

❝❛♠✐♥❤♦ sã♦ ❞❡ ❝♦r 2 ♦✉ 4✳

❙❡❥❛ P ✉♠ ❝❛♠✐♥❤♦ ❞❡ H q✉❡ ❧✐❣❛ ♦s ✈ért✐❝❡s v2 ❡ v4 ❞❡ ♠♦❞♦ q✉❡ ❡ss❡ ❝❛♠✐♥❤♦ só

t❡♠ ♦s ✈ért✐❝❡s ❞❡ H ❝♦♠ ❛s ❝♦r❡s 2 ♦✉ 4✳ ❙❡ ✉♥✐r ♦ ✈ért✐❝❡ v ❝♦♠ P ✱ t❡r❡♠♦s ✉♠ ❝✐❝❧♦✳

❊st❡ ❝✐❝❧♦ ❝❡r❝❛ v3 ♦✉ v5 ✭✈❡❥❛ ❋✐❣✉r❛ ✼✼✮✳

❋✐❣✉r❛ ✼✼✿ ❈✐❝❧♦ ❡♥✈♦❧✈❡♥❞♦ ♦ ✈ért✐❝❡ v3 ♦✉ v5✳

v5
v

v3

v1

v4 v2

✹

✷

✷

✹
✷

5 1

24
3

. . .

(a) ❈✐❝❧♦ ❝♦♠ ♦ v3 ✐♥t❡r♥♦✳

v5
v

v3

v1

v4
v2

✹

✷

✹✷✹

✷

5 1

24
3

. . .

(b) ❈✐❝❧♦ ❝♦♠ ♦ v5 ✐♥t❡r♥♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈♦♠♦ ♦ ❣r❛❢♦ é ♣❧❛♥❛r✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♥ã♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❡♠ H q✉❡ ❧✐❣❛

♦s ✈ért✐❝❡s v3 ❡ v5✱ ♥♦ q✉❛❧ ♦s ✈ért✐❝❡s ❞♦ ❝❛♠✐♥❤♦ ❡stã♦ ❝♦♠ ❛s ❝♦r❡s 3 ❡ 5 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ss✐♠✱ ♦ ❝❛s♦ ✷❛ s❡ ❛♣❧✐❝❛ ✭tr♦❝❛♥❞♦ v2 ♣♦r v3 ❡ v4 ♣♦r v5 ❡ ❛s ❝♦r❡s 2 ♣♦r 3 ❡ 4 ♣♦r 5✮✳

P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ G é ✺✲❝♦❧♦rí✈❡❧✳ �

✺✳✸ ❯▼❆ ■❉❊■❆ ❉❆ ❉❊▼❖◆❙❚❘❆➬➹❖ ❉❖ ❚❊❖❘❊▼❆ ❉❆❙ ◗❯❆❚❘❖ ❈❖❘❊❙

❖ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s s✉r❣✐✉ ❛♦ ❝♦❧♦r✐r ♦ ♠❛♣❛ ❞❛ ■♥❣❧❛t❡rr❛ ♣♦r ❋r❛♥❝✐s

●✉t❤r✐❡ ✭✶✽✺✷✮ ❡ q✉❛s❡ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❑❡♠♣❡ ✭✶✽✼✾✮✳ ❈♦♥t✉❞♦✱ ❡♠ ✶✽✾✵✱ ❍❡❛✇♦♦❞

❡♥❝♦♥tr❛ ✉♠❛ ❢❛❧❤❛ ♥❡ss❛ ♣r♦✈❛✳ ◆❡ss❛ s❡çã♦ ✈❛♠♦s ❛♥❛❧✐s❛r ❜r❡✈❡♠❡♥t❡ ❛ ✐❞❡✐❛ ❞❛ ❞❡✲

♠♦♥str❛çã♦ ❞❡ ❑❡♠♣❡ ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ♣♦✐s ❡ss❛ ✐❞❡✐❛ s❡r✈✐✉ ❞❡ ❜❛s❡ ♣❛r❛

❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ♣♦r ♦✉tr♦s ♠❛t❡♠át✐❝♦s✳

Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ❞❡✜♥✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ✉t✐❧✐③❛❞♦s ♣♦r ❑❡♠♣❡ ♥❛ s✉❛ ❞❡✲

♠♦♥str❛çã♦✳

❉❡✜♥✐çã♦ ✷✺✳ ❯♠ ♠❛♣❛ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ♠❡♥♦s ❞❡ ❝✐♥❝♦ ❝♦r❡s é ❝❤❛♠❛❞♦

♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦✳
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❉❡✜♥✐çã♦ ✷✻✳ ❯♠ ♠❛♣❛ ♥♦r♠❛❧ é ✉♠ ♠❛♣❛ q✉❡ s❛t✐s❢❛③ ♦s s❡❣✉✐♥t❡s ❝r✐tér✐♦s✿

✐✳ ◆ã♦ ❡①✐st❡ ♥♦ ♠❛♣❛ ✉♠❛ r❡❣✐ã♦ ✐s♦❧❛❞❛ ❞❡♥tr♦ ❞❡ ♦✉tr❛ r❡❣✐ã♦✳

✐✐✳ ❙❡ P é ♦ ♣♦♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ❡♥tr❡ r❡❣✐õ❡s✱ P ♥ã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ ♠❛✐s ❞♦ q✉❡

três r❡❣✐õ❡s✳

❋✐❣✉r❛ ✼✽✿ ▼❛♣❛s ♥ã♦ ♥♦r♠❛✐s✳

(a) ❘❡❣✐ã♦ A ✐s♦❧❛❞♦ ♥❛ r❡❣✐ã♦ B✳ (b) ❖ ♣♦♥t♦ P é ❛ ❢r♦♥t❡✐r❛ ❞❡ q✉❛tr♦ r❡❣✐õ❡s✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆ ❋✐❣✉r❛ ✼✽ (a) ♥ã♦ s❛t✐s❢❛③ ♦ ♣r✐♠❡✐r♦ ❝r✐tér✐♦✱ ♣♦✐s ❛ r❡❣✐ã♦ A ❡stá ✐s♦❧❛❞❛ ♥❛

r❡❣✐ã♦ B✳ ❊ ❛ ❋✐❣✉r❛ ✼✽ (b) ♥ã♦ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❝r✐tér✐♦✱ ♣♦✐s ♦ ♣♦♥t♦ P é ❛ ❢r♦♥t❡✐r❛

❞❡ q✉❛tr♦ r❡❣✐õ❡s✳

❉❡✜♥✐çã♦ ✷✼✳ ❯♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ é ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r✲

♠❛❧ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ r❡❣✐õ❡s ♣♦ssí✈❡✐s✳

❉❡✜♥✐çã♦ ✷✽✳ ❯♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ r❡❣✐õ❡s é r❡❞✉tí✈❡❧ s❡ ♥ã♦ ❢❛③ ♣❛rt❡ ❞❡ ✉♠ ♠❛♣❛

♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❑❡♠♣❡ s❡r✐❛ ✐♠♣♦ssí✈❡❧ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❛♣❛s ♣❡♥t❛❝r♦♠át✐❝♦s✳

P❛r❛ ✐ss♦ ❡❧❡ ✉t✐❧✐③❛ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s ♣❛r❛ s✉❛ ❞❡♠♦♥str❛çã♦ ✭❙❖❯❙❆✱ ✷✵✵✶✮✿

■✳ ❙❡ ❡①✐st❡ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧✳

■■✳ ❙❡ ❡①✐st❡ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧

♠í♥✐♠♦✳

■■■✳ ◗✉❛❧q✉❡r ♠❛♣❛ ♥♦r♠❛❧ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡❣✐ã♦ ❝♦♠ ♥♦ ♠á①✐♠♦ ❝✐♥❝♦ ✈✐③✐♥❤♦s✳

■❱✳ ◆❡♥❤✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ ♣♦❞❡ ❝♦♥t❡r ✉♠❛ r❡❣✐ã♦ ❝♦♠ ♠❡♥♦s

❞❡ s❡✐s ✈✐③✐♥❤♦s✳

❉❛s q✉❛tr♦ ❛✜r♠❛çõ❡s✱ ❑❡♠♣❡ ❞❡♠♦♥str♦✉ ❝♦rr❡t❛♠❡♥t❡ ❛s três ♣r✐♠❡✐r❛s✱ ♠❛s ♥❛

ú❧t✐♠❛ ❡❧❡ ❝♦♠❡t❡✉ ✉♠ ❡rr♦✳ ❱❡❥❛♠♦s ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳

❆✜r♠❛çã♦ (I)✿ ❙✉♣♦♥❤❛ G é ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ❝♦♠ r❡❣✐ã♦ ✐s♦❧❛❞❛ ❞❡♥tr♦

❞❡ ♦✉tr❛ r❡❣✐ã♦✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✼✾ (a)✳ ❙❡ ❡①❝❧✉✐r ❛ r❡❣✐ã♦ ✐s♦❧❛❞❛✱ t❡r❡♠♦s ✉♠
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♥♦✈♦ ♠❛♣❛ M ✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✼✾ (b)✱ s❡♠ r❡❣✐ã♦ ✐s♦❧❛❞❛✳ ❈♦♠♦ G é

♣❡♥t❛❝r♦♠át✐❝♦✱ ❡♥tã♦ M t❛♠❜é♠ ♦ é✱ ♣♦✐s ❛ ❝♦❧♦r❛çã♦ ❞❛ r❡❣✐ã♦ ❡①❝❧✉í❞❛ A ♥ã♦ ✐♥t❡r❢❡r❡

♥❛ ❝♦❧♦r❛çã♦ ❞❛s ♦✉tr❛s r❡❣✐õ❡s ❞♦ ♠❛♣❛ G✳ ❆ss✐♠✱ M s❛t✐s❢❛③ ♦ ♣r✐♠❡✐r♦ ❝r✐tér✐♦ ❞❡ s❡r

✉♠ ♠❛♣❛ ♥♦r♠❛❧✳ ❈❛s♦ M s❛t✐s❢❛ç❛ ♦ s❡❣✉♥❞♦ ❝r✐tér✐♦✱ ❡♥tã♦ M é ✉♠ ♠❛♣❛ ♥♦r♠❛❧✳

❋✐❣✉r❛ ✼✾✿ ❊①❝❧✉sã♦ ❞❡ ✉♠❛ r❡❣✐ã♦ ✐s♦❧❛❞❛ ❡♠ ✉♠❛ ♦✉tr❛ r❡❣✐ã♦✳

(a) P❛rt❡ ❞♦ ♠❛♣❛ G ❝♦♠ ❛ r❡❣✐ã♦ A ✐s♦❧❛❞♦ ♥❛

r❡❣✐ã♦ B✳
(b) ▼❛♣❛ M s❡♠ ❛ r❡❣✐ã♦ ✐s♦❧❛❞❛ ❞❡ G✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❙✉♣♦♥❤❛ q✉❡ M ♥ã♦ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❝r✐tér✐♦✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✽✵ (a)✱

❡♠ q✉❡ ♦ ♣♦♥t♦ P é ♦ ♣♦♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ❛❞❥❛❝❡♥t❡ ❛ ♠❛✐s ❞❡ três r❡❣✐õ❡s✳ P♦❞❡♠♦s

❝r✐❛r ✉♠ ♥♦✈♦ ♠❛♣❛ M ′ ❡♠ r❡❧❛çã♦ ❛♦ M ❢♦r♠❛♥❞♦ ✉♠❛ ♥♦✈❛ r❡❣✐ã♦ A ♥♦ ❧✉❣❛r ❞❛

❢r♦♥t❡✐r❛ P ✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✽✵ (b)✳ ❆ss✐♠✱ ♦ ♠❛♣❛ M ′ é ✉♠ ♠❛♣❛ ♥♦r♠❛❧✳ ❈♦♠♦

M é ♣❡♥t❛❝r♦♠át✐❝♦✱ ❡♥tã♦ M ′ t❛♠❜é♠ ♦ é✱ ♣♦✐s ❛s r❡❣✐õ❡s ❛♥t✐❣❛s ❝♦♥t✐♥✉❛♠ t❡♥❞♦ ❛s

♠❡s♠❛s ❢r♦♥t❡✐r❛s ❡♥tr❡ ❡❧❛s✱ ♥ã♦ ❛❧t❡r❛♥❞♦ ❛ ❝♦❧♦r❛çã♦✱ ❡ ❛❧❣✉♠❛s ❞❡ss❛s r❡❣✐õ❡s ♣❛ss❛♠

❛ t❡r ✉♠❛ ♥♦✈❛ r❡❣✐ã♦ ❞❡ ❢r♦♥t❡✐r❛✳ ❆ r❡❣✐ã♦ ♥♦✈❛ ♣♦❞❡ s❡r ❝♦❧♦r✐❞❛ ❝♦♠ ✉♠❛ ❞❛s ❝♦r❡s

✉s❛❞❛s ❛♦ ❝♦❧♦r✐r M ♦✉✱ s❡ ✐st♦ ♥ã♦ ❢♦r ♣♦ssí✈❡❧✱ ❝♦♠ ✉♠❛ ♥♦✈❛ ❝♦r✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱

♦ ♠❛♣❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ♣❡♥t❛❝r♦♠át✐❝♦✳

❋✐❣✉r❛ ✽✵✿ ❈r✐❛♥❞♦ ✉♠❛ r❡❣✐ã♦ ♥♦ ♣♦♥t♦ ❞❡ ❢r♦♥t❡✐r❛✳

(a) P❛rt❡ ❞♦ ♠❛♣❛ M ❝♦♠ ❛ ❢r♦♥t❡✐r❛ P ❝♦♠

♠❛✐s ❞❡ três r❡❣✐õ❡s✳
(b) ▼❛♣❛ M ′ ❝♦♠ ❛ ❢r♦♥t❡✐r❛ P ❝♦♠ ♠❛✐s ❞❡

três r❡❣✐õ❡s✳
❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆✜r♠❛çã♦ (II)✿ ❙❡ G é ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♠❛♣❛

M ❝♦♠♣r❡❡♥❞✐❞♦ ❡♠ G ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ r❡❣✐õ❡s ♣♦ssí✈❡✐s ❞❡ G ❡ ♠❛♥t❡♥❞♦ ❛

❝♦♥❞✐çã♦ ❞❡ s❡r ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧✳ ◆❡ss❡ ❝❛s♦✱M é ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧

❡ ♠í♥✐♠♦✳
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❆✜r♠❛çã♦ (III)✿ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❛ ❛✜r♠❛çã♦✱ ❝♦♥s✐❞❡r❡ G ✉♠ ❣r❛❢♦

♣❧❛♥❛r s✐♠♣❧❡s q✉❡ r❡♣r❡s❡♥t❛ ♦ ♠❛♣❛ ♥♦r♠❛❧✱ ❡♠ q✉❡ ♦s ✈ért✐❝❡s sã♦ ♦s ♣♦♥t♦s ❞❡ ✐♥t❡r✲

s❡❝çã♦ ❞❛s ❢r♦♥t❡✐r❛s ❞❛s r❡❣✐õ❡s ❞♦ ♠❛♣❛ ♥♦r♠❛❧✳ ❆s ❛r❡st❛s ❞♦ ❣r❛❢♦✱ s❡♥❞♦ ❛s ❢r♦♥t❡✐r❛s

q✉❡ ❧✐❣❛♠ ♦s ✈ért✐❝❡s✱ ❡ ❛s ❢❛❝❡s s❡♥❞♦ ❛s ár❡❛s ❢♦r♠❛❞❛s ♣❡❧❛s ❛r❡st❛s ❞♦ ❣r❛❢♦ ♥♦ ♣❧❛♥♦✱

q✉❡ r❡♣r❡s❡♥t❛♠ ❛s r❡❣✐õ❡s ✭♣❛ís❡s✮ ❞♦ ♠❛♣❛✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✼ t❡♠♦s q✉❡ δ(G) ≤ 5✳

P♦rt❛♥t♦✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣❛ís ❝♦♠ ♥♦ ♠á①✐♠♦ ❝✐♥❝♦ ✈✐③✐♥❤♦s✳

P♦r ❡ss❛ ❛✜r♠❛çã♦ ❑❡♠♣❡ ♣❡r❝❡❜❡✉ q✉❡ ✉♠ ♠❛♣❛ ♥♦r♠❛❧ s❡♠♣r❡ t❡rá ❛❧❣✉♠❛

❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✽✶ q✉❡ ❝❧❛ss✐✜❝♦✉ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ✐♥❡✈✐tá✈❡❧

✭▲■▼❆✱ ✷✵✶✻✮✱ ✐st♦ é✱ t♦❞♦ ♠❛♣❛ ♥♦r♠❛❧ ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡❣✐ã♦ ❝♦♠ ♥♦ ♠á①✐♠♦

❝✐♥❝♦ ✈✐③✐♥❤♦s✳

❋✐❣✉r❛ ✽✶✿ ❈♦♥✜❣✉r❛çõ❡s ✐♥❡✈✐tá✈❡✐s ❞❡ ❑❡♠♣❡✳

δ(G) = 2✳ δ(G) = 3✳ δ(G) = 4 δ(G) = 5

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆✜r♠❛çã♦ (IV )✿ ❙✉❛ ❡str❛té❣✐❛✱ ❢♦✐ ♠♦str❛r q✉❡ ❡♠ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦

♥♦r♠❛❧ ♠í♥✐♠♦✱ ❛s q✉❛tr♦ ❝♦♥✜❣✉r❛çõ❡s ✐♥❡✈✐tá✈❡✐s ❞❛ ❛✜r♠❛çã♦ (III) sã♦ r❡❞✉tí✈❡✐s

✭✈❡❥❛ ❉❡✜♥✐çã♦ ✷✽✮✳ ❖ ❡rr♦ q✉❡ ❑❡♠♣❡ ❝♦♠❡t❡ s❡ ❡♥❝♦♥tr❛ ♥❡ss❛ ❛✜r♠❛çã♦✳ ❆ s❡❣✉✐r✱

✐r❡♠♦s ❛♥❛❧✐s❛r ♦s q✉❛tr♦ ❝❛s♦s✳

❈❛s♦ ✶✿ ❙❡❥❛ M ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ ❝♦♥t❡♥❞♦ ✉♠❛ r❡❣✐ã♦

❝♦♠ ❞♦✐s ✈✐③✐♥❤♦s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✽✷ (a)✳ ❙❡ ❡①❝❧✉✐r ❛ r❡❣✐ã♦ A q✉❡ t❡♠ ❞♦✐s

✈✐③✐♥❤♦s✱ t❡♠♦s ✉♠ ♥♦✈♦ ♠❛♣❛ M ′ ♥♦r♠❛❧ ❝♦♠ ✉♠❛ r❡❣✐ã♦ ❛ ♠❡♥♦s q✉❡ M ✱ ❝♦♠♦ ♣♦❞❡

s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✽✷ (b)✳

❋✐❣✉r❛ ✽✷✿ ❘❡❣✐ã♦ ❝♦♠ ❞♦✐s ✈✐③✐♥❤♦s✳

(a) P❛rt❡ ❞♦ ♠❛♣❛ M ❝♦♠ ✉♠❛ r❡❣✐ã♦ ❝♦♠ ❞♦✐s

✈✐③✐♥❤♦s✳

(b) ▼❛♣❛ M ′ s❡♠ ❛ r❡❣✐ã♦ ❝♦♠ ❞♦✐s ✈✐③✐♥❤♦s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❖ ♥♦✈♦ ♠❛♣❛ M ′ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ q✉❛tr♦ ❝♦r❡s✱ ♣♦✐s M é ✉♠ ♠❛♣❛ ♣❡♥✲

t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ ❡ ❝♦♠♦ M ′ t❡♠ ✉♠❛ r❡❣✐ã♦ ❛ ♠❡♥♦s✱ ❧♦❣♦ ♥ã♦ ♣♦❞❡ s❡r
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♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ ✭q✉❡ ❝♦♥tr❛❞✐r✐❛ ♦ ❢❛t♦ ❞❡ M s❡r ♠í♥✐♠♦✮✳ ❈♦♠♦ M ′

♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ q✉❛tr♦ ❝♦r❡s✱ ❡♥tã♦ M t❛♠❜é♠ ♣♦❞❡✳ P♦✐s✱ ❜❛st❛r✐❛ ❝♦❧♦r✐r ❛ r❡✲

❣✐ã♦ ❡①❝❧✉í❞❛ A ❞❡ M ❝♦♠ ✉♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s q✉❡ ♥ã♦ ❢♦r❛♠ ✉s❛❞❛s ♥❛s r❡❣✐õ❡s B ❡ C✱

❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✽✷✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ M s❡r ♣❡♥t❛❝r♦♠át✐❝♦✳ P♦rt❛♥t♦✱

M é r❡❞✉tí✈❡❧✳

❈❛s♦ ✷✿ ❙❡❥❛ M ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦ ❝♦♥t❡♥❞♦ ✉♠❛ r❡❣✐ã♦

❝♦♠ três ✈✐③✐♥❤♦s✱ ❝♦♠♦ ❛ ❋✐❣✉r❛ ✽✸✳ ❆ ❝♦♥str✉çã♦ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❝♦♠ ❛

❛♥t❡r✐♦r✳ ❙❡ ❡①❝❧✉✐r ❛ r❡❣✐ã♦ A q✉❡ t❡♠ ♦s três ✈✐③✐♥❤♦s✱ t❡♠♦s ✉♠ ♥♦✈♦ ♠❛♣❛ M ′ ♥♦r♠❛❧

q✉❡ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✽✸ (b)✳

❋✐❣✉r❛ ✽✸✿ ❘❡❣✐ã♦ ❝♦♠ três ✈✐③✐♥❤♦s✳

(a) P❛rt❡ ❞♦ ♠❛♣❛ M ❝♦♠ ✉♠❛ r❡❣✐ã♦ ❝♦♠ três

✈✐③✐♥❤♦s✳
(b) ▼❛♣❛ M ′ s❡♠ ❛ r❡❣✐ã♦ ❝♦♠ três ✈✐③✐♥❤♦s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆ss✐♠✱ M ′ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ q✉❛tr♦ ❝♦r❡s✱ ♣♦✐s M é ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦

♥♦r♠❛❧ ♠í♥✐♠♦✳ ❈♦♠♦ M ′ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ q✉❛tr♦ ❝♦r❡s✱ s❡❣✉❡ q✉❡ M t❛♠❜é♠

♣♦❞❡✳ P♦✐s✱ ❜❛st❛r✐❛ ❝♦❧♦r✐r ❛ r❡❣✐ã♦ ❡①❝❧✉í❞❛ A ❞❡ M ❝♦♠ ✉♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s q✉❡ ♥ã♦

❢♦✐ ✉s❛❞❛ ♣❛r❛ ❝♦❧♦r✐r ❛s r❡❣✐õ❡s B✱ C ❡ D ❞❛ ❋✐❣✉r❛ ✽✸ (b)✳ P♦rt❛♥t♦✱ M é r❡❞✉tí✈❡❧✳

❆❣♦r❛ ♣❛r❛ ♦s ❝❛s♦s ✸ ❡ ✹✱ ❝♦♠ r❡❣✐õ❡s t❡♥❞♦ q✉❛tr♦ ♦✉ ❝✐♥❝♦ ✈✐③✐♥❤♦s✱ ♥ã♦ é

♣♦ssí✈❡❧ ❛♣❧✐❝❛r ❛ ♠❡s♠❛ ✐❞❡✐❛✱ ♣♦✐s ❛♦ ❡①❝❧✉✐r ✉♠❛ r❡❣✐ã♦ ❞❡ M ✱ ♥ã♦ s❛❜❡♠♦s s❡ s♦❜r❛r✐❛

✉♠❛ ❝♦r ♣❛r❛ ❝♦❧♦r✐r ❡ss❛ r❡❣✐ã♦ ❡①❝❧✉í❞❛✱ ❝♦♠♦ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ♥♦ q✉❛❧ s♦❜r❛✈❛♠ ❞✉❛s

❝♦r❡s ❡ ♥♦ s❡❣✉♥❞♦ ❝❛s♦ ✉♠❛ ❝♦r✳ ❆ ♣r♦✈❛ ♣❛r❛ ❡st❡s ❝❛s♦s é ♠❛✐s ❝♦♠♣❧❡①❛ ❡ ❞✐r❡❝✐♦♥❛♠♦s

♦ ❧❡✐t♦r ♣❛r❛ ❛ r❡❢❡rê♥❝✐❛ ✭▲■▼❆✱ ✷✵✶✻✮✳

▲♦❣♦✱ ♣❡❧❛s ❛✜r♠❛çõ❡s (III) ❡ (IV )✱ ♥ã♦ ❡①✐st❡ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í✲

♥✐♠♦✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❛✜r♠❛çã♦ (II) ♥ã♦ ❡①✐st❡ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧✱

s❡❣✉❡ t❛♠❜é♠ ♣❡❧❛ ❛✜r♠❛çã♦ (I) q✉❡ ♥ã♦ ❡①✐st❡ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦✳ ❆ss✐♠✱ ❑❡♠♣❡

✏♣r♦✈♦✉✑ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✳

◆♦ ❡♥t❛♥t♦✱ ♥❛ ♣r♦✈❛ ❞❡ ❑❡♠♣❡ ❞♦ q✉❛rt♦ ❝❛s♦ ❤á ✉♠ ❡q✉í✈♦❝♦ ❡♥❝♦♥tr❛❞♦ ♣❡❧♦

❍❡❛✇♦♦❞✱ q✉❡ ❛♣r❡s❡♥t♦✉ ✉♠ ❝♦♥tr❛ ❡①❡♠♣❧♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ❡rr♦ ❝♦♠❡t✐❞♦

❡ ♦ ❝♦♥tr❛ ❡①❡♠♣❧♦ ❞❡ ❍❡❛✇♦♦❞✱ ✈❡❥❛ ❛ r❡❢❡rê♥❝✐❛ ✭▲■▼❆✱ ✷✵✶✻✮✳

P❛ss❛❞♦s ❛♣r♦①✐♠❛♥❞❛♠❡♥t❡ ✽✻ ❛♥♦s✱ ✐st♦ é✱ ❡♠ ✶✾✼✻ ❢♦✐ r❡❛❧♠❡♥t❡ ♣r♦✈❛❞❛ ❛ ❝♦♥✲

❥❡❝t✉r❛ ♣❡❧♦s ♠❛t❡♠át✐❝♦s ❑❡♥♥❡t❤ ❆♣♣❡❧ ❡❲♦❧❢❣❛♥❣ ❍❛❦❡♥ q✉❡ ✉s❛r❛♠ ❝♦♠♦ ❜❛s❡ ❛ ✐❞❡✐❛



✻✻

❞❡ ❑❡♠♣❡✱ ❡ ♣❛r❛ ❝♦♥t♦r♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝❛s♦ ❡♠ q✉❡ ✉♠❛ ♠❛♣❛ ♣❡♥✲

t❛❝r♦♠át✐❝♦ ♣♦ss✉✐ ✉♠❛ r❡❣✐ã♦ ❝♦♠ ❝✐♥❝♦ ✈✐③✐♥❤♦s✱ ❡❧❡s ✉s❛r❛♠ r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳

❱❛♠♦s ✈❡r ❛ ✐❞❡✐❛ q✉❡ ❆♣♣❡❧ ❡ ❍❛❦❡♥ t✐✈❡r❛♠ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

❞❛s ◗✉❛tr♦ ❈♦r❡s ❡ ♠♦t✐✈♦ q✉❡ ♦s ❧❡✈♦✉ ❛♦ ✉s♦ ❞❡ r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ▼❛s ❛♥t❡s

✈❛♠♦s ❢♦r♠❛❧✐③❛r ♦ t❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✳

❚❡♦r❡♠❛ ✺✳✷✳ ✭❚❡♦r❡♠❛ ❞❛s q✉❛tr♦ ❝♦r❡s✮ ❙❡ G é ✉♠ ❣r❛❢♦ ♣❧❛♥❛r✱ ❡♥tã♦ χ(G) ≤ 4✳

❆♣♣❡❧ ❡ ❍❛❦❡♥ ✉s❛r❛♠ ❛ ♠❡s♠❛ ✐❞❡✐❛ ❞❡ ❑❡♠♣❡ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦✳ ❊❧❡s ♣❛rt✐r❛♠

♣❡❧❛ ❛✜r♠❛çã♦ (III) ❞❡ ❑❡♠♣❡✱ ❡♠ q✉❡ t♦❞♦ ♠❛♣❛ ♥♦r♠❛❧ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡❣✐ã♦

❝♦♠ ♥♦ ♠á①✐♠♦ ❝✐♥❝♦ ✈✐③✐♥❤♦s✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❛r❛♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥✜❣✉r❛çõ❡s

✐♥❡✈✐tá✈❡✐s ❝♦♠♦ ❑❡♠♣❡✱ ♠❛s ❡❧❡s ❛❞q✉✐r✐r❛♠ ✉♠ t♦t❛❧ ❞❡ ✶✹✽✷ ❝♦♥✜❣✉r❛çõ❡s ✐♥❡✈✐tá✈❡✐s

❝♦♠ ❛✉①í❧✐♦ ❞❡ ❝♦♠♣✉t❛❞♦r✱ q✉❡ ❡♠ ♠ã♦s s❡r✐❛ ✐♠♣♦ssí✈❡❧ ❞❡ ✈❡r✐✜❝❛r ✭▲■▼❆✱ ✷✵✶✻✮✳

P❛r❛ ❆♣♣❡❧ ❡ ❍❛❦❡♥ ❝♦♥❝❧✉ír❡♠ ❛ ❞❡♠♦♥str❛çã♦✱ ❢❛❧t❛✈❛ ✈❡r s❡ ❛s ❝♦♥✜❣✉r❛çõ❡s

✐♥❡✈✐tá✈❡✐s ❡r❛♠ r❡❞✉tí✈❡✐s✱ ♣❛r❛ ♠❛♣❛ ♣❡♥t❛❝r♦♠át✐❝♦ ♥♦r♠❛❧ ♠í♥✐♠♦✳ P❛r❛ ✐ss♦ ❡❧❡s

✉t✐❧✐③❛r❛♠ t❛♠❜é♠ ♦ ❛✉①í❧✐♦ ❞❡ ❝♦♠♣✉t❛❞♦r❡s✳ ❆ss✐♠✱ ♣r♦✈❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦

❈♦r❡s ✭▲■▼❆✱ ✷✵✶✻✮✳

❊♠ ✶✾✾✸✱ q✉❛tr♦ ♠❛t❡♠át✐❝♦s ◆❡✐❧ ❘♦❜❡rts♦♥✱ ❉❛♥✐❡❧ P✳ ❙❛♥❞❡rs✱ P❛✉❧ ❙❡②♠♦✉r

❡ ❘♦❜✐♥ ❚❤♦♠❛s ❛♦ ❡st✉❞❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❆♣♣❡❧ ❡ ❍❛❦❡♥ ♣❡r❝❡❜❡r❛♠ q✉❡ ✐r✐❛♠

❧❡✈❛r ♠✉✐t♦ t❡♠♣♦ ♣❛r❛ ✈❡r✐✜❝❛r ❝❛❞❛ ❝❛s♦✱ ❡♥tã♦ r❡s♦❧✈❡r❛♠ ♣r♦✈❛r ♦ t❡♦r❡♠❛ ♣♦r ❡❧❡s

♠❡s♠♦s✳ ❊❧❡s ♣❛rt✐r❛♠ ♣❡❧❛ ♠❡s♠❛ ❡str❛té❣✐❛ ❞❡ ❆♣♣❡❧ ❡ ❍❛❦❡♥✱ ♠❛s ❞❡t❡r♠✐♥❛r❛♠ ✻✸✸

❝♦♥✜❣✉r❛çõ❡s ✐♥❡✈✐tá✈❡✐s ❛♦ ❝♦♥trár✐♦ ❞❡ ❆♣♣❡❧ ❡ ❍❛❦❡♥ q✉❡ ❡♥❝♦♥tr❛r❛♠ ✶✹✽✷✳ ❈♦♠

❛ ❞✐♠✐♥✉✐çã♦ ❞❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥❡✈✐tá✈❡✐s ❡ ♦ ❛✈❛♥ç♦ ❞♦s ❝♦♠♣✉t❛❞♦r❡s✱ ❢❡③ ❝♦♠ q✉❡

❞✐♠✐♥✉✐✲s❡ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❛❧❣✉♠❛s ❤♦r❛s ✭❙❖❯❙❆✱ ✷✵✵✶✮✳

✺✳✹ ❊❳❊▼P▲❖❙ ❊◆❱❖▲❱❊◆❉❖ ❈❖▲❖❘❆➬➹❖ ❉❊ ▼❆P❆❙

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ♣❡❧♦s

❝♦♥❝❡✐t♦s ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ♠❛♣❛s✳

❊①❡♠♣❧♦ ✺✳✸✳ ❆ ❋✐❣✉r❛ ✽✹ r❡♣r❡s❡♥t❛ ♦ ♠❛♣❛ ❞♦s ❡st❛❞♦s ❞♦ ❇r❛s✐❧✳ ❙❡rã♦ ♥❡❝❡ssár✐❛s

♥♦ ♠í♥✐♠♦ q✉❛♥t❛s ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦ ♠❛♣❛ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦ ❡①✐st❛♠ ❡st❛❞♦s ✈✐③✐♥❤♦s

❞❛ ♠❡s♠❛ ❝♦r❄

❊♠ ✈❡③ ❞❡ ♣✐♥t❛r ♦ ♠❛♣❛ ❞❛ ❋✐❣✉r❛ ✽✹✱ ✈❛♠♦s ❝♦❧♦r✐r ♦ ❣r❛❢♦ ❝♦♥❡①♦ ❞❛ ❋✐❣✉r❛ ✽✺ (b)

q✉❡ é ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ❋✐❣✉r❛ ✽✺ (a)✱ ❡♠ q✉❡ ♦s ✈ért✐❝❡s sã♦ ♦s ❡st❛❞♦s ❡ ❛s ❛r❡st❛s

r❡♣r❡s❡♥t❛♠ ♦s ❡st❛❞♦s ✈✐③✐♥❤♦s✳



✻✼

❋✐❣✉r❛ ✽✹✿ ▼❛♣❛ ❞♦s ❡st❛❞♦s ❞♦ ❇r❛s✐❧✳

❋♦♥t❡✿ ❤tt♣s✿✴✴✇✇✇✳✐♥❢♦❡s❝♦❧❛✳❝♦♠✴✇♣✲❝♦♥t❡♥t✴✉♣❧♦❛❞s✴✷✵✶✾✴✵✼✴♠❛♣❛✲❞♦✲❜r❛s✐❧✲❡st❛❞♦s✲❜r❛♥❝♦✲s❡♠✲
❧❡❣❡♥❞❛✳❥♣❣✭❛❞❛♣t❛❞♦✮✳

❋✐❣✉r❛ ✽✺✿ ●r❛❢♦ ❞♦ ♠❛♣❛ ❞♦ ❇r❛s✐❧✳

(a) ❘❡♣r❡s❡♥t❛♥❞♦ ♦s ❡st❛❞♦s ❞♦ ❇r❛s✐❧ ♣♦r

✈ért✐❝❡s✳
(b) ●r❛❢♦ B ❞♦s ❡st❛❞♦s ❞♦ ❇r❛s✐❧✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈♦♠♦ ♦ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✽✺ (b) é ❝♦♥❡①♦ ❡ ♣❧❛♥❛r✱ s❛t✐s❢❛③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✷✱ ❛♦ s❡

❝♦❧♦r✐r ♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s q✉❡ t❡♥❤❛♠ ❝♦r❡s ❞✐❢❡r❡♥t❡s ❝♦♠♦ ❛ ❋✐❣✉r❛ ✽✻ (a)✱ ♠♦str❛✲s❡

✉♠❛ ❞❛s ❢♦r♠❛s ❞❡ ❝♦❧♦r✐r✱ ♠❛s t♦❞❛s ✉t✐❧✐③❛♠ ♥♦ ♠á①✐♠♦ ✹ ❝♦r❡s✳ ❙❡ ♦❜s❡r✈❛r ♦ ✈ért✐❝❡

vMS ❞❛ ❋✐❣✉r❛ ✽✻ (b) ❡❧❡ ❢❛③ ♣❛rt❡ ❞❡ ✉♠ ❣r❛❢♦ r♦❞❛ W6✱ ❢♦r♠❛❞♦ ♣❡❧♦s ✈ért✐❝❡s ❞♦s

❡st❛❞♦s ❞❡ ▼❛t♦ ●r♦ss♦ ❞♦ ❙✉❧✱ ▼✐♥❛s ●❡r❛✐s✱ ❇❛❤✐❛✱ ❚♦❝❛♥t✐♥s✱ ▼❛t♦ ●r♦ss♦ ❡ ●♦✐ás✱

❡♥tã♦ χ(W6) = 4✱ ♣♦✐s ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s é ♣❛r ✭✈❡❥❛ ♦ ❈❛♣ít✉❧♦ ✹✮✳ ❆ss✐♠✱ ♣❡❧♦

❚❡♦r❡♠❛ ✺✳✷ ❙❡rã♦ ♥❡❝❡ssár✐❛s q✉❛tr♦ ❝♦r❡s✳

❊①❡♠♣❧♦ ✺✳✹✳ ◆♦ ♠❛♣❛ ❞❛ ❋✐❣✉r❛ ✽✼✱ sã♦ ♥❡❝❡ssár✐❛s ♥♦ ♠í♥✐♠♦ q✉❛♥t❛s ❝♦r❡s ♣❛r❛

❝♦❧♦r✐r ❡❧❛✱ s❛❜❡♥❞♦ q✉❡ r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s❄

➱ ♣r❡❝✐s♦ ♥♦ ♠í♥✐♠♦ ✸ ❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r✱ ♦✉ s❡❥❛✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r s❡♠♣r❡ ✹

❝♦r❡s ♣❛r❛ ❝♦❧♦r✐r ♦ ♠❛♣❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✷✳ ❋♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ❛s r❡❣✐õ❡s ❞❛ ❋✐❣✉r❛ ✽✼

❝♦♠♦ s❡♥❞♦ ♦s ✈ért✐❝❡s ❡ ❛s r❡❣✐õ❡s ✈✐③✐♥❤❛s ❛s ❛r❡st❛s✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✽✽✳

❆ss✐♠✱ ♦❜t❡♠♦s ✉♠ ❣r❛❢♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✽✾✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦❧♦r✐♥❞♦ ♦



✻✽

❋✐❣✉r❛ ✽✻✿ ❈♦❧♦r❛çã♦ ❞♦ ♠❛♣❛ ❞♦ ❇r❛s✐❧✳

(a) ❈♦❧♦r❛çã♦ ❞♦ ❣r❛❢♦ ❞♦s ❡st❛❞♦s ❞♦ ❇r❛s✐❧✳
(b) ●r❛❢♦ ❝♦❧♦r✐❞♦ ❡ vMS é ♦ ❡st❛❞♦ ❞♦ ▼❛t♦

●r♦ss♦ ❞♦ ❙✉❧✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✽✼✿ ▼❛♣❛ ❝♦♠ ✽ r❡❣✐õ❡s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✽✽✿ ▼♦♥t❛♥❞♦ ♦ ❣r❛❢♦ ❞❛ ❋✐❣✉r❛ ✽✼✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❣r❛❢♦ ♣❡r❝❡❜❡✲s❡ q✉❡ s❡rá ♥❡❝❡ssár✐♦ ♥♦ ♠í♥✐♠♦ ✸ ❝♦r❡s✱ ♣♦✐s ❡①✐st❡ ✉♠ s✉❜❣r❛❢♦ ❢♦r♠❛❞♦

♣❡❧♦s 5 ✈ért✐❝❡s ❞❛ ❞✐r❡✐t❛ q✉❡ é ✉♠ ❣r❛❢♦ r♦❞❛ W5✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s é í♠♣❛r✱

t❡♠♦s q✉❡ χ(W5) = 3✳ ❖s ♦✉tr♦s ✸ ✈ért✐❝❡s ❞❛ ❡sq✉❡r❞❛✱ ♣♦❞❡♠ s❡r ❝♦❧♦r✐❞❛s ❝❛❞❛ ✉♠ ❝♦♠

✉♠❛ ❝♦r ❞✐❢❡r❡♥t❡✱ ♠❛♥t❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ✈ért✐❝❡s ✈✐③✐♥❤♦s ❝♦♠ ❝♦r❡s ❞✐st✐♥t❛s✳ ❆ss✐♠✱

♣r❡❝✐s❛♠♦s ❞❡ ♥♦ ♠í♥✐♠♦ ✸ ❝♦r❡s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✾✵✳

❋✐❣✉r❛ ✽✾✿ ●r❛❢♦ ❞❛ ❋✐❣✉r❛ ✽✼✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❋✐❣✉r❛ ✾✵✿ ❈♦❧♦r✐♥❞♦ ♦ ❣r❛❢♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳
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✻ ❆P▲■❈❆➬➹❖ ❊▼ ❙❆▲❆

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♣r♦❜❧❡♠❛s q✉❡ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱

❜❛s❡❛❞♦s ❡♠ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳

❋♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s s❡t❡ ♣r♦❜❧❡♠❛s ♣❛r❛ s❡r❡♠ ❛♣❧✐❝❛❞♦s ❡♠ s❛❧❛✿ ♦ ❞❡s❡♥❤♦ ❞❛

❝❛s❛✶❀ ♦ ❛ss❛ss✐♥❛t♦ ♥❛ ♠❛♥sã♦✷❀ ♦ tr❛❜❛❧❤♦ ❞❡ ❋r❛♥❝✐s✱ ♦ ♣r♦❜❧❡♠❛ ❞❛ s❡❝r❡tár✐❛✸❀ ♦

♣r♦❜❧❡♠❛ ❞❛s ❡♥tr❡✈✐st❛s✱ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❣✐♥❝❛♥❛ ❡ ♦ ♣r♦❜❧❡♠❛ ❞♦ ❙✉❞♦❦✉✹✳

❈♦♠♦ ♦s Pr♦❜❧❡♠❛s ✻✳✸✱ ✻✳✹✱ ✻✳✺✱ ✻✳✻ ❡ ✻✳✼ ❡♥✈♦❧✈❡♠ ❝♦r❡s✱ ❛♦ r❡s♦❧✈❡✲❧♦s ❡♠ s❛❧❛✱

❛❞❛♣t❛çõ❡s sã♦ ♥❡❝❡ssár✐❛s ❝❛s♦ ❤❛❥❛ ❛❧❣✉♠ ❛❧✉♥♦ ❝♦♠ ❞❛❧t♦♥✐s♠♦✳ ❯♠❛ ❡str❛té❣✐❛ é ✉s❛r

sí♠❜♦❧♦s ❛♦ ✐♥✈és ❞❡ ❝♦r❡s✳

❖ Pr♦❜❧❡♠❛ ✻✳✶✱ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❛ ♣❛rt✐r ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ■■✳ P❛r❛ r❡s♦❧✈❡r

♦ ♣r♦❜❧❡♠❛ ♣r❡❝✐s❛♠♦s ❞♦s ❝♦♥❝❡✐t♦s ❞❛s ❙❡çõ❡s ✷✳✶ ❡ ✷✳✷✳

Pr♦❜❧❡♠❛ ✻✳✶✳ ✭❉❡s❡♥❤♦ ❞❛ ❝❛s❛✮✳

▼❛t✐❝✐❧✐❛✱ ♠ã❡ ❞❡ ▲♦❣♦♠❛t✐❝♦✱ ❞❡✐①♦✉ ♣❛r❛ s❡✉ ✜❧❤♦ ❝✐♥❝♦ ❞❡s❡♥❤♦s ❝♦♠ ❜♦❧✐♥❤❛s ❡

❧✐♥❤❛s ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✾✶✳ ❊ ♣❡r❣✉♥t♦✉ ♣❛r❛ ▲♦❣♦♠❛t✐❝♦✿ q✉❛✐s ❞❡ss❛s ✜❣✉r❛s ✈♦❝ê

❝♦♥s❡❣✉❡✱ s❛✐♥❞♦ ❞❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ♣❛ss❛♥❞♦ ♣♦r t♦❞❛s ❛s ❧✐♥❤❛s s♦♠❡♥t❡ ✉♠❛ ✈❡③✱

✈♦❧t❛r ❛♦ ♣♦♥t♦ ❞❡ ♦r✐❣❡♠❄ ◗✉❛❧ ❢♦✐ ❛ r❡s♣♦st❛ ❞❡ ▲♦❣♦♠❛t✐❝♦ ♣❛r❛ s✉❛ ♠ã❡❄

❋✐❣✉r❛ ✾✶✿ ●r❛❢♦s

✭❛✮ ✭❜✮
✭❝✮

✭❞✮ ✭❡✮

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆♣ós ✉♠ t❡♠♣♦ ❞❛❞♦ ♣❛r❛ ♦s ❣r✉♣♦s ♣❡♥s❛r❡♠ ♥♦ ♣r♦❜❧❡♠❛✱ ❛ r❡s♣♦st❛ ❡s♣❡r❛❞❛

t❛♥t♦ ❞❡ ▲♦❣♦♠❛t✐❝♦ q✉❛♥t♦ ❞♦s ❛❧✉♥♦s s❡r✐❛ (a), (b) ❡ (d)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

♦s ✐t❡♥s (c) ❡ (e) sã♦ ✐♠♣♦ssí✈❡✐s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✱ ♣♦✐s tê♠ ✈ért✐❝❡s ❞❡ ❣r❛✉ í♠♣❛r✳ ❆s

✶❊ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❤tt♣s✿✴✴✇✇✇✳✐♥❢✳✉❢s❝✳❜r✴❣r❛❢♦s✴t❡♠❛s✴❡✉❧❡r✐❛♥♦✴❡✉❧❡r✐❛♥♦✳❤t♠
✷❊ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❤tt♣s✿✴✴✇✇✇✳✐♥❢✳✉❢s❝✳❜r✴❣r❛❢♦s✴t❡♠❛s✴❡✉❧❡r✐❛♥♦✴❡✉❧❡r✐❛♥♦✳❤t♠
✸❊ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❤tt♣s✿✴✴✇✇✇✳✐♥❢✳✉❢s❝✳❜r✴❣r❛❢♦s✴♣r♦❜❧❡♠❛s✴❝♦❧♦r❛✳❤t♠
✹❙✉❞♦❦✉ é ✉♠ ❥♦❣♦ ❞❡ ❧ó❣✐❝❛ ❝r✐❛❞♦ ♣❡❧♦ ❛rq✉✐t❡t♦ ❍♦✇❛r❞ ●❛r♥s ✭✶✾✵✺✲✶✾✽✾✮✳
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❋✐❣✉r❛s (a), (b) ❡ (d)✱ tê♠ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ❣r❛✉ ♣❛r✱ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷ é ♣♦ssí✈❡❧ s❛✐r

❞❡ ✉♠ ♣♦♥t♦ ❡ ✈♦❧t❛r ♥❡❧❡ ♣❛ss❛♥❞♦ ✉♠❛ ú♥✐❝❛ ✈❡③ ❡♠ t♦❞❛s ❛s ❧✐♥❤❛s✳

❆♦ ✜♥❛❧ ❞❛ ♣r♦♣♦st❛ ♣❡❞❛❣ó❣✐❝❛✱ ❝♦♠❡♥t❛r ❝♦♠ ♦s ❛❧✉♥♦s s♦❜r❡ ✶▲✐♥❡✺ ✭❛♣❧✐❝❛t✐✈♦

❞❡ ❥♦❣♦✮✱ ❥♦❣♦ ♠♦❜✐❧❡ q✉❡ t❡♠ ✉♠❛ ♣r♦♣♦st❛ s✐♠✐❧❛r✳ P♦r ✜♠✱ ❝♦♥t❛r ❛ ❤✐stór✐❛ ❞♦ ♣r♦❜❧❡♠❛

❞❛s s❡t❡ ♣♦♥t❡s✱ ❡ ❝♦♠♦ ❊✉❧❡r r❡s♦❧✈❡✉ ♣❡♥s❛♥❞♦ ❡♠ ✈ért✐❝❡s ❡ ❛r❡st❛s✱ ❢❛③❡♥❞♦ ✉♠❛

❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❛♣❧✐❝❛❞♦✳

❖ ♣ró①✐♠♦ Pr♦❜❧❡♠❛ ✻✳✷✱ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ♣❛r❛ ❛s sér✐❡s ✜♥❛✐s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛✲

♠❡♥t❛❧ ■■ ❡ ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳ P❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣r❡❝✐s❛♠♦s ❞♦s ❝♦♥❝❡✐t♦s ❞❛s

❙❡çõ❡s ✷✳✶ ❡ ✷✳✷✳

Pr♦❜❧❡♠❛ ✻✳✷✳ ✭❖ ❛ss❛ss✐♥❛t♦ ♥❛ ♠❛♥sã♦✮

❊♠ ✉♠❛ ♠❛♥sã♦ ❞❡ ❋❧♦r✐❛♥ó♣♦❧✐s✱ ♦❝♦rr❡✉ ✉♠ ❛ss❛ss✐♥❛t♦✳ ❖ ❉♦♥♦ ❢♦✐ ❡♥❝♦♥tr❛❞♦

♥♦ ❝❤ã♦ ❞❛ s❛❧❛ ✶ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✾✷✳ ❆ ❢❛♠í❧✐❛ ❝♦♥tr❛t♦✉ ✉♠ ❞❡t❡t✐✈❡ ❢❛♠♦s♦ ❡♠

r❡s♦❧✈❡r ❣r❛♥❞❡s ♠✐stér✐♦s ♣♦r ♠❡✐♦ ❞❛ ♠❛t❡♠át✐❝❛✳ ❖ ❞❡t❡t✐✈❡ ❝♦♠❡ç❛ s✉❛ ✐♥✈❡st✐❣❛çã♦✱

✐♥t❡rr♦❣❛♥❞♦ ♣❡ss♦❛s q✉❡ ❡st❛✈❛♠ ♥❛ ♠❛♥sã♦ ♥♦ ♠♦♠❡♥t♦ ❞♦ ❛ss❛ss✐♥❛t♦✳ ❉❡♣♦✐s ❞♦s

✐♥t❡rr♦❣❛tór✐♦s✱ ♦ ❞❡t❡t✐✈❡ ❛♥❛❧✐s❛ s✉❛s ❛♥♦t❛çõ❡s✳

• ❖ ❥❛r❞✐♥❡✐r♦ ❢❛❧❛ t❡r ✈✐st♦ ❛ ❡s♣♦s❛ ❡♥tr❛r ♥❛ ❝❛s❛ ♣❡❧❛ s❛❧❛ ✶ ❡ ❡♠ s❡❣✉✐❞❛ ❞❡✐①❛❞♦

❛ ❝❛s❛ ♣❡❧❛ ♠❡s♠❛ ♣♦rt❛ q✉❡ ❡♥tr♦✉✳

• ❆ ❡♠♣r❡❣❛❞❛ q✉❡ ❡st❛✈❛ ❧✐♠♣❛♥❞♦ ♦ q✉❛rt♦ ✶✱ ❞✐③ t❡r ♦✉✈✐❞♦ ❣r✐t♦s ❞♦ ♣❛trã♦ ❝♦♠

♦ ♠♦t♦r✐st❛✳

• ❖ ♠♦t♦r✐st❛ ❞✐ss❡ q✉❡ ❡st❛✈❛ ❧❛✈❛♥❞♦ ♦ ❝❛rr♦ ♥❛ ár❡❛ ❞❡ ❢♦r❛ ❛♦ ❧❛❞♦ ❞♦ ❜❛r✳

• ❖ ♠♦r❞♦♠♦ q✉❡ ♦r❣❛♥✐③❛✈❛ ♦ ❜❛r✱ ❞✐③ t❡r ✈✐st♦ ♦ ♠♦t♦r✐st❛ ❧❛✈❛♥❞♦ ♦ ❝❛rr♦ ❛ t❛r❞❡

t♦❞❛✳

• ❆ ❡s♣♦s❛ ❢❛❧♦✉ q✉❡ ❡♥tr♦✉ ♥❛ ❝❛s❛ ❡ q✉❡ t✐♥❤❛ ♣❛ss❛❞♦ ♣♦r t♦❞❛s ❛s ♣♦rt❛s ✉♠❛

ú♥✐❝❛ ✈❡③ ❡✱ ❡♠ s❡❣✉✐❞❛✱ s❛✐✉ ❞❛ ❝❛s❛✳

❉❡♣♦✐s ❞❡ ❡①❛♠✐♥❛r s✉❛ ❛♥♦t❛çã♦✱ ♦ ❞❡t❡t✐✈❡ ♦❧❤❛ ❛ ♣❧❛♥t❛ ❞❛ ❝❛s❛ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✾✷✱

❧♦❣♦ ❡♠ s❡❣✉✐❞❛✱ ❞✐ss❡ q✉❡ s♦❧✉❝✐♦♥♦✉ ♦ ❝❛s♦✳ ◗✉❡♠ s❡r✐❛ ♦ s✉s♣❡✐t♦ ❡ ❝♦♠♦ ♦ ❞❡t❡t✐✈❡

❝❤❡❣♦✉ ♥❡ss❛ ❝♦♥❝❧✉sã♦❄

❆ r❡s♣♦st❛ ❡s♣❡r❛❞❛ ❞♦s ❛❧✉♥♦s✱ ❛♣ós ✈ár✐❛s t❡♥t❛t✐✈❛s✱ s❡r✐❛ ❛ ❡s♣♦s❛✳ P♦✐s✱ ❛♦

❡♥tr❛r ♥❛ s❛❧❛ ✷ q✉❡ t❡♠ ❝✐♥❝♦ ♣♦rt❛s✱ s♦❜r❛r✐❛♠ q✉❛tr♦ ♣♦rt❛s✱ ❞✉❛s ♣❛r❛ s❛✐r ❡ ❛s ♦✉tr❛s

❞✉❛s ♣❛r❛ ❡♥tr❛r✱ s❡♥❞♦ ❛ss✐♠✱ ❡❧❛ s❛✐r✐❛ ♣♦r ✉♠❛ ❡ ❡♥tr❛r✐❛ ♣♦r ♦✉tr❛✱ s♦❜r❛♥❞♦ ❛❣♦r❛

❞✉❛s ♣♦rt❛s✱ s❛✐♥❞♦ ♥✉♠❛ ❡ ✈♦❧t❛♥❞♦ ♣♦r ♦✉tr❛✳ ❖✉ s❡❥❛✱ ♥ã♦ t❡r✐❛ ❝♦♠♦ ❡❧❛ s❛✐r ❞❛ s❛❧❛

✷✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ s❡ ❢♦r ♥♦ q✉❛rt♦ ✶✳ ❙❡❣✉♥❞♦ ❊✉❧❡r✱ ♣❛r❛ ❡❧❛ ♣❛ss❛r ♣♦r t♦❞❛s ❛s

♣♦rt❛s ✉♠❛ ú♥✐❝❛ ✈❡③✱ ❝❛❞❛ ❝ô♠♦❞♦ t❡r✐❛ q✉❡ t❡r ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡ ♣♦rt❛s✱ ♣♦✐s
✺❖ ❥♦❣♦ ✶▲✐♥❡ ♣❛r❛ ❝❡❧✉❧❛r❡s ❛♥❞r♦✐❞❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠

❤tt♣s✿✴✴♣❧❛②✳❣♦♦❣❧❡✳❝♦♠✴st♦r❡✴❛♣♣s✴❞❡t❛✐❧s❄✐❞❂❝♦♠✳♦♥❡✶❧✐♥❡✳♦♥❡t♦✉❝❤✳♦♥❡str♦❦❡✳❞♦t❣❛♠❡
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❋✐❣✉r❛ ✾✷✿ P❧❛♥t❛ ❞❛ ♠❛♥sã♦✳

❋♦♥t❡✿ ❤tt♣s✿✴✴✇✇✇✳✐♥❢✳✉❢s❝✳❜r✴❣r❛❢♦s✴t❡♠❛s✴❡✉❧❡r✐❛♥♦✴❡✉❧❡r✐❛♥♦✳❤t♠ ✭❆❞❛♣t❛❞♦✮✳

✉♠❛ ♣♦rt❛ s❡r✐❛ ♣❛r❛ ❡♥tr❛r ❡ ❛ ♦✉tr❛ ♣❛r❛ s❛✐r✳ ❊ ❝♦♠♦ ❛ s❛❧❛ ✷ t❡♠ ❝✐♥❝♦ ♣♦rt❛s ❡❧❛

❛❝❛❜❛r✐❛ ✜❝❛♥❞♦ ♥❛ s❛❧❛ ♦✉ s❡♥❞♦ ♦❜r✐❣❛❞❛ ❛ s❛✐r ♣♦r ✉♠❛ ♠❡s♠❛ ♣♦rt❛ q✉❡ ❥á ♣❛ss♦✉✳

❈♦♥❝❧✉✐♥❞♦✱ ❛ ❡s♣♦s❛ ♠❡♥t✐✉ ♣❛r❛ ♦ ❞❡t❡t✐✈❡✱ s❡♥❞♦ ❛ s✉s♣❡✐t❛✳

❖s Pr♦❜❧❡♠❛s ✻✳✸ ❡ ✻✳✹✱ ♣♦❞❡♠ s❡r ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳ P❛r❛ r❡s♦❧✈❡r

♦ ♣r♦❜❧❡♠❛ sã♦ ♥❡❝❡ssár✐♦s ♦s ❝♦♥❝❡✐t♦s ❞♦s ❈❛♣ít✉❧♦s ✹ ❡ ✺✳

Pr♦❜❧❡♠❛ ✻✳✸✳ ✭❚r❛❜❛❧❤♦ ❞❡ ❋r❛♥❝✐s✮ ❋r❛♥❝✐s ❢♦✐ ❝♦♥tr❛t❛❞♦ ♣❛r❛ ❝♦❧♦r✐r ♠❛♣❛s ❞❡ ❛❧❣✉✲

♠❛s r❡❣✐õ❡s✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✾✸✳ ❖ ❝♦♥tr❛t❛♥t❡ ♣❡❞✐✉ ♣❛r❛ ❡❧❡ ❝♦❧♦r✐r ❝♦♠ ❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s✿

• ❈♦❧♦r✐r ♦ ♠❛♣❛ ❞❡ ♠♦❞♦ q✉❡ ❛s r❡❣✐õ❡s ✈✐③✐♥❤❛s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s✳

• ❯s❛r ❛ ♠❡♥♦r q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦r❡s ♣♦ssí✈❡❧✳

◗✉❛♥t❛s ❝♦r❡s ❋r❛♥❝✐s ✉t✐❧✐③♦✉ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ✜❣✉r❛s❄

❋✐❣✉r❛ ✾✸✿ ▼❛♣❛s ♣❛r❛ ❝♦❧♦r✐r✳

✭❛✮ ▼❛♣❛ ❞❛ ❆✉strá❧✐❛✳✻ ✭❜✮ ▼❛♣❛ ❞❛ ❆♠ér✐❝❛ ❞♦ ❙✉❧✳✼ ✭❝✮ ▼❛♣❛ ❞♦ ❇r❛s✐❧✳✽

✻❋♦♥t❡✿ ❤tt♣✿✴✴✇✇✇✳❞❡s❡♥❤♦s♣❛r❛❝♦❧♦r✐r✷✹✳❝♦♠✴❡s❝♦❧❛✲❡✲❛♣r❡♥❞✐③❛❞♦✴❣❡♦❣r❛✜❛✲❡✲♠❛♣❛s✴❆✉str❛❧✐❛✳
✭❆❞❛♣t❛❞♦✮✳

✼❋♦♥t❡✿ ❤tt♣s✿✴✴✈✐❛❣❡♠❞❡❛❛③✳❝♦♠✴✇♣✲❝♦♥t❡♥t✴✉♣❧♦❛❞s✴✷✵✶✼✴✵✹✴♠❛♣❛✲♠✉♥❞✐✲❝♦❧♦r✐r✲♣❛✐s❡s✲✷✳❥♣❣✳
✭❆❞❛♣t❛❞♦✮✳

✽❋♦♥t❡✿ ❤tt♣✿✴✴✇✇✇✳❞❡s❡♥❤♦s♣❛r❛❝♦❧♦r✐r✷✹✳❝♦♠✴❡s❝♦❧❛✲❡✲❛♣r❡♥❞✐③❛❞♦✴❣❡♦❣r❛✜❛✲❡✲♠❛♣❛s✴❇r❛③✐❧✳
✭❆❞❛♣t❛❞♦✮✳
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❉❡✐①❛r ✉♠❛ t❡♠♣♦ ♣❛r❛ ♦s ❛❧✉♥♦s ❞✐s❝✉t✐r❡♠ s♦❜r❡ ❡ss❡ ❢❛t♦ ❡ ❝♦❧♦r✐r ♦s ♠❛♣❛s✳

❉❡♣♦✐s ❞❡ ✉♠ t❡♠♣♦✱ ❞✐s❝✉t✐r ❛s ✐❞❡✐❛s ❡ ✈❡r q✉❛❧ ❢♦✐ ❛ ❝♦♥❝❧✉sã♦ ❞❡❧❡s s♦❜r❡ ❛ q✉❛♥t✐❞❛❞❡

❞❡ ❝♦r❡s ❡♥❝♦♥tr❛❞❛s ♥♦s ♠❛♣❛s ✭❛✮✱ ✭❜✮ ❡ ✭❝✮✱ ❡ s❡ t♦❞♦s ❡♥❝♦♥tr❛r❛♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡

❞❡ ❝♦r❡s✳

❉❡♣♦✐s ❞❡ ❞❡❜❛t❡r ❝♦♠ ♦s ❛❧✉♥♦s✱ ❝♦♥t❛r ❛ ❤✐stór✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱

s❡✉ s✉r❣✐♠❡♥t♦ ❡ ❝♦♠♦ ❢♦✐ ♣r♦✈❛❞♦✳ ❙✉❣❡r✐r ♣❛r❛ ❡❧❡s ✉♠❛ ♥♦✈❛ ❢♦r♠❛ ❞❡ r❡s♦❧✈❡r ✉t✐❧✐③❛♥❞♦

✈ért✐❝❡s ❡ ❛r❡st❛s q✉❡ r❡♣r❡s❡♥t❛♠ r❡❣✐õ❡s ❡ ❛s r❡❣✐õ❡s ✈✐③✐♥❤❛s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♦

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♠♦str❛r ♣❛r❛ ❡❧❡s q✉❡ ♥❛ ❋✐❣✉r❛ ✾✸ ✭❛✮✱ t❡♠♦s

✉♠ ❝✐❝❧♦ ❝♦♠ ♥ú♠❡r♦ í♠♣❛r ❞❡ ✈ért✐❝❡s ❡ ♥❛s ❋✐❣✉r❛ ✾✸ ✭❜✮ ❡ ✭❝✮✱ t❡♠♦s ✉♠ ❣r❛❢♦ r♦❞❛ ❝♦♠

✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡ ✈ért✐❝❡s✱ ❝♦♠♦ ❢♦✐ ✈✐st♦ ♥❛ ❙❡çã♦ ✹✳✶✳ P❡❧♦ ❚❡♦r❡♠❛ ✺✳✷✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ ❛ ❋✐❣✉r❛ ✾✸ ✭❛✮ ♥❡❝❡ss✐t❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✸ ❝♦r❡s✱ ❛ ❋✐❣✉r❛ ✭❜✮ ✹ ❝♦r❡s ❡ ✭❝✮ ✹

❝♦r❡s✳

Pr♦❜❧❡♠❛ ✻✳✹✳ ✭❖ ♣r♦❜❧❡♠❛ ❞❛ s❡❝r❡tár✐❛✮ ❖ ❝❤❡❢❡ ❞❡ ✉♠ ❝♦♠♣❛♥❤✐❛ s♦❧✐❝✐t♦✉ ❛ s✉❛

s❡❝r❡tár✐❛ ❛ ✐♠♣r❡ssã♦ ❝♦❧♦r✐❞❛ ❞♦ ♠❛♣❛ ❞❛s ♠✐❝r♦rr❡❣✐õ❡s ❞♦ ❡st❛❞♦ ❞❡ ❙❛♥t❛ ❈❛t❛r✐♥❛✱

❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✾✹✳ ❆ s❡❝r❡tár✐❛ s❛❜❡ q✉❡ ❛ ✐♠♣r❡ss♦r❛ ♣♦ss✉✐ ✶✻ ❝♦r❡s✱ ❝♦♥t✉❞♦✱ ♣❛r❛

♠✐♥✐♠✐③❛r ♦s ❝✉st♦s ❡❧❛ ❞❡✈❡ ✐♠♣r✐♠✐r ♦ ♠❛♣❛ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♣♦ssí✈❡❧ s❡♠

q✉❡ ♠✐❝r♦rr❡❣✐õ❡s q✉❡ ❢❛③❡♠ ❢r♦♥t❡✐r❛ t❡♥❤❛♠ ❛ ♠❡s♠❛ ❝♦r✳ ◗✉❛♥t❛s ❝♦r❡s sã♦ ♥❡❝❡ssár✐❛s

♣❛r❛ ❝♦❧♦r✐r ♦ ♠❛♣❛❄

❋✐❣✉r❛ ✾✹✿ ▼❛♣❛ ♠✐❝r♦rr❡❣✐õ❡s ❞❡ ❙❛♥t❛ ❈❛t❛r✐♥❛✳

❋♦♥t❡✿ ❤tt♣s✿✴✴♣♦rt❛❧❞❡♠❛♣❛s✳✐❜❣❡✳❣♦✈✳❜r✴♣♦rt❛❧✳♣❤♣★♠❛♣❛✷✷✷✼✶✺✳

❆♣ós ❡s❝✉t❛r ❛ ❤✐stór✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ♦s ❛❧✉♥♦s t❡rã♦ ✉♠❛ ♥♦çã♦

❞❡ q✉❡ é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r q✉❛tr♦ ❝♦r❡s ♣❛r❛ ♣✐♥t❛r ♦ ♠❛♣❛✳ ❉❡♣♦✐s ❞❡ ❞❛r ✉♠ t❡♠♣♦

♣❛r❛ ♦s ❛❧✉♥♦s r❡s♦❧✈❡r❡♠✱ ❢❛③❡r ❝♦♠ ❡❧❡s ✉♠❛ ✈❡r✐✜❝❛çã♦ ♣✐♥t❛♥❞♦ ♦ ♠❛♣❛ ❝♦♠ q✉❛tr♦

❝♦r❡s✳ ❆♣ós ♣✐♥t❛r✱ ❢❛❧❛r ❞♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✱ ♣♦✐s ♦ ♠❛♣❛ ♣♦❞❡ s❡r ♣✐♥t❛❞♦

❝♦♠ q✉❛tr♦ ❝♦r❡s ♦✉ ♠❡♥♦s✱ ❛❜r✐♥❞♦ ♣r❡❝❡❞❡♥t❡ ♣❛r❛ q✉❡st✐♦♥❛r s❡ ♥ã♦ ♣♦❞❡ s❡r ❝♦❧♦r✐❞♦

❝♦♠ ♠❡♥♦s ❝♦r❡s✳ ❆♦ ❛♥❛❧✐s❛r ❡ss❡ ❝❛s♦ ♣❡r❝❡❜❡✲s❡ q✉❡ ♥ã♦ ❤á ❝♦♠♦✱ ♣♦✐s ❛ r❡❣✐ã♦ ❞❡

■t✉♣♦r❛♥❣❛ ✭♠♦str❛r ♦♥❞❡ ✜❝❛ ♥♦ ♠❛♣❛✮ ❢❛③ ❢r♦♥t❡✐r❛ ❝♦♠ ❝✐♥❝♦ r❡❣✐õ❡s ❢♦r♠❛♥❞♦ ✉♠

♣❡♥tá❣♦♥♦✱ ❝♦♠ ❡❧❛ ♥♦ ❝❡♥tr♦✱ ❢♦r♠❛♥❞♦ ✉♠ ❣r❛❢♦ r♦❞❛ ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✺✳✸✳ ❆ss✐♠



✼✸

♣r❡❝✐s❛♠♦s ❞❡ q✉❛tr♦ ❝♦r❡s✱ só ♣❛r❛ ❡ss❛ ♣❛rt❡✳ ❖ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s ♥♦s ❧❡✈❛ ❛

❝♦♥❝❧✉✐r q✉❡ s❡rã♦ ♥❡❝❡ssár✐❛s q✉❛tr♦ ❝♦r❡s✳

❆♣ós ♠♦str❛r ♣❛r❛ ♦s ❛❧✉♥♦s ❡ss❡s ♣r♦❜❧❡♠❛s ♥✉♠ ❣r❛❢♦✱ ❛♣r❡s❡♥t❛r ♣❛r❛ ❡❧❡s ♦✉tr♦s

três ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❛ ❝♦❧♦r❛çã♦ ❞❡ ❛r❡st❛s ❡ ✈ért✐❝❡s✱ ❝♦♠♦ ♦s Pr♦❜❧❡♠❛s ✻✳✺✱

✻✳✻ ❡ ✻✳✼✳

❖ Pr♦❜❧❡♠❛ ✻✳✺✱ ♣♦❞❡ s❡r ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ❛s sér✐❡s ✜♥❛✐s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧

■■ ❡ ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳ P❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣r❡❝✐s❛♠♦s ✈❡r ♦ ❈❛♣ít✉❧♦ ✸✳

Pr♦❜❧❡♠❛ ✻✳✺✳ ✭Pr♦❜❧❡♠❛ ❞❛s ❡♥tr❡✈✐st❛s✮ ❙✉♣♦♥❤❛ ✉♠❛ ❡♠♣r❡s❛ q✉❡ ❡stá ♦❢❡r❡❝❡♥❞♦ ✸

✈❛❣❛s ❞❡ ❡♠♣r❡❣♦ ❞❛s q✉❛✐s ❢♦r❛♠ r❡❣✐str❛❞♦s ✶✶ ❝❛♥❞✐❞❛t♦s ♣❛r❛ r❡❛❧✐③❛r❡♠ ❛s ❡♥tr❡✈✐st❛s

❝♦♠ ♦ ❛✈❛❧✐❛❞♦r❡s ❝♦♠♦ ♠♦str❛ ♦ ◗✉❛❞r♦ ✻✳✶✳ ◆❛ ❡♠♣r❡s❛ só ❤á três ❛✈❛❧✐❛❞♦r❡s ♣❛r❛

❛s ❡♥tr❡✈✐st❛s ❡ ❝❛❞❛ ✉♠ ❞❡❧❡s ❧❡✈❛ ✉♠❛ ❤♦r❛ ♣❛r❛ ✜♥❛❧✐③❛r ✉♠❛ ❡♥tr❡✈✐st❛✳ ❙❛❜❡♥❞♦ q✉❡

❝❛❞❛ ❝❛♥❞✐❞❛t♦ s❡rá ❡♥tr❡✈✐st❛❞♦ s♦♠❡♥t❡ ✉♠❛ ✈❡③✱ q✉❛❧ é ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❤♦r❛s

♥❡❝❡ssár✐❛s ♣❛r❛ ❢❛③❡r t♦❞❛s ❛s ❡♥tr❡✈✐st❛s❄

◗✉❛❞r♦ ✻✳✶✿ ◗✉❛❞r♦ ❞❛s ❡♥tr❡✈✐st❛s✳
❆✈❛❧✐❛❞♦r❡s ❈❛♥❞✐❞❛t♦s

A1 C3✱ C5✱ C7

A2 C1✱ C6✱ C8✱ C11

A3 C2✱ C4✱ C9✱ C10

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❉❛r ✉♠ t❡♠♣♦ ♣❛r❛ ♦s ❛❧✉♥♦s ♣❡♥s❛r❡♠ ♥♦ ♣r♦❜❧❡♠❛ ❡ ❞❡♣♦✐s ✈❡r ❛s ❝♦♥❝❧✉sõ❡s

❞❡❧❡s✳ ❉✐s❝✉t✐r ❝♦♠ ❡❧❡s ♦ ♣r♦❜❧❡♠❛ ♥♦ ❣r❛❢♦✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✾✺✳ ❊♠ q✉❡✱ ♦s

✈ért✐❝❡s A1, A2, A3 sã♦ ♦s ❛✈❛❧✐❛❞♦r❡s ❡ C1, C2, C3, C4, C5, C6, C7, C8, C9, C10, C11

sã♦ ♦s ❝❛♥❞✐❞❛t♦s✳ ❆s ❛r❡st❛s r❡♣r❡s❡♥t❛♠ ♦ ❛✈❛❧✐❛❞♦r ❡ ♦ ❝❛♥❞✐❞❛t♦ q✉❡ ❡stá s❡♥❞♦

❡♥tr❡✈✐st❛❞♦✳

❋✐❣✉r❛ ✾✺✿ ●r❛❢♦ ❞♦s ❞❛❞♦s ❞♦ ◗✉❛❞r♦ ✻✳✶

A1

A2

A3

C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

C11

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳
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P❛r❛ r❡s♣♦♥❞❡r ❛ ♣❡r❣✉♥t❛✱ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❝♦♠ ♦s ❛❧✉♥♦s ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ❝♦r

❝♦rr❡s♣♦♥❞❡rá ❛ ✉♠ ❤♦rár✐♦✳ P♦rt❛♥t♦✱ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠❡♥♦r t❡♠♣♦ ♣❛r❛ ❛s ❡♥tr❡✈✐st❛s✱

♣❛ss❛rá ❛ s❡r ❡♥❝♦♥tr❛r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s ♥❡❝❡ssár✐♦ ♣❛r❛ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❞♦ ❣r❛❢♦

❞❛ ❋✐❣✉r❛ ✾✺✱ ✐st♦ é✱ χ′✳

❋✐❣✉r❛ ✾✻✿ ❈♦❧♦r✐♥❞♦ ❛s ❛r❡st❛s✳

A1

A2

A3

C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

C11

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆ ❋✐❣✉r❛ ✾✻ ♠♦str❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦❧♦r✐r ❛s ❛r❡st❛s ❞♦ ❣r❛❢♦✱ ✉s❛♥❞♦ ✹ ❝♦r❡s

✭❛♠❛r❡❧♦✱ ❛③✉❧✱ ♣r❡t♦ ❡ ✈❡r♠❡❧❤♦✮✳ ❈♦♠♦ ❛s ❝♦r❡s r❡♣r❡s❡♥t❛♠ ❛s ❤♦r❛s✱ ❡♥tã♦ s❡rã♦

♥❡❝❡ssár✐❛s ✹ ❤♦r❛s ♣❛r❛ ❢❛③❡r ❛s ❡♥tr❡✈✐st❛s✳ ◆♦t❡ q✉❡ ♦ ♠❡♥♦r t❡♠♣♦ ♣❛r❛ ❡♥tr❡✈✐st❛r

t♦❞♦s é χ′(G)✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✱ t❡♠♦s 4 ≤ χ′(G) ≤ 5✱ ❝♦♠♦ ❢♦✐ ❝♦❧♦r✐❞♦ ♦ ❣r❛❢♦ G

❝♦♠ q✉❛tr♦ ❝♦r❡s✱ s❡❣✉❡ χ′(G) = 4✳

❖s Pr♦❜❧❡♠❛s ✻✳✻ ❡ ✻✳✼✱ ♣♦❞❡♠ s❡r ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳ P❛r❛ r❡s♦❧✈❡r

♦s ♣r♦❜❧❡♠❛s ♣r❡❝✐s❛♠♦s ❝♦♥s✉❧t❛r ♦ ❈❛♣ít✉❧♦ ✹✳

Pr♦❜❧❡♠❛ ✻✳✻✳ ✭❖ ♣r♦❜❧❡♠❛ ❞❛ ❣✐♥❝❛♥❛✮ ❯♠❛ ❡s❝♦❧❛ ❢❛③ ✉♠❛ ❣✐♥❝❛♥❛ ❡♠ q✉❡ ♦s ❛❧✉♥♦s

❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ✜❝❛♠ r❡s♣♦♥sá✈❡✐s ♣♦r ♦✐t♦ ❜❛rr❛❝❛s ❞❡ ❧❛♥❝❤❡s✱ ♠❛s✱ ❝❛❞❛ ❜❛rr❛❝❛ ✈✐③✐♥❤❛

❞❡✈❡rá t❡r ❧❛♥❝❤❡s ❞✐❢❡r❡♥t❡s✳ ❆ ❡s❝♦❧❛ ♦❢❡r❡❝❡ ✉♠ ❞✐❛❣r❛♠❛ ❞♦s ❧♦❝❛✐s ❞❛s ❜❛rr❛❝❛s✱

❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✾✼ ❡♠ q✉❡ ♦s ✈ért✐❝❡s sã♦ ♦s ❧♦❝❛✐s ❞❛s ❜❛rr❛❝❛s ❡ ❛s ❧✐♥❤❛s r❡♣r❡s❡♥t❛♠

❛s ❜❛rr❛❝❛s ✈✐③✐♥❤❛s✳ ◗✉❛❧ é ❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❧❛♥❝❤❡s q✉❡ ♦s ❛❧✉♥♦s ♣♦❞❡♠ ♦❢❡r❡❝❡r

♥❛ ❣✐♥❝❛♥❛❄

❋✐❣✉r❛ ✾✼✿ ●r❛❢♦ B ❧♦❝❛❧ ❞❛s ❜❛rr❛❝❛s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳
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✼ ❈❖◆❈▲❯❙➹❖

❆♦ ✜♥❛❧ ❞❡ss❡ tr❛❜❛❧❤♦✱ ✈✐♥❝✉❧❛♠♦s ❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✱ ♥ã♦ ♣r❡s❡♥t❡ ♥♦ ♣❧❛♥♦

❝✉rr✐❝✉❧❛r ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ às s✐t✉❛çõ❡s ❝♦t✐❞✐❛♥❛s ❡ ❛ ♣rát✐❝❛s ❝✉rr✐❝✉❧❛r❡s✳ ❆♣❡s❛r ❞❛

❢á❝✐❧ ❝♦♠♣r❡❡♥sã♦ ❡ ❞❛ ❣r❛♥❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♠❡s❝❧❛❣❡♠✱ ❝♦♠ ♦ ❞✐❛ ❛ ❞✐❛ ❞♦s ❞✐s❝❡♥t❡s✱

❛ t❡♦r✐❛ é ♣♦✉❝♦ ✉t✐❧✐③❛❞❛ ❡♠ s❛❧❛✳

❯♠ ❡①❡♠♣❧♦ ❝❧❛r♦ ❞❛ ♣r♦①✐♠✐❞❛❞❡ ❞♦ t❡♠❛ ❝♦♠ ♦ ❝♦♥t❡ú❞♦ ♣r♦❣r❛♠át✐❝♦✱ sã♦ ♦s

❝♦♥❝❡✐t♦s ❞❡ ✈ért✐❝❡s ❡ ❛r❡st❛s ♣r❡s❡♥t❡s t❛♥t♦ ♥❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s ❝♦♠♦ ❡♠ ♣♦❧í❣♦♥♦s✳ ❆

s❡♠❡❧❤❛♥ç❛ ❞❡ ❝♦♥❝❡✐t♦s ❡♥❝♦♥tr❛❞♦s ♥❡ss❡ ❛ss✉♥t♦ ❢❛❝✐❧✐t❛r✐❛ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ❚❡♦r✐❛ ❞❡

●r❛❢♦s✱ ❝♦♠♦ t❛♠❜é♠✱ ❛✉♠❡♥t❛r✐❛ ♦ ✐♥t❡r❡ss❡ ❞♦s ❛❧✉♥♦s ♣♦r ♥♦✈❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛✳

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❤✐stór✐❝♦s q✉❡ ❢♦r❛♠ r❡s♦❧✈✐✲

❞♦s ❝♦♠ ❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳ ❆♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦ ❢♦r❛♠ ❡st✉❞❛❞♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s

❞❛ t❡♦r✐❛ ❝♦♠ ❢♦❝♦ ♥♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ❛r❡st❛s✱ ❝✉❧♠✐♥❛♥❞♦ ❝♦♠ ✉♠❛

❜r❡✈❡ ❞✐s❝✉ssã♦ s♦❜r❡ ♦ ❚❡♦r❡♠❛ ❞❛s ◗✉❛tr♦ ❈♦r❡s✳

❊ss❡ tr❛❜❛❧❤♦ ♣♦❞❡ s❡r ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛✱ ♣❛r❛ ❛✉①✐❧✐❛r ♣r♦❢❡ss♦r❡s ❞♦ ❡♥✲

s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ ❛ ❡①♣❛♥❞✐r ❛ ❝✉r✐♦s✐❞❛❞❡ ❡ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞♦s ❛❧✉♥♦s ♣❡❧❛ ♠❛tér✐❛✱

s❡♥❞♦ ❝❛♣❛③ ❞❡ ❧❡✈❛r ♣❛r❛ ❞❡♥tr♦ ❞❛ s❛❧❛ ❞❡ ❛✉❧❛ ✉♠❛ ♣r♦♣♦st❛ ❞❡ r❡s♦❧✉çõ❡s ❞✐❢❡r❡♥❝✐❛❞❛s
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